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I, ¥ {ind i% conwenlent ¢ havy e complets (though h’lvhly simplified
el mucclflad as baa’tgmund fer the discussiogu. Such & model follows:
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Market Egquilibrium Conditicns
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Tha theoretical economy being congidorasd consiste of 1 entreprensurs
and J workers, both groups sre alsp regirdsd as consumerse
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= iaber used by jth entrepronenr In time pericd ¢
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labor furnished by 3™ -wurker in time perlod €

cormodivies consumsd by svireprensur i in time *

somnodities consumed by wrrker J in time ¢
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- commod itics produced by entreprencur i in time t

vage rate in time t. The * guperecript meens thet thie varisble
is constant over 21l i and J.

rrice of cormodities in time t
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income of entrepreneur i in time t

= incceme of worker j in time ¢
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3= = ovserved weniher variables expeviencad by i entreprencur

in period %

It ic now pessible Lo consider with reference to the shove modal

genbdlficetion end eslimaticn problems thaet would be faced
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by & mtetistlicien who deslirved %o cstimate osune or more structwral reletions
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geryebions on some of the varlebles, Thus far I have considepred
speeinl cases and would e glad for sugpestions of other
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Fer example, suppose only aggrogate date were available and that

n of entrepreneurs end workers had not been recorded separately
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{2,1) has been obtalmsd by aggregnting (1.1) over all i, (2,3) is the
agevegato of (1.3), etes {%.2°?) ig the aggrogéte of the sum of (1,2) and
(1e%}o :;115’ wos substituted for y}_& in (206) and (2.8} using

egilibriun condition (1.10) and 31'2:"‘-‘""] % ;a8 been substituted for yaxt
in {2,3) end (2.4) using condition {1.311).

Equations (201)s (263), and (266) are identifiable; (Z2.2') is nots
If it were sssumed that the consumptlon fiumetions for workers end

entrepreneurs wore the same, (£.2') could bs replaced byt
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(2.4) end (2.8) would te replaced by:
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This would not change the identif'iability of the equations.



Aggregation was simple in the above example because the initiel
relations were assumed linear, Aggregation of non-linear equetions
generally presents formidable problems 'mat satisfactory procedures may
exist in special cases. The spescial case of initial quadratic equations
ie discusged In the next section. Rubin has recantlj (Cowles Commission
Pepers: Statistics: 329) discussed limited informetion estimetion for

non-linear systems.
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ITI. Assume that production (33 ; of a given entrepraeneur is a

quadratice function of labor (yiit) and weather (zgit)¢ Inetead of

equation (1,3) above we would then have:
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The corresponding apgregets relationshin would be:
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We cogune that Yz e yllt s tmd 291 are observable for a numbsr of
time pericds and thet I T
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are not directly observeble., Concider the following relationes
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where °§b represents the coveriance of & and b at time %

In either of two cases, the invesiigator could use (3.2) and (3.3)
to obtein en aggregate equation from whieh he could estimate coeffirients
of (3.2). First, if he had estlmates of the two varisnces and %the
covariance for each time intervel he could use (3c3) to got estimotes of
the three sums not directly observed in (3.2), Second, if the wariunces
and the co-variance were beligvsd to be closely aﬁproximated by linear

functions of time, then (3.2 could First be rewritton
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and then simplified to
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as one member of a system of aggregated equations.



If the latter formulation were used, it would be helpful to have
cross-section data avallable for some of the time periods to furnish
some check on the assumption that varignces anﬁ the covariance are
linear functions of time. Such data might exist fairly frequently as the

result of censuses and sample surveys,

IV, Before using scme equaticns from the model of Section I to
illustrate problems of using cross-section data, we might briefly note
the nature of scme types of variables that have not been included in the
model but which might appear in more elaborate models. It is clear that
an irwvestigavor using only cross~section data - i.e. observations on
activities of a nmumber of individuals during a single time period - could
not estinate coéfficients of varizbles with superscripts #it. These vari—‘
ables would be constant in his sample., Ve might alsc conceive of models
that would contain variables with superscripts i# or %, Thesz would be
factors that varied over individuals bub were fixed over time Jor a given
individual., Variables with superscripts #t might be ecalled Wearorelogical®
variables and those wilth superscripts ‘*.might be called ¥neiconal' varie
ables to distinguish them from Fgeneral® variables with superscripts (§ or j1
In some models personal variables might be used .o rapresent such thinzs
as formal education of the individual dr permanent natural r sources
peculiar to a particular entreprencur, Wille none have besn included in
the present model, it can readily be seen that coefficients o personal

variables could not be estimated from time-series data.

It is also possible that variables, xit wight sometimes be encountered
»
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with vroparbies that xit varies over bobh individvals and time, that ¥

8 irdspendent of yite where to represents a fixed time period, but that

RT3 A Y S dot L . .
X i8 not indopendent of lo o Sush a variable could be treated as
rrodetern ned in a crosswgsechtion study bub not in a time-series study,

aimilarly there might be variables independent of the distiurbances over
timz for a glven individual but not independent of disturbances over indi-
viducls for a glven time pefﬁ,od.,  Such a variable conld be properly treated
&8 predetorpined in a timewssries study but not in a cross gection study.
Felther of lhese two types of variables aprears in the model of Section I.
Spexulation as to situwations in which they wisht arise and urther discus.
sion of their stobistical implicaticns are deferred,

fo return to situations that can be exomined within the framework of
the presend modal, suppese that an investigator wishes to estimate
parameters in the mlatiorjs deternining workers! behavior axid that the
available data consist of obhservations of the variables in equations (1.6)
and {1.7) from a rendom sample of workers in z single time period. An ap-

propriote model, derived from equations (1.6}, (1.7), and (1.8) would be -
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It is evident that (h.l)r is identifiable, in fact it could be estimated
by least squares. The constant term in the estimated equation would be
an estimate of the quantity in brackets plus the mean (over j) of Ul‘jt.
Thus the cross-section study would not furnish estimates of q) 1 or € 15

and the constant term would be peculiar to the time period for which data
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were available. (L.2) would not be identifiasble as the model stands, but
would be identifiable if either & 27 or 928 were known to be gero. Iwven
in the latter case, no estimate of -q} 25 would be obtained, the coefficicent

o A
3t could be expected to change in other time periods as yh changzed,

oi‘ ¥y
and the constant term could be expectad to be different in different Lime

periods,

V. A question that may occasicnally arise in cross-section studies
is whether an equation that is unidentifizble in a model utilizing cbser-
vatlons of a sample of individuals in a single time period could he idune
t.‘ified by a msking use of similar cbservations fqr another or several
other time periods (If enough time periods were available and the nedel
contained a sufficient mumber of predetcrmined chronolozical veriazbles -
-Ek%t, the use of these might produze identifiability. This section treate
the case where the nmurber of time pericds are too few Yo provide useful
estimates o moments involving the -szﬂ’m)

An investigator might face the situation contemplated herc i7 he had
survey or census date for two or nmors veriods and if a welaticon in which
he was interested was nobt ldentifizble in his crosg-section model or if
some of the predetermined variables nccessary for idenbifisbility had not
been recorcded by the census or survey takers.

The cross-section model for a particular time period t might be
represented -

CRIWCE N A

where {J and | are matrices of cosfficients of orders G+ and Ge¥, and



- 10 -

t .t :
yt‘, 2 4 U are column vectors with respectively G, K, G elements. If the
equations of (5.1) are multiplied throush by the z% in order and expecied
values of the individual terms are taken, the following set of cquations

results -

(5.2) 5/‘4;‘ + /_/-6{; =0
whore /H ;z is the matrix of voverianess of yﬁ‘t end 22 for fixed b3
/(,(;‘Z is the varimnce - covarisnce metrix of the g's; end /”:z is the
coverionce matrix of the u's and s's and is mall since the z's are prew
determined,
Supposs tha ﬁnve'rstigé.tor ie inbtorcsted in the relation whose cusf.

flcionts are the first rows of 5 end [ . Let 51 nd /: e tho firch
sows of @ and « Tho part of {5.2) that ineiiudézs these soefficients

car. be wrilbeng
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$0
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22 :
(503 ) by omitting the'rows corresponding to zero elements of ( 61 /-11‘9

= 0



Lo d 11 ady

If there ave G' non-zero elements of 51 and k' of f_; » Ghen
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(5.2) and the first equation of (5.1} ic said to be ldentifiable,
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(5.8) /& r 5 F /ﬁ‘ and we have G linoar rostelice
e
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has rank no greater than K and ( /H %0 /if?’o'} derived by deloiing (&

- 6"+ & ¥ Y rous of ( /{t_ /MY } ear havo resk no grecter than K and the

prosence of observatios for time 77 would not help ldentify the firet mlution,
Howover, 1f the strusbure of ¢he systen hal changed beluweon tiws &

and T , with the firet equation nob shumgingy the restrictions (848) would

differ fram Shoss of {6,7)s ( /%UG *f"{F } might then hewve rani: highus tlan

K axd the #ivet equation might e identiiiabla,
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12 wo hed 2 situstion in which either (a) 0 + K « 120%, ::*azs;}:“ggf ,‘w 3G

; ek

%0 o x . < s
Fané <G + I1 o 1, this wouid Inply thel the warisbles b time ¢ ore

ragbrictsd by reletlons ether than these ef [5,1)e I those eddibicund
rasbrictionz and the pestrictions of (35,1} o3ill beld ia nwried 7, than
cbzervebions for the letise parisd wonld not identify a proviously unidin.

Lifieble relutioy, bub & change In tor Tolal gel of restricticry sowld
waks the additlonal cbservwations ¢lffvctivys In helping So Identiir velaticas,

Situaiicns Jn whieh the idsas of his sochlen conld by appld wd mar vod

te moomon. I Seetion IV, 1f snobtbor oodogencous weriablo, sey

been added to (2.1 along with s eeeffislend 518 ané wo suppssed Uink
the Inmvesbigofor 414 not ave oboervelicas on %77, then ormsistont cebie
mates of m»zr:’?‘f‘:‘-aci:ax:ts of {4.1) eould nct v obbidned frem crose-sueubioa

date for oaly eme bime periocd. Consiclieat estinabes for (4.1} could, howe

gver, bvo obtalned from erossesoctlon data Ter two pericds for vhich ;y
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the wage rate, differed., In agriculfure vhere cross secbion dota are
frequently available, changes in poverrment progravs might falvly oiten
provide changes in structure whick would not offect the ceefficients of
agricultural production functions cr responses of farmers to prices

received ¢érd prices paid,



