COWLES COMMISSION DISCUSSION PAPERS: STATISTIGS, No. 325

On the decomposition of a series of observations

composed of & trand. a periodic movement with known period and & stochastic veriable

by meflts of & moving averags.

January 14, 1949

The following remarks contain & summery  of the main results in
§ 11 of my peper on "The decomposition of a serios of observations,”

Nordisk Tidskrift for teknisk fionomi, 1947, end further a few supple=

mentary considerations, Referenceé are to that paper.
Notations:

M§y§= mean value (expectation) of y,

VE,YS variunce of Y.

(4
nyl’ yzls « govariance of (yl. yz).

L

" = a moving average cf y's with y vi as centrel element.

y ; = @ mean of yvi's with regerd to v ,

»

y = & mean of ;vi's with regard to v .

o1

The specificatlion.

The obsgrvations consist of nk pairs of velues (x o1’ ¥ i)' Vosleee,
nend i =1, «se, k, where the values of the indépendanfb (£ixed) veriable
x are assumed to be equidistant and the values of the dapendént varisble
are asgumed to be composed of three terms |

v, T e v €,
[ (x) denoting the trend, ™y the periodic movement and £ the sto-

chastic component, of. Figs 4.1l.
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In an economic time series x denotes time, y the observed economie
varieble, n the number of years, k the number of observetions within
a year, I (x) the trend, v SRRy L . the values of the seasonal
component end £ the random variable; of« Fige. 18.1.

In an agricultursl field experiment with the plots systematically
arrenged in & row x denotes the position (number) of the plot, y the
obsorved yield, n the number of blocks, k the number of treatments,

U (x) the effect of systomatic factors (fertility), whioch we wish to
eliminate, Yl the effect of the trectments, and £ the effect of the
experimental error, cf. Fig. 15.1.

The propertieAs of the thres components of y are usually specified
in the following ﬁy:

1) The £ 'e ere independent and normelly distributed with mean O and
variance uz.

2) No constraints ere imposed on the ™M 's.

3) The functiocnal form of I (x) is chosen in & suitable manner., In

my peper the problem of decomposition is treasted with three different

specifications of [ {(x):

) [ (xVi) = F‘, £or i = 1, sees ks 1000 | (x) is u step
funection. Th§ corresponding statistical technique is the analysis of
. yariance, ;:sf. § 10.

b) T {x) is chosen as & polynomiel in x. The stetistical technigue
is then the regression enalysis, ¢f., §§ 4~7. For practicel epplications
it pays to work out & special technique based on generalised orthogonel
polynomials, of. B§ 8-%. |

¢) T (x) is "approximstely linear" in every interval of length k.
The corresponding statistical technigue is the method of moving everages,

ofe § 11,
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From a purely mathematiocel point of view the method of moving
~averages assumes that the functional form of | (x) is such that to
satisfy the difference equation
Mi{xem) # ese ¢ F(x) * 0o+ MN{x+m)=(m+1) T (x),
where k = 2m + 1,  The solution of this diffe.rﬁﬁce equation has been given
by W. Simonsen in Nordisk Tidsskrift for teknisk fkonomi , 1948, (A
comparison of the method of moving avorages .in thies case and the regression
snalysis using this funotional form is not yet completed).
The model can obviously be generalised in different ways, e.g.
by essuming .that neighboring £ 's ere correlated.
The model is purely descriptive; no attempt is made to "explain”
the fomation of the observations.
In cnses where the assumption sbout an additive - composition does
not hold good it maey sometimes be replaced by the assumption that the
composition is multiplicetive, which means that the loparithms of the
y's can Be trouvted in accordance with the sbove specification,

The method of movirig BVErages.

Unly the cese where k is odd, k = 2m + 1, will be trected hers,
ofe pp. 36=57. The cage wheltk is even is in principle analogous to
k odd but lemds to more compliceted algebra, of. pp., 57-64.

The specification is

AVEELETES T
where [ '*Oand\q_ =M - '

LN ]

The moving everage of extent k "eliminctes" the periodic component as
y = F + + € .
yui Vi n € vi

It is mssumed that the difference [~ vi - v i is neglipible as compared
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with the rendom veriation, so that we can ignore the systematic error

-

I - » 1.’. we got

vi wi

y - + + € .
y\_u rui Yz 801
By means of the moving averages we eliminete the trend from the series

of observationa:

dvi'yui'yuisqi'v‘.*aui'z 9y °

We then got the following unbissed estimetes:

r\!i " y\: " y.. '

i
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1l n k 2
- - 2z (y =1 ) .

1 (nel)(k-1) wepisg V1 Vi
LY LS
The distribution off\h. sses N ) 18 8 kedimensionel nornal dise
tribution with moment metrix given by formula (11.61).
The variance of si is given by (11.107).
Tests of significance snalogous with the tests kmown from the analysis
of wariance are discussed on pp. 56=57.

Applicetions.

Nearly ail asgricultural field experiments are based on models addi-
tively composed of three elements of the above mentioned type. The guestion
in designing an experiment is whether to use randomization and analysis
of varlance or systematic arrﬁngemgnts and regression enalysis or moving
averages, cf. § 16, {The best method is to use randomization and regression

enalysis but this method leads to very lsborious computations),
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The applicebility of the model in the description of economic time

gories ig without the range of my experience, as I have only treuted the

cage mentioned in § 18,




