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Problems in the theory of statistics seem to reduce to the selection
of a strategy fron several evailable strategies, The probiem c¢f the selec-
tion of such a stratery is anslormous to the selsction of a stretagy in the
two person zero sum gemo where rature is the statisticisn's opponent, One
difference bLetween the two problems lies in the fact that it does not séem
proper to regard the unknown state of nature as a strategy of an opponent
who wishes to maximize your loss.

In the case where there are a finite number of pure strategies dl,
dos coe, dm availaeble to the statistician and e finite number of conceivable
gtates of nature §;, 83, §,, there exists a finite rigk mutrix R = "rij"
ris = expectation of the loss incurred by statisticien if he selects
strategy 4, when Sj is the state of nature, The development and usé of the
Rigk ¥atrix depend on the existence of a utility which has the property thet
if a statisticien kas probebility » of reasching et a certain time a state
in whieh he has ubility vy a812d g = lep of reachiug a state at that time

in which he has utility ug, thon hig uikility for thet time is p Uy + g ug,

Clearly, if chere exiats o di 50 that T3y £ rkﬁ foraiii ¥ and j, then
dy is st leest as good as £11 the onher strategles and if for every k there
is some j 20 thail ryy < _fkj then 4; 1s uniformly better than the other
strateriss. ﬁnforﬁunateiy it ié seldom possible to find suech g strategy.
The problem rerains of phresing e resmsonable criterioﬁ for sslecting a
strategy in the case where uniformly best strétagy fails to exist,

Wald has mentionsd thet s concoivabls sriterion would be to minimize
the maximum risk, Thet is to chonss o strategy dy if mex rij & ?ax ol
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This is the criterion which is used in the Theory of Games. This criterion
is equivalent to ranking strategies in preference amceording to -max rij

i.0, if max r,

j lj dk.

< better than
ggux T3 d; is . good a8

As in the Theory of Games we may introduce mixed strategies i,e.
stratepies whieh oconsist of selecting a pure strategy d; at random where
the probebility of selscting d; is E& and fi;_l_g i= 1 §5; 2 0. A result

in the Theory of Games and “conomic Behavior hy Von Weumemn and Yorgenstern

i thet v = ‘“gn {’,;u 2.5, N4 Tij = gax m%ﬂZS i My Tij, This result seems
to imply that in the zero sum two person game the mixed strategles corres-
pending to v are retional strategies oriho part of the opponents,

Some eriticism was leveled at the oriterion of mirnimizing the maximum
rigsk for the following reeson. It is a criteriom which is useful if
"neture” is the stetisticisns oppeaent, but one een hardly assume this,

If the statistician epplies this eriterion in the cese where one of the
statés is a stete of disaster thon one finds onsgelf forced to decide by

just considaring the risks in the cose of the state of disaster, Consider

the follewiny example of a risk mastrix:

$q So X T g The eriterion of minimizing the
i ‘
dy 1 100 190 maxinum risk prefers dz to d,
dg oo 89 39

If "nature” is malevolent i% will selisch strategy.sz and our gtetistician
is wise to selent stratggy &2n If tne does not sssume that naturs is malevolent
it seems unreaéonéble to allow tha slicht preference of d2 te d; is fha case
of dismster to dictate the cholce of dy, Tndeed if our statisticisn were to
follow the poliey of ﬁinimizing the meximum rigk, hs might verv well comnit

suicide rether then risk being uipleesantly killed in an accident. Savape
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felt thet a better eriterion would be to minimize the maximum regret Sl)

Consider ?in ri3+ This represents the minimum risk that can be incurred by

the statistician if state j is the setusl state of nagture, If the statisticimn

select d; and state j turns out to he the sctual state one may say that his

regret for choosing stratepy i would be rij -Tin rij " f’ij' (Here there is

en assumption that the "regret™ of sttaining a state of utility e instead of

ons of utility b is mensured by bea.} The Savaga oriterion of minimizing

the maximum regret would be to rank the availahle stretegies in oreference
er than

- . = 8s good as
according to x;&x ,0 83° i.e, if z;mxﬁj&max ij, dg is bet% dy.

In the previous example:

8y 82 ' 5y 8p The criterion of minirizing
dy 1 100 4 o© 1 the maximum regret prefers
dy 99 % 4, 98 o 4 tody

While the method of minimizine the maximum regret seems to overcome
the difficulties facing the method cf minimizing the maximum regret, it

too seems to have some disadvantspecus properties, Consider the risk matrix:

R
31 - 8y S
¢ 10 0 i4
dy 0 8 15
a 80 80 0
3
If ds were not an nvailable decision the matrix would be,
R
d 10 0 14
1
ds 0 8 18
(1) The eriterion of winirvizivg tre mestivum ragret was transmitted to me

via 1. J. Srvoi,
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In the first case dy is the strabepy thet would be selsectsd br the
erineciple of rin max repgret. ( Lot us irpnore mixed strateries for the ting
being.) 1In the second cage dy is the one which would bve sclected. Thus it
haprens that when a new strategy is made nvailebls, the preferrad stratersy ie
neither tha one that was the prefarred aor the new one, but tha one thab
was forrorly not prefarrad.

Arrow comjectured thet this was probably due to some lnherent intrun.

sitivity on the ranking and with his hslp the followiny cmse was constructed.

83 Sg >3
4y 10 e 14
dz 0 8 15
d- 5 7 8

1f comparisons where respectively dp aad dg, do end dz, dz and d3 are

considerad, one sees that dy 1s preferred to dp , dp to dz, snd dg to dy

if the min msx regret is applied.

Some question srose as to whether the first ecriticism of min mex
regret was fair in inasmuch 8s mized strategies were ignored. The
followins exemple was constructed to ghow that the use of mixed strateries

does nat avoid the pitfell,

Sy Sz 53
4 10 0 14
dy 0 8 15
dx 80 80 o

d4 12,922 12.822 12,922



If a best ( by the min max regret criterion ) strategy were to be
constructed when d,, do, dS' dy wore availshle it would be equivalent to
dg ir that the risﬁs would be the seme, If ,however, one considers only
dl' ds, 44 available then obviously do would be better than 64. Indeed
the “vest" mixed strategy involving dy dy dg (d3 unavailable) would be

equivelent Yo
some dg which ishg mixed strategy of dy dg dg dg but is not best as long

as dz is avallable. From mnothsr peint of view while dy wes elwsys aveileble

it did not become the "best" until dg was thrown into the picture.



