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Notation
———C——————

Let
1) py's v . 4y

be a single equation (sey the first) in = complete system of @ stochastic differ-
ence squetions
(2) 3y +"e" =,
As usual y [n (y* y")] is the vector of endogenocus variables, z [n(z*z**)] is
ths vector of exogenous veriables (which we sssume to be rendom verieblas depending
only on time), snd u is the vector of serielly uncorrelsted residuals with expacted
velue zero., Let Z [=' (0 4 J)] ke the covarisnce matrix of the residuals and let it
be independent of time,

The right subscript i, attached to a wvector, will stend for the‘. qth element of
the vector. The left subseript i will indicate the ommission of ‘the :I.th element of

the vector. The right subscript @ 4 &, attached to & matrix will stend for

5 see
rows "1. az. smop an of the matrix,

If H is the numbar of elements in y*' s 1ot the first H rows of the reduced

form of (2) be given by 21
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Let the covariance matrix of 1Y beﬂ- (6 )2 ves H Z l(rs )2 see H-‘"




Let Mg l' % % p’ (t) q(t)} be the moment metrix {in the sample) of the

varieble vectors p end g, and let /('(p'q be the probability limit of this metrix

©

Lot the vector 2 be the residunl of z** from the repgression of ** on z*
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Derivation of the Expression for Lsast Squares Bias

1f the sample lemst squares regression of ¥y on 13" and z* 44
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then l:y* and kz* are defined by
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From (1), under the normalizaticn s L = 1» we obtain the following expresse

fon for the valus of ¥, at time ¢
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Thus for a sample cf size T
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To obtein the probability limit of the l=sst squares biss we now wish

to find the probability limitsxy# endl_« of k¥ and k,s. This requires the

acsunption thet M, . hes a finite probebility limit Z;zz.
The value ofly*" *:it time t 1s given by )
SO O '
Since g is independent of u and hence of v snd since the probabi.liﬁy ]..imi.tr of a
retional function of rendom verisblas is the same rational function of the
probability limits of the variables, ws have /4 m Aiv; = 0, end we may write

the probability limits of the moment mstrices in (4) as follows, in terms of

submatricsa of A 22

*
3 ulno

Making use of & well known method for the invereion of a partitioned matrix we obtain
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Implications and Consequences

From {5) end (6) we observe that the size of the bias depertds on the entire /G?

matrix as well as on the & matrix and that pert of the varience of £** which is

o _
not explained by £ , This makes it impossible to use these expressions to estimate
in advance of caleculation how large the least squares bias is likely to be. However,
it is still possible to say something about the conditions under which the bias will

be small.

Ifdl, the standard deviation of u,, is zero, (1.e4 U, %0 and the equstion

(1) is exact ). then it follows immedietely that the bias is zero since.zl will
necessarily vanish, This result ia, of course, intuitively obvious, since if all
observetions lay on a given hyperplane it would be impossible to obtain a different
hyperplane bf regression procedures, Whichovor th§ diroction in which the sum
square residusl were minimized.

1t ie interesting to note that the bias does not_dipend directly on the
moments of the z's (or of the y's) but simply on certain functions of these moments

namely the moments of 2%, This sugzests that given a_sample frém which we wish to
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estimate (1) we may learn less obout the size of lenst squures bias by observing
such ordinary criteria as the multiple correlution coefficient or the steandard
errorg of the regression coefficiente than by looking dirsctly ut the varience of
the residuals of the-z*"s from their regression on the g¥'s,

It is also interesting that the matrix ¢)unters the expression ez an inverséo
V’ ig that part of the wverience snd coveriance of lyﬁ which is not explained by
2 linear regression on £*, The appearsnce of ?i'l may perhaps be rationalized as
follows. The more variation in 1?* depends on t”, which also strongly effecfs ¥ie
the more ¥y and 13* are constreined tc mowe together., On the other hand the more
variation in 1y* depends on factorr orihegonal! to z*, the more captble ly* becenes
of the "free variation", in Hasvelms's words, which is required under least squarass
assumptionse Thus it is conducive to emell bise when the variance in ly* unexpiained

by PAEY large.




