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As indicated in a previous note on models and identification (Cowles Commission
Disocuszion Paper, Statistléa. No, 340), oconslatent estimates oan be obtained for the
paramoters of an identified model if the modol is a paramstric family of structures,
and if the true structure belongs to the model, These estimates are obtained by
maximizing a likelihood funetion of parameters and variebles, subject to ocertain
regtrictions implied in the model.

The efficlency of the eatimates is an increasing function of the amount of a
priori information about the model which is used in obtaining the estimetes. If so
littlo information is used that the struotures within the model sre not identified,
then the efficlenoy of the estimatee beocomes zoro.

When estimates of all the parameters of the model are obinined simultanecusly
by meximizing their joint likelihood fumetion subjeet to all the a priori restric-
tions whio.h are impliéd in the model, then under certaln nlsumptiomz tho estimates
are consistent and efficlent. Estimates sc obtained ars called full maximm likell-
hood estimates, here mbbreviated to full max 1lh., They sre the baost ostimntes we
; know how to get, precisely because thay use all of the n priori information which
wé assumo wo have concerning the structure. They are rslatively sxpensive to com-

pute, however, and so sometimes it is desired to saorifice efficlency in favor of

aconamyas

1, This note draws heavily on discvssions with Leo Hurwicz,

2. The disturbances must be normally distributed with means zero and variances
constant, and serially uncorrelated. The equations must be linsar in the parameters.
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The limited information aingle equation meximum likelihood method, here ehbre-
viated to LISE, ylelds consistent estimates under certain conditic.as® because it is
based on the meximizetion of a llkelihood function, It 18 more economical than full
mex llh, but it yields leas efficient ssti@tos because it dose not use all the a
priori restrictions on the likellhood function. It estimates the paramoters of one
equation at a time, and in estimating the paramefers of a given equation it neglects
all a priori information about the remeindsr of the model exoept for kmowledge of
the existence and the values of at lesst & certain number, M, of the predetermined
variebles whioh appear in the rest of the model but do not eppesar in the equation
to be ostimated (M + 1 is equal to the number of jointly dependent varisbles tippenr-
ing in the equation to be estimated; this condition is necessary, and usumlly suffi-
oient, for identification).

The full max 1lh and tﬁa LISE methods can be compared graphically by considere
ing the two reglons in the parameter spuce which correspond to the restrictions used
by the two methods. In two dimensions, the situation is essentially as ehown, whore
the lerge region L contains the points in the parameter space which ere permissible
gccording to the a priorl restrioctions used by LISE, and the smeller region F contains
the points which are atill permissible if all the & priori restrictions lmplied in the
model ers used, Suppose the likelihecod function has oontours &s shown. Then the
maximization of the likellhood function leads to the full mex 1lh sstimatos given
by the coordinates of P1 and the LISE estimates given by P,. If the true point im
within the region F, i.e.,, if the true atructure belongs to the model, then it 1s
olear that the varlances of the full max 1lh ostimatea Py wlll usually be smaller

than those of the LISE estimates Pz. and can never be larger,
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The remainder of this note ia comoerned with methods of appralsing & set of
LISE eatimates, i.e., 8 particular structure, obiained for & model which is &
paremetric famlly of structures and which 1s supposod to represent time serles in
an economio system, for exsmple the U. S. economy. There are three stages at which
the evaeluation mey take place: (1) after the model has besn formulated (i.0., after
the & priori restrictions have becn zet up) but before any estimation has been done;
(2) after estimates have heen obtained but before predictions based on the estimates
have been checked agalnst obsemtions 2 (3) after predictiona have beon checked.
There are also three aspe;:ts of th§ structure upon which evaluation may be based:
(a) the oharscter of the a priori restrictions; (b) the estimated volues of the
paramoters; {c) the walues of the disturbances calculeted from the observations
and the estimated parameters. Thue there is « nino-chobtomy of methods of evelu-

ation, which can be represented in a 3 x 3 table thus:



(1) 2) (3)
before estimation| after estimetion  lafter gheoking predictions
—{8) rastristions 2 =
b)) estimates x
—(a) digturhances. _

The spaces. o'onta.ining agf.e_;i.al_:s oan be neglected, because everything that can be .
discovered by merely oxamini:;g the a priori restrictions can be discovered before
estimation, and nothing oan l:;o 44 scovered from estimates and oaloulated disturbances
until efter vstination. Therefore thereo are five situations to discusz: (2a), (2b),
{20), (3b), and {Ze), They will be teken up in that order,

(1a) Cheracter of restrictions., This type of evaluation consists chiefly of

exemining the model to gee whether it mages good sconomic sense or not: of taking
it apert, so to speak, to see what it implies sbout econumio behavior, what incon-
sistencies oan be found in it, what kinds of things might invelidate csrtaln of its
rostrictions, eto.

(2) After estimation, (b) sstimatess Soveral possibilitios exist hore. Firat,

the ostimstes can be examined to see whother they heve the approximste magnitudes and
partioularly the algebraic signs which &re expected on the basis of theoretical end
other information about elasticities, marginal propensitlies, ste. Seocond, the osti-
meted .sampling variance of each estimate oan be exsmined to seo how much confidence
can be placed in its sign or im its approximate size. For instance, en estimate
having an & priori wrong sign is a red flag according as its owm estimated veriance
is small in comparison.

Third, for any egquation of the model a teat cen be applied to the lergest

oharacteristic root )1 of the following equation, which is used to obtain the



LISE estimates of the given equation of the model:

det (w(w- -w o 1) -0
Hore W is the covariance matrix for the disturbances to the regresslons of the
Jointly dependent varisbles appearing in the given equation of the mocdel on the
predetermined variebles assumed to be known to appear ln the entire model; W* ia
the covarisnce matrix for the disturbencea to the regressions of the jointly
dependent varisbles appearing in the given equation of the modol on the predeter-
minod variables appearing in the given equation of tho model ;). is a scalar, and

1 48 the identity matrix. Anderson and Rubin have shown that under the assump-

tions of the LISE method the quentity T log { 1 + 'Ai' ) hae the X2 distribution
asymptotically as the sample slze T inoreases, wlith éha number of degroes of freo-
dom equel to the mumber of overidentifying restrictions ( in the form of pradeter—
mined variables exeludod) which exist on the given equation of the model. 1 + —X-l
oan never be less than 1, end if it is close to 1 in an overideontifised model At
means that the effeot of excluding the excluded predeternined veriebles is only
slightly detr:\mnntal to the variances, i.e., increases then only slightly, which

is what we want. This )(_z test of the largest root >x 18 a sort of overall test
of the totality of restrictions and assumptions applied to the modul; if )~

takes & valus whioch is vory improbable under the hypothesls thet ell these asaump-
tions are true, then wo have only & very generalized slarm signal whioh cannot
point to & specific remedy. The test is limited in usefulness by two additional
things: its power funotion is unknown so that a "favorable™ verdict has sn uncertain
meaning, end the distribution of T log (1« «RII ) is not known for small semples of

the sire ordinarily used.
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Fourth, the estimates can be compared with least squares sstimates of the same
equations, although it is not clear just what can be learned about the LISE estimates
by this prooess - iﬁ is .ponsible to construct examples in which the LISE and least
squares ostimates are close together, and exemples in which they ere far apart. The
LISE estimates can also be compared with the full max 1lh estimatee.

(2) After estimation, (o) disturbances, The calculated disturbances for the

sample period can be tested to see whether they ars random, not esutocorrelated. If
they show significant autocorrelation, the structure is suspect because it 1s ob-
tained on the assumption of non-autocorrelated dlisturbances end ha&muﬁa there is
aystematio variation whioh it does not explein.

The disturbances can be examined to see whether they are very large acoording
to some intultive standard of how large they are expected to be (for oxsmple , wo
mey believe thut the disturbunce to a good production funetion in & specific in-~
dustry will usuelly be a small percentage of output in that industry, snd that
the disturbamwe to the correaponding invesiment equation will often be & lerger
peroentage of investment)s But this method is of doubtful usefulness, because it
is not always possible to tell whether disturbences are due to the axistence of
several systematio factors whioh have been neglected, or to a real randomness 1n
the phenomenon studied, especially if the disturbances appear to be random.

The disturbanoes can be broken into two sroups, and the hﬁpothésis can be
tested that the variame-of the”disturbanoas in one group is the same as that in
the other. This affords a 't;est. of one of the agsumptions underlying both the LISE
snd the least squares estimates., The groupe cen be higb-ixicom yoarg and low-ln-
come years, or increesing=income yeers end docrouaingwincome years, or yoars belore
a certain date and yeurs after, or cetera,

(3) After prediction, (b) estimatos, In this oategory the only thing that

might be done i1s to recompute the estimates for & now ssmple including the period
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for which predictions are mede, and see what kind of a change occurs in the e stimetes
as a result, |

(3) Aftor prediction, (¢) disturbances. First, the oalculated disturbsnces to

the reduced-form equations for the prediction period can be found; these are the
errors of prediotion, measuring the differonces betwsen actual and predicted values
of the jointly dependent varisbles. Tolerance intervals oan be prepared for these
oaloulated disturbances, using estimates of their wvariances based on the assumption
thet the estimated structure will be as good en explanetion of the future as it was
of the sample period. If & calculated dlsturbance falls outside its tolerance in-
terval, we believe that this assunption is not true, but again as in the osse of the
characteristio root test we have only a generaslized symptom of trouble. If all cal-
culated disturbences fall inaide their tolerance intervals, this may mean either (1)
that we have & pgood structure or (2) thet we huve a terribie structure which howaver
is not worse in the prediction pericd than it was in the sample period. (This re-
mark arose in discussions with H. Markowits.)

(1t should :Efur‘i:her be stated that since the limited information mothod, for
a model which is overidentified and linear in parumeters but not in varlsables,
provides as many reduced=-form predictions of a given jointly dependent variable
as there are equations containing thet varicble in the model, there will probably
be ambiguities in any LISE procedure involving the reduced form of such e model.
They 1icht be uvoided, however, by solving the estimated structure directly to
obtain the reduced form.) |

Segond, the same procedure can be applied to the calculated disturbunces of
the equations of the model (stﬁctuml équations). Thie iz what I have culled
the ks* test in Discussion Paper 269. It avoids two objections inherent in the

application to the reduced form ocase, becouze it localizes trouble to the struc-
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tural equation(s) at fault, and it gives exactly one answer for each equation. But
1t 1s still subject to the diffioculty that it cemnot tell a good eguation from &
bad one which has merely not gotten worse,

Third, the oaloulsted disturbanoes to the reduced fomm for the prediction
period ocan be compared with the errors of prediction made by othor methods, such
ss full max 1lh, or the least squares method, or the nalve models which simply
extrepolate y
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structure as estimeted by least squeures.

, or the reduced form obtained by solving the



