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1. Tho problem that is geing to beo ftrested ig of a rether genersl netura,
but oould be well illustrated by the fellowing femilisr ezample.

The model is defined by means of a system of lineer structural equations
where ths disturbances are gerially indepsndent but not nscessarily nommal, All
predetermined variesbles are exogeneous. it is well kunown that the least squers
nethod spplicd to the reducsd form equations gives you estimates of the parae
maters in the reduced form which avre:

1. consistent
2. unbiasad
2. of lesst wvariance amszg the linsar unbissed estimstes,

If the model iz "just idemtificd" we zoan find sstimates of the paremeters
in the struectural egquations by applying to the estimates of the reduced form
parameters the same transformaticn which trensforms the true reduced form purs-
meters into the trus stiruetural peramsters. By this transformation our property
1 ebovs will still hold (Slutsky Ll] p. 75); but properties 2 and 3 will, in
general , not hold,.

This raisss the problem of which paremeters are the ones for which we want
cortein opbtimum properties to hold. Vhich poarameters do we went to estimute and
which optimum properties do we went them to have?

Since the ultimate aim of any statisticel inference is to prediet something,
and since in particuler the notion of & "structural” equetion is incomprehensible

vithout reference to the prediction purpess, it is obwious thal we cannot answer




this guestion without stating our prediciion problem. Furthermore, if the sole

purpese of our model is %o solve a wall defined prediction problem then every-

thing we do, also the estimation, must be subordinete to this purpose. The

arbitreriness in choice of the estimution principle, which is present in most

statistical trestments, is no longer satisfactory.

The cowmon way of solving the prediction problem is this: first, estimates
of the unknown parsmeters are found, which fulfill some arbitrury chosen optimum
pepulstion properties. Then an optimum way of predieting on the basis of known
perametsers is worked out. By this two-step preocedurs we heve, of courss, no
guerantee thet we have optimum prediction on the basis of ocur a priori knowledge
end the observations, The inefficicney of this twe-step procedure has been
peinted out by Hesvelmo [2] Ps 108,

It is my purpose here to analyze the mochenism by which the prediction pro-
blem uniquely.defines the intermediery step, nemely, the stetistical inference
problem,

The prediction problem is tsken in the genersl sense where some "action
pareneters” are involved, the variation of which mey huve repercussions on our
stochastic proesss.

The statistical inference problem is taken in the Wald sense as dsfined by
8 weiprht function and & class of subsets of the spece of admisseble hypothesis.
(weid {3])

Cf course, it must be realized thet very often when setting up the model
and estimating the parameters, the prediction purpose is not cléar. The model
is intended to serve a multitude of prediction purposes which may arise in the
future. But even if this is the case, it might be of interest to see how a
well defined prediction problem defines sn estimation problem.

Thus , the eim of this discuseion paper is to try to obtain conceptional

clarity with regard to the link between estimution and prediction and not so



much to obtain workeble rules for estimeting end predieting, Iowover, whet is
develcped helow may be helpful in decifing which weipght functions, ete. to use
in practical ceses.

The general theory does not necesserily prosume that our model is defined
by means of stochastic equations.

2. If we shall be able to prediet something it must.be because there isg a
certein persistence in the mechanism which produces the data., This mechanism
rust be defined in such & way thet it gives rules for "structural chanszes",

More rigorously, this mechenism can be defined by means of a probability
Measura,

(ﬁ , ¢) for the set/g Y( is & random veriable of the form

{jru (8] S

where)’(( T) for fixed L is & random veriabloe with,f, components. ¢ is an act-
ion persmeter belonging to a space [—\ .ﬁ is eny set belo;xging to the lewest come
pletely aedditive class of sets containing all cylindric sets with Borel besis.
(Kolmogoroff [g] Pe  Je

Our & priori knowledre consists in stating thet P (/6 » ¢} belongs to
some sPace_(l_ of functions of/é?and ¢ with the nroperties mentioned abhove.
From the stochustic process P71 (/g s ¢) wo derive & new stochastic process
PJ; (/é?. ¢) in which the points of time, when we make observations and predict,
sre involved. Let t1<. t2< | cene <_tn bo the points of time for observation and
let ¢, be the value of ¢ before t,, ¢; the value of ¢ between t1 and tz, etc, y
the wulue after .. Let t2 t, be the time when we want to predict something.

o~ - ~—

For any choige of L 1< seer & L P and p we define a random variabla{ S (L 1),
sess 5 { Tpﬁwhere each S( Tj) has,ﬂ components. The c.d.f. for this random

variable is defined as
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TL( )c.b ) cose Fn(Tqﬂ) L n(fp)(bq"l cose bp; c' cees
TL (L < bq) (2.1)
where
Tl <T2< "“Ti c_g._tl'f.T iy+ 1 & eres <T 1t & t2< ceee
cses Lqét <TQ+1<.... <Tp

Byﬂ( l )<. l::1 we mean‘ll ( L )<. 'bj, i=l, 2 ...;J.,e,. If there is more than
one t between any t:onwe insert { 's bstwesn these/and get a series of L ‘s end
t's mth the property given sbove. We now use the consistency property and sym=
metry property of Kolmogoroff [4] , and define the c.d.f. for ‘S (Tl) cane
g ( L ) for eny L vase Tp,' The probability measure P 5 ( }g, ¢) is then
uniquely defined for the same class of/—g 's as for Lhe’fL process. € is con-
fined to & subsetr'of.r‘ ., Note that the c.d.f. for g( L 1) esvo g( L p) if
allT‘s gre less then t is independent of c.

%e introduce the notation

- {S (£7) 5 ever gun)} (2.2)

for the observed random variable snd

“{E(D}’z‘-;t (2.3)

for the future rendom varisble. x is a semple point.Xand‘dis the spece of
all X and Y.

We consider

Py(s) = Pr (Y€ s| X = x) (2.4)
' . '
For any P",l 6 n end c £ [, P‘I is uniquely determined. I-‘x is also uniguely
determined for each Py-l + Let the space of all Fy vef{ 2.0 is)of course, gener-

]
ated by varying P"I withinn -

Ve now mike the following fundamenteal assumption which is, in a way, &



generalization of the asssumpiion that & modsl should be identified,

Assumption 1, To any two 1’7-L in{)' the corresponding two Fx inf-)_will

not be identieal, i.e., Fx detormines Pn uniquely.

1f essumption 1 is fulfilled the PY(S) isg uniquely determined for sach
Fy and we write PY(SI T, X» FX)'

The sbove set-up can easily be extended to the case where the components
of X do mot comprise all components Of(r; (tj}, J 21, conss 5 1e8., where not
all ecnponents are observed.

In designinp the statistical investigation, i.e., in choosing X, we will
always attempt to meke such & design that assumption 1 is fulfilled, i.e., that
our model ie identified. - In trying to choase &n identified model we must meake
use of our a priori knowledge, which is zivaen by the spaee.()-' of all PyL o

If our & priori knowledge were only given by the spaceﬂ of all FX then
this would be of no help in solving the design of stutistical investigation
problem {the identification problem), since Fx is only given if we know what
wo want to observe. In thet czse wo c:-:-‘.n only rtate if our model is id.entified
or not, we cen not make it identified.

3. We now define the utility (or "gain®) V(7,2) of obtaining & value y
of Y by tuking action ¢ at time t. V(Y,e) is for ench c & ™" a meusureble
function of y with respect to the class of all )8.

The expected future utility is now |

E V({,0) = .V(?.c) a Py(§| ov %, F) (3.1)
and this expsctetion is & function (al) of Fx, ¢ and x. YWith known F‘X and x
we want to take the action ¢ which meximizes the expected utility. The statis-
tical moterial gives us x directly. It is & statistical inference problem to
deternine Fx-. Note theat this set-up is rather general., In some cases V(yac)
cen be given in money units, in other cases it might be possible to construct

preference cherts. Again, if V(y,c) = 1 if y € S and O otherwise, then we



simply went the probubility of y€ § as lurge os possible.

Let the set of all c for which E V(Y,e) %5 meximized for given Fy and x
ha € (Fxnx)o

That is, if ¢ € 8 (Fy, x), then

Let f be the cless of all sebiwc such thet for any WE 5:

(1) Fﬂ z (FX’ x) is nonempty for ell x. (3.3)

X€w (1)
(11) for any Fy EG’ Fy 6{ w) »
(1) -
a(p s X) e(F_, z}) = 0, for some x.
X ng) x* ?

In other words,w is the set of all Fx wnich would lead you to take the

seme actlon. Of course, the different ) may be overlapping.
o proper
It is emsily seen that no set inJF is a/subset of another, and con gequently,
-

if o contains nit contains only-n-. In thet cese we can decide which sction to
take on the basis of our & priori informotion end we have no statistical problem,

“e mow make the sssumptiona

Assumption 2.“}3_;;:“)-”- » 1.8.5 the asts ingcover .Q._ This implies, of

e
course, that o is nonempty.

Assumption 3. For all W § 7

Ff:,:)ME(FX' x)

conteins just one element, which we dencts e(x,u) ).

On intuition, it is reasonable to presume thet assumption 3 is fulfilied in
"many cuses” since the definition cf; implies that (3.3) ™is on the verge of be-
coming empty."

It would be desireble to have necessary end sufficient conditions for
agsumptions 1 ~ 3 to be fulfilled in terms of V(y, ¢) und P-Tl (/g, c}. However,
I have not been able to obtain such conditions.

Wo can now determine the loss in utility which we suffer if we state that

the distribution funotion of X belongs to U). whereas FX. is the true distribution.



W{E’Xsid . X} = Bup )/V(:y‘s ¥,z 4 _?Y {y, Fow ¥ o %)
..-5, V[y. o(w » x)] d PY[yl Fxs e(w ; x), }:] (3.4) |

Kis gives us the weight funetion to be used in the st#tis‘tical inference
problem, i.&., in chcosing beﬁ:een the different menbers of .;:.

In the serially independent cese % will not depend on x. But it is interesting
to see that in the case of serial depéndmce x will in gemearal occcur in W , This
is due %o the double purpose of x in & stochastic process. x shell tell us some~
thing about F?{( stutistical inference) and ai the same time enter directly as o
kind of initial (boundsry) econdition for prediction.

After having defined :md W we cen proceed in the manner described by
Wald [.’5] . Vie define a statistical proceduredA which determines for each x
in the samrle space, the element u)x of ;wa want to select. By mesns of the
decision function u)x we define the risk funeticn

EW (F, Wy, X) =1 (F, A) (8.5)

We can now epply Wsld's minimex principle {or some other priuciple) to <this
visk function.

Wie have roached the following conclusion. If assumption 1 - 3 ure ful-

{
filled, then the prediction problem‘{%;? (/g; e), Viy, e), X} can be reduced

,\-'.
to a statistical inference problem{.d ; W (Fx. w) x)} o

After heving solved the stutistical inference problem, the action ¢ is
determined by | _
¢ = c(x,w) (3.6)
4, In order to Illustrate the g'eneral principle we shall first study
a simple exemple outside the field of econcmizs.
Examele 1. The components ole(T) are observetions of the amocunt of

crop on different plots. The components are independent and the process is



geriaily ind2pendsnt. The soblon pos

mefhors o supress the apolication of two
different fertilizers I and II., There is just one point of ti-e for chserva-
tion (n = 1) and this is also the point of time for predicticn t =%, =t

We observe p plots where fertilizer I has besn spplied end q plots where ferti~

lizer II has been appliedo X ={XI swvso0 Xp K'p{’l *sce xp+q}

P p¥q
4 = - 1 (o o
FAx) = UG lxg maty) 16 (apmey)
i=] jap+l .

vhere G is a distribution function such “E:.hm’ii; aé (z) = 0.
We want to predict the future product y on o plet if fertilizer I (o=l} or
fertiliser II (c=0) is used.
FY {y) =c1 (y ‘)LLI) + (1 ~c)H (v flaaz)
whoere Hd is a distributicn function . PN{O, 1_} » Both fertilizers are equally
expensive and we went as grest a erop ag possible. We cen Thersfore setd
Ty, e) =y
By easy caleulution, we get (by 3.1}

E V{y, c) ==c/u1+(1-c)/ua+fadﬁ(z)

B (Fx, z) is independent of x, and we get {(by 3.2)

E(Fx)g{}z | e My > A
5 o ={1. G} - i Ay M
5 (F,) a{o} ir My

w (o, x) Iz of course, also independert of x and we get (by 3.3),
W ~{r, Jur2 2} w0 {7y /Alg,az}
W, W) -0 M1 pl
w {F,wio)] =4, - pha A2 e
w P w @) =, o4y A5 e
vlwe) - o g

Let A be & set in the sample space X and A =x -~ A its complement. The stetistical

procedure consists of accepting W) (1) if x € A, otherwise w) (0).



By (3.4) we get

0 xé A /a }/a

Mo HAa xel Yot

w(F, Wx) =% xe A AYPL
Lo i A1 Mo

0 /1 xed /“1::.//:2

Let us introduce the notetion
p(A) = Pr (x € A)
~ p{A) depends, of course, on/ul and/‘fz.

Vis now get for the risk function (by 3.5)

(1 - pla)) (£ < ty) 1"/“13/42
p() (A, ~puy) Y

The statisticael problem is now determined. Roughly speaking, it is seen

BN ey (F, A) =

from the last equation that we went p(A) large ii:/‘dlb/az and p{4) small if
M 1‘/‘-2 which corresponds "rlmost" tc Neymen-Pearsor®principle. p{A) is,
of course, nothing but the power f‘uﬁction.

Note that a whble femily of prediction problems [corresgonding to different
H(sﬂ leads you to the seme problem of statistical inference.

Exemple 2. Let PE be the price and T the quantity sold of & commodity
at time 'E. K"i' =llog Q":' ’ ch = log P/t v

wl(’r':)'-{e:f DY)

P.Q (/5, ¢) is defined by the stochastic equations,

El-t a XT- & YHL-" - b (demand relstion)

o Larad ok - - - - -

[(C2 - Xt (Yr(": ;) +p )]cz + (1 oz) -(ol YIE:') 0

where ¢ ={01. 02} is the action parameter. e, is either 1 (free competition)

or O (monOpoly). Let T be & sales tax. ¢ = = log (1 -7T) if Sy = 1 and o1 is
equel to the price fixed by the monopolist if o, = 0. This gives a definition

of r". The past is characterized by free competition with varying tex. oy,

X’z: » Y’E’a!‘e observed at time tl! tz [ XX N ] tn.
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At time t a monopoly is formed which wants to maximize its profit at time
t + 1. The cost of producing a quantity @ is A 4 + B,
We then get

X

o
(Y, ¢c) =9 t+.]'(e . A) - B

(EIT . Ez’t‘) is a serially independent process and their disti-ibution function
is independent of &, b,o¢, /6and ,E: E £ T 0,1 =1, 2,

We presume & priori a< - 1,

We get
Y + b e 512-
EV(Y,0) =e °1 (e Y- a)E (e ) - B
We get '

o (Fx, x) = {log Aina-

¢ has always just one element,
The set of All FX which lead you to fix the same monopoly price is simply
the set of all F_ with the ssme a. Let a” be an estimate of a., We get the

X
following weight function to be used when estimating the elasticity of demand.

Aa+1[(“€:'r>a("é'iﬂ_") ‘é’%;)a (‘E‘%’i’)] ebE(a 617)

This is loss in profit which the monopolist suffers due to the fact that he
estimates the elssticity to be a&* whereas the true elasticity is a.
The last two factors cen be lef't out without changing the minimax solution,

and we get the following welght function.

a
W {(a, &%) = PRl PR + a

(es1)8 (a*+1)8%!
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After having found the elasticity of demand, the monopelist knows how to

fix the price. He sets the price equal to

a¥
ax+l

log A + 1og(
We have given an example of how the weight function in some cases csn be deter-

mined. But what is much more interesting is the following: The fact that the

monopolist wents to fix the price such that the profit is maximized rmives you a

unique definition of what is the "best" estimate of the elasticity of demend.

This glves a clear meaning to the phrase, "the choice of estimetion principle
depends on the practical purpose of the stetistical investigation."”

Usually we want the model to serve meny different purposes. In that case,
there exists, in general, no unique "best" estimote and we ere, of course, justiw
fied in melking a more or less afbitrary choice of estimetion prineiple,

Example 3. By “passive" prediction ié meant prediction where the action
parameter does not enter in the\[-process; Of course, the action parameter
musf then be present in the utility function {if the stetistical problem wefe
not related to  eny kin# »f "action” at all, then the statistical investigetion
would have no practical aim). The passive prediction problem is the type of
prediction mostly dealt with by statisticians, The following example 1s meant

td illustrate how these problems can be considered &s special cares of the type
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problens catlined In 2 end 3,

let PT{ = Pé be defined by

() vy (T-1) +ees s 0T (T-p) =T
where g( T) is a sealer, E((ct ) =0, B( Z‘f_" 2) a 0%, the distribution
function of ét‘ is independent of{al cess a.% = a end L and é Tisa
gerially independent process. Prediction takes place at time +. §. { L ) has
been observed at time t, t = 1, e t = n + 1. (n ) p).

X =[§'(t), Fle=1), cenel (6 -ns 1}.
We went a "point" predietion of Y = 3‘; (5 + 1), i.80, we want to determine a
funetional form f such thet £{X) cen be uzed &s & predictor for g(t + 1),

We choose to dstermine f such that

)

s:p f’:g(t+1)-f(x}12dl’

In order to see how this type of prediction comss under what has been

Vs

is minimized.

desoribed above it is only necessary to rsason as follows. Since we want a
"point" prediction of g {(# + 1) it must bo because any two different velues
of _{ (¢ + 1) would lead %o different actions., There is then a one-to-one
correspondence between action ¢ and the pradicted value of g (t+1) =Y.
Consequently action ¢ could be identifisd with the predicted value of i (t + 1),
We then choose the utility function.
(Y, o) =—[§(t:+1) -c]z

We get

Evu-og-l[a.ié(t) *eeee 8y g(t—p*-lrc]z

3 (a,X) =~ ialé(t) + sens +a,p'_-:;(t-p+ 1)1

~

T4 is easily seen thet the class F consists of sets each of which correspond to
one value of & = /&y eees ap %. We are led to point estimation of a; ... ap.

The weight function 1s



- et

R ’ ™
¥la, 8%, x) = (&1 - 8y )g(t} + vee * {a.p - ap*)§<t -p+ 1)
where &° is sn estimate of B,
The prediector ig then
# 1
£f{X) =¢ (8, X) = = [;§ E;(t) *eses + 8y Eg(t + D+ 11}
The introduction of the expression on the right hand side instead of £(X)

does not, of course, limit the possible forms of £(X). We have further,

risk funtion = B = S},Etm - g(t +1) + f(x)J 2ap

S[5een-aw]?- 2

This leads us to the following result.

The problem of finding minimax point actimetor £(X) forg (t+1) can be

solved as follows:

st mrs

Estimmte By sees ap by finding minimex of the risk function corresponding

to the weight function W{a; aI x)e

Thent use the estimator

£f(X) = - E.; g(t) R ap.*E (¢ - p+1)]

. Agsumptlon 1 is really oo restrictive. It eould be replaced by

Agsumption 1'. Consider

EV (Y, e) = ) V(Y, c) d P (S,x)
as & function of ¢ and x.' For each admissable functional form for this function,
consider the set of all P7) which leads you to this functional form. We require
these sets of
that to any of/P-ylthere corresponds just one FX for the whole aset.
Even this assumption may be too restrictive in some cases, i.0., there

exiat ilmportant examples where the theorm in 3 is fulfilled without assumption 1!

being fulfilled,
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