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Asymptotlc Properties of Limited Information Estimates
Under Generaliszed Conditions

1, Introduction.

A method has been developed for obtaining maximom likelihood estimates of the
coefficients of a subsystem of a complete linsar system of stochastic oquationa.y
This method was derived on the assumption that the disturbances of the systsm have
a joint normal distribution with mean szeroc and are serially uncorrelated. It was
also sssumed that 3l predetermined variables appearing in the complete system are
distributed independently of the disturbances. If a scientist wishes to estimate
the coefficlents of the subsystem and/or the covariances of the estimates he must
either be sures on a priori grounds or he must vorify'tlut the above assumptions are
satisfied for his system, This is sometimes difficult or impossible to do since
the assunptions are rather stringent. The question then arises as to how relaxed
conditions may be obtained so that the statistician may blithely proceed with the
computational method already developed and still obtain “good™ estimates. It is to
be understood that any relaxation in the conditions is an asset to the scientist,
On the other hand he may find himself in the position where he has to pay for his
asset by verifying conditions which,while considerably weaker, are more complicated
to work with., Indeed, the the conditions to be presented in this paper are already
a compromise in that while wsaker ones do exist they are much more complex.

2. Review of the Original Case.
Suppose that we have a complete system of stochastic equations

1, 7The subsystea can of course be the complets system or even only one squation of a
aystem,
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At time t the elements of Ty and s _are presumed obumblc. farhblea without error,
those of y, being jointly dependent and thosi of %, .boing predetminad.—l-/ The
olemsnts of q, are unobssrvable disturbances which have a joint normal distribution
with mean O and unknoem nonsingular covariance matrix .. The almtsofqtare
distributed indspendently of thoss of 5;. The disturbances are serially independemt,
that is, the disturbances at time t are independently distributed of those at time T
t £ T. Since the systea is complete q, is a vector with as many components as ¥,
mdthnn/gth;lqmautmvhich is assumed to be nonsingular, %e decompose

q into two subvectors q -[u r]. Then (1) may be written

(2a) /gmryt'.'rus‘é'“é

(2p) ,g,,r%*r'n-é-ré

Suppose that we are interested in estimating X = [/KW r'u,] Wo assume
now that the elements of CX . are subject to certain a priori known restrictions
which ave sufficient for identification ofcX . (excluding posaibly exceptional
values?’ of the coefficients X ux Of the equations to be estinated or of the co-
ofticients (O, of the equations not estimated). The maximum likelihood estimate

of Oy 18 that matrix A, which subject to the above resirictions minizizes

) v g X g

[l Wex x|

where x = [y :]and Moy is the moment mairix of the variables x formed according to
1 :f_ '

e Np =7 1 %t D

(¥a)

1. Por a definition of prodotora.’mad variables see Statistics 310,

2. I.s., values confined to a set of measure sero.
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(4c)
Yoy " Ny = s 63 Yy

Indsed VI/2 15 the reciprocal of the 1ikelihood function except for a constant
factor. If O, 18 subject to restrictions in the form of equalities, then the
number of independent parsmeters involved in CX ux 18 less thm the number of ele-
ments of CX y+ One may select a set of independent parameters so that X o T
be obtained from it. This set may be called the set of unrestricted parameters.

The estimate of the sampling covariance of the estimates of the unrestrcited para-

meters may also be computed. Consider the matrix L of second order partial derivaw
tives of %. log V with respect to these parameters. An estimate of the covariance

of the estimates of the unrestricted parameters is given by § (-L)™). Furthermore,
Ay Ugy Ay 18 an estimate of the covariance matrix I, of u.

Under the assumptions at the beginning of section 2 the estimates are consistent
1f M__ epproaches a nonsingular liatt in probability?/. If one were to calculate the
estimates by minimising ¥ in (3) when the assumptions are not valid, these estimates
will no longer be maximumlikelihood estimates but will be called guasi-maximum~]ike-
lihood estimates. 'o shall investigate various conditions under which quasi-maxinume-
1ikelihood estimates are consistent.

3. Loss of Variabiles,.

We assume that all the conditions of section {2) hold, but that the statistician

1, l” has meaning even if (} does not exist. W, is the observed covariance of
thomiduala1nthalenthuarungreslionofthommtaofytonthonoftgﬁ

2. If X3, Xpyeee Ipsece in a sequence of e variables we say that IT—-—)cm
probabﬂityifr_:_l’inl’rob IIt-cl'F'é = 0 for every £ > O. VWhen we talk of
H“approachinga'ﬁmﬂnguhrnnitmm note (1) that each slement of My, is &

chancs variable which depends on T and {ii) that each element of Mgy must converge
to a corresponding element of a nonsingular matrix,
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doeuwttnvethctmm“rwmﬂdmmmmlesmiehdomt
appear in M(h)ofﬂmoqmtimmtm{?). In other words the a priori
restrictions state that the coefficients of these missing variables in the subsystem
/gvy;‘oj"‘“-.;-u{m-um. Then the statistician may act as if these
m&mtwatmmmmhumm. He may them compute quasiw
wlmmmﬂmwamormtImhﬁmidmtuMmm
basis of this false assumption. The quasi-oaximm-likelihood estimates of the coeffi-
cients, the covarisnces of the estimates of the coefficients, snd of I, , so obtained,
ale all consistent, o

Inthuuuthmhalmorefrmwwhmmatatistieimm
arbitrarily ignoring all the predeternined variables that he can without losing iden-
tification. mmmmmmaymuu;mtmuummwu
abloton-glwt.mofthmuﬂnbm.y Itwhmdmotmtﬁthanmlyum
ocontains only one equation which has B y's in it, B >3, then at least fi-l predeter-
mined wariables not in the equation must be used for identification purposes. Howeves
ﬂmmbmmmmm“mumitwmmmrmtmm
mtmdwmbmmmichdomtmmthemm. Thus it is
mwmmmummtutmmmmutmummtm
rest of the system,.

If the statistician has a choice of variables to neglect he ghould neglect those
mthtt‘wﬁllbl-doumllumibh. As thus stated the above criteriom is
uth«rmucformntbodhnhmmﬁomdafmﬁngthenuofmtmn.
snppoaothltlnmnyymwwmmiﬁndoHniautﬂm. It yA _¥y'>

h a4
yB”y' fornllyﬁmwmswthnt;,yuatlmtuhrgeunn. In general

1. Inproblmwbsnth-ﬂmmlyafwmotomuom1thuheannoted
tmttheuuofwmtommdmhbluwmsmofutmbility. Then
thhprommamnportmt.
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mhaompuimdmmtmtsnwewerrequmtlymWyLwy'gyayyy'for
mywdy%y's yauy'rwatharl.

Every additicnal ammmwninmemmmm@am. If there
haquestimorvhiohorm:'ntonu,mdmngimmotoamnarv;thanthe
other we should use that s. Otherwise ane will often find that for one z cexrtain
paramsters will be more efficiently estirated while other perameters will be lese
efficiently estimated than if the other 5 were used. Itianlltonot.athst!n
rmumtstmmmmmory'amthlmtmumnmorme

reduced forme.
1/
L t -
(5) 7. 71',, By * Yy
Here 77 __ represent the matrix of coefficisnts of the regressions of each element of

b ; |
y on the elemsnts of s. To reduce 'ﬁﬂ it ia desirabls to use those s's which help exe

plain most of the variance of the y*'s in the above regressioh.

In cormmection with this let us consider what happsns if there is a Jointly depen—
dent variable whose coefficients in the subsystem 2a are all serc. Then it can be
shovn that the sxpression (3) is not at all affected by forgetting that this variable
is involved in the system. This fact helps to remove some of ithe difficulty in selact-
ing appropriste s's by indicating certain elements of 'ﬂ which are similtanecusly une
necossary for computations and not indicative of the efficiency of estimation of the
parameters involived,

At this mﬁtmmﬂdwmmtmmsmmmtyofzmmbemm-
od to merely the nomsingularity of Tm. Thus it is possibls to have idantities in the
squations which are not in the subsystem (2a).

Le BErrors in Observations.

The problem of estimation when all variables are subject to grrors in observations

is quite complex. There are, howover, several cases which may be appronriately treated

1. See footnote 1 on page 3.



here.,

Suppose, for example, that one were estimating the coefficients of

(6 41 ‘/12 R VR B! Y
whare the rest of the system consisted of the equation

€o Tt Vpa %2t Tp3%3 =%
If there are randoa errors of observation of %, which are normal with zero mean
and independent of the predetermined varlablee, then we may assume that what we
obgerve is AR + u, instead of 1,. .Substituting :Ln(éa)\u have the equation
(se) 7 ‘/z:.e Bt ¥t mtinw '“'i |
sf"‘,";“';"tnhich is identifiable in the system .(¢4) -(ac)‘,; and thun Xll and /512 can he‘ -
estimated conaistertly, by assuming that our inaccurate ocbservations on nl are
Lthose of a jointly dependent variable, whereas accurate direct observations on
5, are nol available. This argument applies just so lomg as the nes equation is
| 1" Itmalmboappliodtoyl and yz.y
Another case of imvortance is that where the predetermined variablas not

jdentifiable without knowledgs of &

apnearing in the subsystem are subjsct to srrors of cobservation. 4s a spacial

case suppose %, and 33 wers such variables. The observed variables are

zh-sz+uh,ls-s3+n5,malaoletuh-s,us-n?.

Then
(s L Yo%t V3%~ V%~ ¥3% ™%
can be used for the other equation of the systea. ‘h and :5 are observed predeter-

ained variablss so long as the errors of observation are independent of the distur-
bances uy, uy of the squations. Then 3 and 5, are also predstermined even though
they are not observed. Since 2, and 3 are not required for identification they may

1. Subscripis t are omitied when there is no ambiguity.

2. A more complete dimcussion of shock-error models has been given by T. ®. Anderson
and L. Hurwics, see Econometrice, Vol. 16, No. 1, January, 1948, p. 36. Abstract of
paper given at Rashington Weeting, September 6-18, 19L7.



be ignored in consideration of the resulis of section 3.

The case of errors in jJointly dependent variables not appearing in the subsystem
can be omitted for in section 3 it was stated thal such variables have no effect on
the likelihood function anyway.

5. Distribution of Disturbances

The conditions on the disturbances q, are quilte strong and not often satisfied.
They require (1) that qq be distribuied indepandently of the predetermined variables,
(11) that the distribution of q is the sans for all t, (1i1) that the distribution
of qy be normsl with serc mems and (iv) that q, be distributed indepdndently of q .
for t £ 7. In this section a set of eight conditions will be examined withreference
to the system (2), These will then be ussd to relax the origimal comditions.

Consider

Condition Tt

(7a) M a‘: X —>0 in probability
(7¢) g(,t" uy) = 0 for all ¢

This condition is wealssy than the independence mentioned above. It applies

onlytout

would Pexplain® very little of “t in a least squares regression,

» stating that Uy and 3, are uncorrelated and thet for large samples LT

Condition II:
(74 Ky, —> I, (& constant nonsingular matrix) in probability
This, of course, iz a much wsaker condition than that of having the distridution
of u fixed for all t. Here all that is required is that the distribution does not
fluctuate too wildly,
. Condition TIY:
@ M,, —> ¥ (a constant nonsingular matrix) in probability

Condition IV:

4o) /é( xs ~—j[[ in probability, where
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), 1 I
¢ /%H'this(x;,t'l)‘ 3, end
E(x, |t = 1) is defined as the conditionsl expectation of x, given all predetermined

varisblee (observed or uncbserved) at @t If condition IIT holds, condition IV is

' { twat
-u:-.g squivalent to '
Condition IV A:

(1) /éé vo -}ﬂl in provablility ‘
¥s derive this implication as follm;‘ /d g " [ /// ve /4/ .3 _{ and /ﬂ“ =M Do-

. cause E(s, [t = 1) = & 'Y Considering the complete systam we have
t t

fremt 3 ' !
M-« B Tty (B @,mu% o - vm, }

and the condition hecomes

and thus

Condition IV B:
(\ab) 1 g E(q, ,t 1) —> in 111t
¥ G E -0 s, ey

Condition IV then, would certainly be satisfied if E(q; lt—l) wars sero and condjtion
I11 held. It would hold in less restrictive cases and use can be made of any of the
three forms d@ending upen conveniance,

Condition Vi
() K_ - 50 in probability

This condition eﬁo an% considered in alternative forms
Condition V A1

(139) Ny "/ﬂn""’ in probability
Condition V B:
(36) ,}, .ﬁ:{q;-x(q;;lt-l)} 2, —> 0 in probability

Condition IV and V represent rather mild restrictions on the behavior of qb and

Sto



Condition VI

The equation A,y /n = 0 where A,, is subject to the restrictions onosn
defines A . as a single valued function of /¢ _ in a meighborhood of /¢ . = //(
Furthermore, this function is contimous at /7| = //s

Under conditioms I, TI, XXI, IV, V, VI, the quasi-maximum-likelihood estimates
oIO{ux and 7 = are consistent.
Condition VII:

The elements of /T N are asymptotically normally distributed.

In view of the central limit theorem®, this condition constitutes a relatively
weak restriction on u and s.
Condition VIII:

(The covariancs of ' T Mgz, with Vr Hyje,) = Maguy Mo sy~ O in probability.

If conditions 1 to VII are satisfied, then the quasi-maximm-likelihood estirates
of O(ux are asymptotically normelly distribwted. If condition VITY is nlsc satisfied
then the guasi-maximum-likelihood sstimates of the unrestricted parameters of CH . are
asymptotically normally distributed with 8 covariance matrix which &5 coneistently
eatimated by (- % -1}.

It is well to note here that a chance variable Rt. nay be asymptotically normally

distributed with zero mean and unit variance shile for mny given t the variable R, has

t
no mean and an infinite variance. One may ask what does the asymptotic distribution
mean then. It means that {f the probability of lt lying in a certain interval is de—
sired that probability may be approximated if t iz large by using the asymptotic die-
tribution instead of that of H‘t' Poor approximations may appear essentially only in
problsms where one tries to deduce the behavior of the tails of the distribution of

Ry from the asymptotic distribution,
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6. Non-Linear Equations.

We shall now formally construct a system of equations for which quasi-maximume
likelihood estimates are consistent and then indicate in an example how. this method
applies to the case of nonelinear squationa.

%e assume the existence of a serially independent set of random varisbles ...
Qg.1s G 5 ++» and a sel of axogenous variables v,ymch that

{14 a) ¥y = Ly (3 Qpuys eeey V)
C#e) 3y = 8 (Gtal, Gpap, soes V)
(rye U = By (Ggs Qgmis eoer V)
and

Haxrforts Muriny

Then if conditions ¥, II, III, IV, V, VI are satisfied, the quasi-maxdimm-1ikelihood
estimates are consistent estimates o!au and }:tm‘ If condition ¥II is also satise
fied, these estimates of (X ., are asymptotically normel and if VITT is satisfiod the
covariance matrix of the uneetimated perameters are consistently estimated by &(-L)™L,
Of course, in order to carry cut the computations it is required thgt ¥y and L be obe
servable. On the other hand the exact nature of ft and g, need not be known,

As an 1lilustrative example condider the following system

.
mﬂ“‘m 15) CREA R +ﬂ’b—1,3 +07= 2y 702\
15
W'( Tyt By T3t €V Fma, Y

£ (rpas Year Fo3s Yoa1,20 Yol S3s Q) qtg) = O
Vi1s V42 are exogencus and Quy, Qup qﬁ, Qg» Qg5 are aarig}ly indepdmgdent .
Suppose that snmough is knowm about the nature of f in (?ﬁﬁto know that these
thrae equations can be solved for Yeyr Vo and 7t3 as functions of the other variables
and parameters

1, For a definition of exogenous variables see Statistics 310. | vmy consist of a
many dimensional chance variable for e.g. v = (W11, V12, ¥23, seo , Yils YLD eesy )



Jeg ™ kti (y'b-lil’ Ye-1,29 Ttu1,32 U1 g2 =vc QYo Vi3 7{,2) i=1,2,3
Sub & this i - (XY te.
ubstituting in expression Yt-l,i k“b—l, g € ) e

¥ie have
) oy ® Ly (Qgys Qgps oees V) | i=1,23
*hm Y= ( L X ] vt—l’l’ "b"l’z Vt’l 't’z .00)
Yow we let
(179) & AP AP Yyys Vo1 Tp2s i) Yi3)
(11
) L (’t-l,l’ ’1’.—1,2 F4.1,30 Ye10 Yi2» Vi1 Vi2s 1)
(e

u = (agy ¥y 3, Sz Vi1 Ve2)
Then the construction is complete according to the formal method described above,

riving for the first two equation of (15) the systu-
K= = oy

There iz a certain amount of arbitrariness involved in selecting y, £ and u.
Pirst of all, as was atated in ssction 3, the presence of Yi3 in Yy, does not affect
the estimation procedure., It may therefore be omitted. Then again we may have
chossn oiher slements to be inserted in our z's just so long as 1, yb-1,3’ V., Were
included for they are the only terms appearing in the egquations with coefficients
not known to he szero,

Finally we see that the two equations of our systam have served immsdiately
to indicate the comstruction and the nmature of the restrictions on OX ax® ‘he
applicability of the estimation method indicated then depends only on whether the

conditions can be deemed satisiMed to a reasonable depgree of approximation,



