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Gradient Msthods of Msximization

by Hermen Chernoff

1. The Pn methods used are assentlally gradient methods im that steps
are taken in the direction of the gradient {uphill) with respect to a certsin
metric, Whilo a gradient methed will convergs under gomparativaly simple
assumptions for small enough h, i% i1z necessary for spged‘to use h large enough
tut not too large. It was shown that for the non diagonsl and diagenal oases
h< 2, h £ 2 would give convergenco {with some question as to ths speocd
if the original approximation is in a sufficiently small neighborhood of the
ebaglute mexirum. However, it may well be that in a perticuler exemple h 7 2
may have betior convergence propertics.

%We dsvelop a locel theory which will indicate what values of h to be
‘used in actuel iterations.
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1f a matrix B> QOdotermines the wetric of importence of errors in
estimation; i.6. we wigh to minimize xBx'; then of the components of x,
1% 1s reascneble to sttempt to consider the gredient to be determined by the
direction 8 in whioh £(x° + §) - £(x°) increases most for —-E-SBS = conste

Using Lﬂgrmge mltiplier
k
o
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Excopt for a scale factor B S“" = Axo
(@) §C -z ;o x® =20 8.1 hon'la)x"’
and |
f(::(l}) £(x%) = £{(x* + h S ) - £{z°) = nz S by B 13 + higher order terms
e(x(11)) = £(= ) = #(z® + h 5 - #{z%)P0 for h sufficiently small.
3. By this method of iteration we obtain
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where in the general cese B’ A may vary from pito pte,i.e. we oculd put in By, &
to indicate dependence on higher ordor terms. It is desired that =B xn'--) 0
as rapidly as possible., This seams to offar complie&tion_a. - Qonsider on the
other hand just x® —3 O rapidly.
Lot us agsume that C = B ~l4 38 constent end h “is loft fized; then
we have merely %o investigete the charecteristic values of C3 03 suppose they
range from 0 < )\, LN & )‘K » Then the charmelues of {I-hC)ersl= h)\;_ .
Wo minimize Max |1 - hAz) by setting 1 -h A, ==(1 - h N )
1eee b= 2/) A,
Mox |1 -nhl=1-
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A% this point we éee B from another point of view, If the chax
valuas of C are such that )v/,\k is cloce %o one there iz an h which wlll mske
x(n) ~p O very rapidly. If }\'/,\& is close to zero x(n) ~» O slowly by the
Pn method, )'j Ax. close to one means.that HE~ QI.. ‘}’/L close to0 Zero mesns
that C is almost singular when normelized. Thus a good §to use wﬁuld be one
such that

B is oasy to invert and

B is very olose to CA, i.e. C = B"1 A~ol

4, Determination of h in Practioce.

For the nondiagonal cese h = 1 is smaller than optimum in the

neighborhood of the max.

Por the dlagonal case N -
Howewer thers has heen- ne incidation of what h is an optimum. The foliowing '
development will indioate methods 4of improving h.

Our data never gives =) oyt énly glves d(n)c x(n)- x(0°1) |
a} X, . From this data we cen detormine )\’ .
for a'(®) @ W me0) [@- 50" - G- ho)8-1 | "° = (1-n0)"2(-nex"®)
Suppose h is smeller than it should be. Then the largest charact,value of
I«-hC=1-h)\, will show up by comparing the ratios dinﬂ)/din) 2 1= h),
for sufficiently large n.

It should be kept in mind thet this method is not too exact if h is very
small, for then lsh )¢ are all close to one. However in this case l-h )\,
w11l hot be overestimeted and A, not undersstimated. .

v) Ag
The evaluatioff of )k is rather delicate,
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Because evaluation of (k€)™ involves ai, &2, cve d(“) R ‘Ehis is quite susceptible
to accuzmlation of errors and also the effoets of higher oerder terms, Furthere
nere we can not let the result of the 1Cth iteration be x° and work from there
(a8 may be done in the X, eveluation). This would give misleading results

because x° would be the charact, vector of (I - h,\g ) of C. Instoead we must

be content with just & comparison of hC, h%?_ h°6® to got & rough idea of }‘ .
One mast keep in mind the denger of undercstimating \K - |
e} Reevaluation.
It serme ss though a wise procedure would be o
1) take about 3 iterations with a small enough h;
2) Gbserve the differences d(l)', d(a). d(s). If they are very nearly ogqual,

h is too smull.

Estimete ( )\, )\g ) [), is close to one end reasonably
g easy to calculate ]

g) Re—év;aluate h;

Here it may be permissible to select hlf' 8o that 1 - h, A, 220 end then |
to let h; = 'hs = .os = h a velue safer in thet l=h xk would not be too negative,.
(}"%‘? would serve to eliminate the effects of the char vedtor of C corresponding
%o ( | VD P

4) With our new safe value perform ebout 3 or 4 more iterations koopling
on alert for too sml_l'an h -or too larga.an he If h is too small a positive
char vaiue of (I-nC) w'n_l aggert itself in that we shall have almost

) L\ @) 2z 1-h),
If h is too lerge, a negative charaot value of (I ~ hC) will assert itself,
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If h 1s spproximately right we should find thet
y
d(i"'a)/d(i) e ?\ - . ‘
- Aa(l-nd )2 =(1-nAg)?
but not d(1+1)/d(1) o )
In all three of these ceses we can ellainate the major feotors by
taking for one step h = 1/ % *hR* 1/ N OF in the just right case first
ho=1/y, end then h =1 |

B) Finally we go baok to the good value of h with a little improvement,



