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A. dotation
e congider a systen of equaltions of the form
83’ + 1z £ =u,
and we write a single equation of the system in the -i‘oi'zn
By + ¥ r e =zu.
The following symbols will be used in describing the cbmpu‘aational
procedure for treating this sysiem of equationss
yt = vector of endogenous varisbles (at time t)
Zy = vector of predetermined variables (at time &)
w, = vector of stochastic disturbances (at time t)
Y't. = vector of endopencus variables appearing in a single equation
(at tims %)
"”c. = vector of nredeternmined variables appearing in a single equa=-

. tion (at time t)
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. =7 2% Yivy - T 7l fg ¥, = monent matrix of the endogenous

variables. (U analogously defined.)

=y A By B E
m = vector of sample means of variables appearing in a single

equation



A. Notabion {continued)

a = vector of adjustiment factors

3
i

size of sample

1 = nunber of elements in yx

¥* = number of elemenbs in z#

F = I+ K*

K = number of elemenbs in %

G

Vectors normally are considered to be row veclors; and a column
vector is written as the transsoze of the corresponding row vector

(e.tfe; 2' 1s a colum vecior).

T
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The subscript "i" attachied to a vecter denoltes ihe :;.tﬂ elenent of
the vecvor., The subscript "ij" attached to a mabtiix denotes the iJJc'h
element of the mabtrix,

The left subscripi 1Y atbached to a veebor indicates the omission

of the first element of the wector, l.e., 1/3 = { [-32 > 83 evesf3). The

left subscripts %1 0,0 W0 1," and "1 17 abtached to a mebrix indicate
respactively the omission of the firvet row, the omission of the fivst
colwn, end the omission of the {irst row ard colimm.

Tf v is s varisble vecltor, the synbol « Lul denotes the covar-—

iance rmabrix of the elemenis of u.

B. Jathematical outline

1. Estimation of the parameters of a single eguation

8) Mo = K = Wy MU ¥

1/ This matrix may be interpreted as that part of the variance and co-
Varience of the alements of y¥* whi c:h iz not explained by =z,
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B. I'athematical outline {continued)

T e :
b} PN = L;z*zxﬂz*.;v*
?| y

C) B :- 3 = Iiy tt ZZ ZJ' :J}’*Z*P
Q) b= e

" :
e} ' = solution of

(A= AL})B' =0

where A is largest characteristic value of A.
£) yr=-2?"4

5) £ 2-R(AE y' 43D @)= - (B
g e =~7(BE ' +¥8 )= -0

1 A sl A
h) (bce)==x(B ¥ E

2 25 ui A
i) & = g = (1+ l)ﬁ‘?&-:eyﬁa'/f(/al)
2
S = 3y

j)_s?: 0 ug
B

L / This matrix may be 1nterpreueo as that part of the variance and ¢o=
Yoriance of the elements of y* which is explained by z but not by z=.

2/ This step gives the nomahzatn.on b = 1.

3/ I'D—:; - 2] umeasures the serial correlation of the calculated residual.
&

3ee Von Neunenn, J. and B. I. Hart, "Tabulation of the Probabilities for

the Ratio of the lMean Square Successive Difference Lo the Tariance,®

ammals of Uathematicel Statisbics, 194, p. 207,
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B. Hathematical outline (continued)

2. Covariances of the estimates of the parameters of a single

equation

i
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d. Computational oublline

A schematlic representation of the computabion progedures follows
in Tables I; II, and I1I.

For purposes of actual compubation it is usually conveniant to

o ~
1/ The carets in B and ¥ will henceforth be omitted. Tt will be
clear from the conigat whother parareters or estimates are rcferred
tos Sindlaxly for ¢ .
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C. Computational outline (continued)

adjust each time series by multiplying it by an appropriate power of
ten. Unle;s otherwise indicsted (by the presence of a superscript "af),
the matrices and vectors in the following outline refer to the adjusted
time series x., = a'i)s:;- . |

The columms headed " " and " /" are sumatiqn and check colwms.
Symmetric matrices with glemen‘ts omitted below the main diagonal are

reprosented bY a zigzag diagonal line as in Mﬁ below.
Teble I

Computations Used for all Equations of the System

u,, | My,

Zl 22 s : }7'1 Yg ve0 Z v

Doolittle Formwsrd Selution




Table I (continued)

- M

2%y
yl y'z "o Z / yl yz wee Z /
71 N
y2 5"2 ' __._I

~1
Wyy = Eiy_y - I%’_zmzz}ﬂzy
yl Yy eee s J

Table IY

Computations for a Single Equation

- M_z*z* A'I
B B L v
%3

S —L—l

1/ This matrix may be obtained directly from the forward solution in the
Tollowing way. In the forward solubtion let 253 and 'bi:j be the {X + j)th
elenents of the i-th odd wow smd the i-th avan yow. rasnitivals.

(Meme




Table II {continued)

Doolittle Forvard Solution

px

v
, -1
hz*y:* Hz*z*
o+ ¥ ) #* #*
yl y2 f.- Z V/ ?pl 22 . e e Z /
k3
!
*
A
Dt = L *r :
¥ M oy ""z*y*
* %
yl yz e Z /
61
%2
2

X-is the order of I,,.) Then the mm~th clement of

given by !t': a5 Pin

”r - '-1' L) - -
I-‘iy.z.hzzi..zy 15




Table II (continued)

1
Case I: H > 2, By*y* nonsingular™
B = W
¥ ~ yﬁyﬁ
My*zl-..z L
= Uy e
. Y
yl yz L ) y’{ lﬂz- o~ E h/
"
4]
£
J2

Doolittle Forward Sclution

uy*zﬁpft
L 3 _ '
i
1/
Case II: H = 2, BY # nonsingular
B'Ir'h‘-" Vi an s
y y‘%y'
Ty Mgl
my* #«p¥
gt S 3k
N¥2 gv V2 T v
T ! - . “.-ﬁ' i ‘ e
Iy Iy,
3t *
T2 %2
2
= W] = 3y - ¥,
2 = Y1Bp0 +TpgPyy - 2oy,

= Inl = 511825

3

2
= Byp
A= Ei;_{p +\’p2?-hpp)

1/ A degenerate case ocowrs when K =11 - 1.

identified case.
fication

in p
gc}leck i of L{y-:z-y% -

It causes Byrg# to Lecome singular,
ocedure which 1s discussed in the Appendix, Mote 1.% '

‘This is knovn as the just-
.and requires a redi-

A




“eble T {conbinued)

Case I {continued)

Case II (continued)
A= Bk R =
= Bpnpiipeye Rpgr =Ry,
. W, 0= AB_s. 3¢ “lap..
Yiy’g“tco £/ Ifj yﬁ‘y R:Ll
3 _ 3 oA
5’1 ) 1 I
"2 v 4
: Yz -
‘ y
Il =0 7
:
- il
Yy V5 e af0) (1) 42 q(hi/a' gt = ~PHg
el
71
;.rz L LN ]
Z .
1) s, {i~1)
/Q.j ) v
(h
2
1

In case convergence is slow, see the Apperdix, Note 2,

1/ This checks computation of A as well as of Re

E/ ‘The check here is obtained b;r using the column sums of pit,

3/ A is rewritten here in transposed i‘?rm to permit colwm by column
L. -

1plication in computing the q(:
L/ zt%& = initial appae on.,

Y
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Table IT (continued) -
w (@) & (pPyMen) P 0R)0)

Y
A EOA), = a0 ¥y
: ' O 2 ),
zl = - .(p y.§7+L
2} |
. - | M= ¢
. e/
Yy o 1
- y - Y
s | v

u, = (b(n)c(h)é;(n}xy%(n)z%(n)l)r = [({3 v E.)(y%z'"'lj'] /ﬂ’ {n)

Yoo VT U e % =
T Uy =
v, = ! 1 v 4
t &
T2
;:5_2 = I =
' T -7
z z
. 5 -
4 2 IV [
g L h o F =
P T T \T-r-1
t b _
1/ summation excluding e., 2[ Z Ve = Up - Uy
3 Tt is sonetinos eonvement to compute thlu from the formula % uf

={1+1/A) (/?Wﬁ' )/T(ﬁl } {5ee C* aon following page.)
WE vi=2X o} - 2% o g - of - of
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Table III

Computations for Covariances of Estimates for a Single Equation

rp

'ﬂy*ﬁ

3 *

g Ny e TS

i

7

5
Z
v

Bl

Vi ¥ 5/

fBWy*yvx- ,9' =

11“/"’ gt (B pnye) ]
}"g y‘§ “oa Z l/;

}4 Tnis is the summation omitting the first element. It 1s used in
Aaleinse ) L | - N .
cheoling pl (SNl Wy ]



Pable 11T {continued)

A =
V=1 =
1 4+ V =
- =

g "-%,—::-ye% /3'

%1

il

el

c* - -

T T - P(Bya))

—
—

B
11 g

Yg If;’...‘ Z l/

" @ = K 6 - J/ % ) )
11 | 11‘.%""- ﬁ’,fy—r‘};,{ /g Y"V‘ /6 yhy* J

. 11@ I
Ty V3 eee =
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Table III (continued)

Doolittie Forward Solution .

r v
oL [¢"] | Faa = [J.‘L@Tl Y
B e 5y BA e 5
z¥ y; '
z"a" y';

— #1
F,'mr B 01(P ) § B8R

9

%

* o

S of Fgg - L of F

1/ The subseript g will, contrary to our usual’ notat1on, frequently
Tepresent a row corresponding to (yé y3 sos)e



Table III (continued)

b=

v

;-1
Lz-x-zac
zi z&'
%
)
b
2

-

L

U= Oi(P*') F

-1 4
o 3%
z7 %5  ... S
- ;
71
3
23
-1
an’ = U+Mz*z*
i R
3
=
3t
%




Table IIT (contimed)

F | -F
8B “eY
clB . = | ...
(a2 1 o
/61 : sz( ' d-[(ﬁ X)J |:1m'_7
L 1 _ 2

yg E— y‘;
.v"3* : y*;
. I .
- I *
. ' .
e e
| :' 2
: i .
. t ¢
. : :

A |
T -F) T2
1&

. ¥*
y2 f3 P 51 32 s

1/ Chock for upper block is Cx( & of Fep - ‘.Z of Fgy )+ Check for
lower block is C#( I of Fyy = Z ofFlgy Ve
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Table IIT (continued)

e[ e o]-

8, 0 e O cliegn] | olgn] =]
0 ay .. O ' _(_,_G_lhl_j)_z_n:__h (/E{nj)z
T ] c[(BY] [w']

8

s e & M
b 03 3 i

-

1/ Cur momenis were defined by L

= Té;': X1, - (2% xt)'(S% xt). If

. o

more conventional moments I = (1/’.[‘2)1.‘:{:{ were used, the only change
in the computational formulae would be to replace Ces/Tz by Cxe I
M = (/7)Y were used; Cx/T2 would be replaced by Ci/T.

2/ The matrix composed of the adjustment factors is used to readjust.
a matrix. The last element is 1 beeavse that corresponds to the cone

stant term which has been tacled on.
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Appendix
Note I: [Procedure in Just-Identified Case (KH': I~ 1).

Let B = ""y*zl‘{zzl“izy* - Liy%z»:s?t’ as usual and let Bl stand for the

£irst colum of B minus its last (H™') element.

ll(By*y*) . . - Bl
yg yg' . T/
y"; -—l___ﬂ
Doolittle Forward Sqlution
z /
-1 1
1;31 - - [II(BY*Y*)_] By y'= - PH (ﬁ')
T 1
i
2 5
3| 3
b
v
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Kote I (continumed) Appendix

[ Hore /6 =(1 1ﬁ) is subject to the ncrmalization /61 = 1 bub refers
to adjusted rather than unadjusted time series. It is therefore neces-
sary to npmalize'again after obtaining {/6 (n) X (n)) in ordsr to find
(b<n)c(n)) J.

It is also possible to obiain & F& directiy from }’Fzgz?’zy Pe Let

' be the H x K submatrix in the upper right-hand corner of Pe Then

if ﬁ = (1 1/6 ), we may obtain lﬁ from the equation
*:E-*}i-' -L'h 'fﬁ{"
1B 1T )= - (R P

as T .
Sivee H - 1= K, the matrix ( } is square {(and so has rank

10
i - 1 with probability 1). Thus there is a wnique solution for . .

This procedure is not actually uscd besause bHhe mabris

P myzﬁzy iz not available wibtirout additional corpubing cost. vhile

Uyr?i'lz?jfw st alv*ays be compubed, it ig more cenvenient to do this

dlrectly without finding U z]zu - a8 an intermediate step,

e

Note IT: Procedure in Case of Slow Convergence.

Two procedures may be applied tc speed uvp convergence: (1) matrix
squaring and (2) the Aithen accelerstion technique.

1) If we replace the matriz A by tas meteix 22 in obbal ning the
q(_i) s then each iteration will be as cffechbive as two iterations using
A. Vhethier or not it will be prefitable to square A depends on the cost
of squardng, which varies with the order I of A, ;_n;i on che musber of
iterations which wonld otherwisc be sxpocted to be necessary. In reneral
the squaring of A is advised whenever the murber of additional iterations

*

is expected to exceed 203 +1).
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Hote II {continued) Appendix

The number of additional iterations R may be estimated in the
following way. Let i Le the number of iterations already performed,
k the number of décimal places of sccuracy desired, snd n the number
of decimal places to which the clements of /J(i) agree. Let /\1 and
/\2 be the largést and second largest characteristic roots, respectively.

Then

n'-k ne-xk

. i i1
A2 M=
. 10{:10 ) -
10 1 L ‘-L

lcg e
- M

“hen matrix squaring is used, the final itersiion shovld be made

with A rather than A® as a chock sgadnst possible misbalkes in the squaring

In cases of extremely slow convergence Ah or higher powers of A might
be used.

{2) 1In cases where the rate of convergence is oo rapid to male
matrix squaring profitable but is still clower than desived, the Aitken
acceleration techhique is sometimes useful,” The procedurs in.'i“:his

cnse is shovmn below.

As C. Altken, "Studles in Practical llathematics,® Proec. Roy. Soc. .

dinburgh, Vol. 57, n. 269.
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Tote IT (continued)

Appendix
Al | q(),Aq(il) i g0
oy e @ @ ae e o)
Y
Z
g2
J J J

) (2 (1-2) (1) (1) =
Vol N

(1) (3~ (i-l)

o I I
=N (1) (i~2) _ 5 (1-1) = A
Wt 2
12 _ (D))’
. J
Ay I N (1-2) 21}
A Y 3

/4( i-1)

/4(1)
This technique may be applicd vhen

=) ey) seems to be
M - A

converging and when the elements of /M(l) already ag;ree to four or five

significant figures. The effect is Uien to z'educe the influence of the
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Hote II (contimued) Appendix

second highest characteristic value.

The procedure is very sensitive to rounding errors, and as many

signiMicant fipures as possible must be retained.



