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LINEAR AND NON-LINEAR SYSTEMS
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I. Linear Case. Suppose we are presented with e complete linear system

of astochestic equations
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where y; is Jointly dependemt at “time” t, & is predetermined at "time" t,
and q, are independently snd pormaily distributed with mean 0 and constant
noa~singular covariance matrix Z. Suppose that q = (u *)s Then (1) may be

writhen as
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or the moment matrix-l of the residucle of the coordinates of X, about their
rogression on the coordinetes of =i

II. Fon~linear Case. Suppose g, &re asﬁally independent random veriables

{not necsssarily in & Euolidean epace) and supposo there exlst measurable vector
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funotions xy = £y (qys Qg-1s===)s Wy = B¢ (ét, Qg.j-~~) such that
(5) ﬁ - ::;_' = u;,

Suppose furﬁlar that the veotor zy = hy (Gg.y» 9.2 s===). Then
why not estimate d ux °Y the same procedure as before?

For example, suppose
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The importent properties of meximum likelihood estimates which cause us
to use them are consistency, efficiency and asymptotic normelity. We in general
cennot get efficiency without e muich better knowlsdge of the process then thet

contained in (f,,, but wo may sti1l hope for the other properties. We find that

certein "resgsonable” requirements, which ere also the same in the cass of mexi-

oum 1ikeslihood estimates, suffice here, Let us exemine these conditions.

In the cesc of maximm likellihood eztimates, E(z,;; vy) =0 for all t. Ve
need an esymptotic condition similar Yo this.
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Condition I. 21-;.1: %S H;z Mzu 0, é(u“; zt) 0.
I.e., for lerge cnought T, ¥ ia closse to O "most of the tims.”™ This con-

dition ststed mathematically is: For any § T=0, any any J} 0, for T > TS ,f),

the probebility that® tr (M, 1L {'«2 is greeter then 1 - § .

a nuz
Let us write tr HE' = JIE §}%. This notation will be convenient in what

follows:

2, A weaker condition than this can be used,

%, Any other dsfinitiom of norm could be used.



For meximum likelihood estimates, plim muu = Z, We need merely that the
=
u's are not "too wild," i.e.,

Condition II: For smy $>C, thers is en Ny suoh that [/, // < N

with probability grester than 1 - ¢ , and an H, such that for sufficiently
large T, /f ”:u]i // < Hz with probability greater than 1 -E_ e

Wa also need that the z's do not get too big, i.e.,

Condition 1II. For every & >»0, there is sn N such tat ||M,, [|< %

with probebility grester than 1 - S .
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If M,, approaches & singular matriz, the estimetes need not be consistent.
Let Q bo an orthogonal metrix such that U, q is diogonel and the roots are

arranged in descending order. Lot Qa be the metrixz composed of those rows of

Q for which the chermcteristic roots tre greater than E¢ Wo also need some-

thing corresponding to ipdentifisbilityy At é"-‘:fzv(»l.b Jd Doy { Lo ;’:wrwa_ e
ot 'S

Condition IV: For every .-;[;??0, there is an § 3» 0, such that for T it g o
|

sufficiently largo,a ux Zés Q's = 0 has & unique solution with probsbility Zm }:A éaj
greater then 1 ~ FYe '

We also neod

" Condition V: plim M, 7&"“ «0
-y :
Condition VI: For every 2;’ 0, there is a bounded closed set j _ﬁi_r_:_

/f xg — Spece such that /ﬂ is in J with probability prester than 1 - &

for T sufficiently large, and if T is in ,J » then for every meighuuinocod

Eilam’ if X is sufficiently near H snd AE = 0, then A is in /7,
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This last condition states that /sz does not "misbehave" too violently
and that it stays in a region in which we may "continuously" solve for A as
a function °i/(xz_'

Under these conditions, ﬁux is a consistent estimate of Q/ ux® |

If, in eddition, the elements of ﬁ"uz ares asymptotically normally
distributed, so are the elements of ﬁux’ provided the elements of 0{ ux

ere functions of the elements of xz With continuous first partial derivatives.

If the covarience of ‘Y'I' m"i’l: and ﬁ“\ajz iz approximately m“i“;j m, kz,‘[" then
(]

the asymptotic covariance matrix of the parametric system for 0{”_ is twice the
inverse of the second partial derivative matrix of log 7 with respect to those

parameters.



