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Here wo shall consider the general problem Gn of all mixed problems
corresponding to probleme (u, D, S) where S is & set of n elemants, and D
containg a finite mumber of puwre strategies. We shall prove:

Theoren 1.

The only solution of G, is given by ¢(Q) when C(Q) is the set of strategies
& which maximize 2 u(d,s).

sts

A# in the two state problem we may consider the geometrical representations
of a problem Q. To each strategy d there corresponds & point in n dimensional
space Whose coordinates are u(d,sl) ’ u(d,sz), ves u(d,an) VHETS &, By eco B
arc the elements of S. A geomebtrical reprzsentation of a problem Q of Gn is con=
vex because Q is mixed.

Most of the axioms and consequences in 326a may be georebrically interpreted.
For example |
A: If the representatioﬁ of Ql is transformed to thet of Q,2 by one of the
following transformations, the set of pointes represénting C(Ql) are similarly

into
transformed / the set representing c(qz).

9

1. relabeling of axes X x.‘l(j.) (i) takes 31l values
Froml ton
9
2, translation X =X 445
:} i A:l
3. expansion or contraction xi - c'ie.i

B: The set of points correaponding to C(Q) form a convex szet,
C:1 If x corresponds to an element of C(Q) and x = pu #(1l = p)v where 0 < p€ 1
and u, v are peints of the geometrical representation of Q then ¢f corresponds to

and element of G(Q).



- -

D: To any convex set in n dimensional space which is senerated by a finite
number of points [i.c. there are m points Wy Uy eoey um 8o that for all x
in the conyex set there is 8 Dyy Pp eer Pp 0g Py Z‘pi = 1 so that
X e pl v + Py Uy * oo # By "tn] such that svery component of cvory point of
.. this set is an attainable utility, there is at least one uroblem Q of Gn for
which this convex set is a geomctrical resresentation. |
E: If x and. ¥ are points of a peometirical representation of ¢ and x is unjw
formiy dominat.e'd by ¥ [1.c. X, & ¥4 for all i and x1< :é,_ for scae 1] then x
does not correspond to an element of G(Q),
Before proceeding with the proof it is well 1o note thal the oroof for
the two dimensional case was ‘considerably complicated by a desire to go/?sar
as possible without axionm 12 [convexity]. Here we shall usc the convexity
axiom freely but not apply axiom 7 that C(Ql + Qz) 2> G(-’;l) N C(Qz).
The Theorem is an immodiate conseguence of Lemaas 1, 2y 3, and k.
Lemma 1. If Q is the problem whose peo-ctricsl represantation is riven by
the convex set of x for witlch n € xi:".":. Mand & X, = ¢, then C(3) consista
of all stratezies of Q.
Letma 2. If Q is g nroblem of Gn the set of strateries d which nza:c:kn:lzes.él Su(d,s)
are in ¢(Q).
Lemma 3. If Q is a problem of ¢ and 2 u{dﬁ,a).r; nax < u{dys). Then
* B afs d&D s&s
d 1s not in S,
Lema Lo The solution C(g) of Theoren 1, satisfies axioms ons to twelve,
Lemma 1.
Tﬁe case where there is only one osoint of the convex set is trivial. Hénce
o ass@ that nn<c<an X and thus no point has all components equal to if nor

all components equal to n, Sunjose that x = (xl, Xy aee )qn) corresponds to an

element of C(Q) and has r components cqual to n and s egual to ¥ where 1% r + s €n,
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Then by a relabeling of axss one may obtain another point y corresponding to an
elenent of C(Q) so that !‘-;“,-I- which by convexity also crrosponds to an element
of C(Q) has less than r + s.components aquel to m or M. By induction it follows
that there is an element s for which m < 5, < M which corresponds to an element
of C{Q). Given any point = of the convex set there is a p, O« p< 1 and a point

v of the convex set so that £ » p u +(1 -~ p)vy and hence all atratogies are sele-

ments of C(Q).
Lemma 2.
Lot m = min u(d,s) ¥ e max u(d,s) ce=»max = u(d,s)
d€&D dED d€D sE3
si8 s&S

Conatruct 2 problam Ql @ Q =0 that Ql corregoonds to the convex set [generated

by a finite number of noints] of points x so that nm =."-.::i

point of this convex sot for which Z x,< c iz unifornly dominated ty a point of

S¥ Ix % e Each’

this set for which Z X, = o By axiom 6 C(Ql) - C(QZ) where Q‘z

derived fron Ql by deleting strategiss 4% for which I u(d*,s){ G By lLemma 1,
8€S

C(Qz) - O(Ql) consists of all strategies of Q, and hence thosc strategles of Q

is the problem

for which ..2 su(d,l) - c. By axiom 5, these stratagies are in C{Q) which establishes
Louma 2,
lemma 3. |

Conmider two pointe a, b so that T 8> Z bi’ Thers 1s = point ¢ 30 that ¢

1s uniformly dominated by a and < c; = Z bye Intd-"*b =228, [Ses

2 b 2
Figure 1] Ydf
Note 1., Every point inAabenct ona b 1s p
unifoimly dominated by a point on abog/ Fig. 1

1. Let v(p) = E-R22 . For p smufficiently close to 0, v(p) is in the convex

set 1-p
° 5 - If" we set
2. Letx-pla+p2b0p3cwherep1._o ...pinl p )0./yw(pl+p3)c¢p.-i-

2
then x is uniformly dominated by yo 3
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Note 2, The quadrilateral b c ¢ 4 is a convex set generated
by b, ¢, 4, ¢ Z .1-3: Zx, for x in this quadrilatoral.
Consider Q, a problem for which the line ab is & g’aometricai representation.
Qz D Ql a problem for which the trignﬂ.e abo iz a geometrical
representation.
,G dz a problem for which the quadrilateral beed is a geometrical
representation.,
To establish this lmi; it suffices by axiom 5 to show that b does not corres-
pond to an element of 0(01). Suppose that it did. Then by note 1 and axiom &
‘b would correspond to an element of G(Q,) and hence of C(Q,). By Lewsa 2 and

note 2, e corresponds to an elemant of C(Q 2).. By convexity b ; 2 does algo.

But 2 ; ® {s unifornly dominated by d and axiom 3 is not satisfied, Hencs b

does not correspond to an element of C(Q) and lemma 3 is 2stablished.
Lemna 4.
This is easily established,



