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Statigtionl Problems in Forecasting from Eoomcmetric lodsls

by
Reaneth J. Arrow
(The problems treated in this paper were suggested by
Se Cohn. B, E, Hﬂgen, and 4. Smithi@fs, of the Bureau of the Budg@‘ta
end S, Siegel, of the Boerd of Governors of ths Foderal Reserve System.)

1. The Problem of Foreoasting

Tho theory of stetistical forecasting heas never been systbeme
atically explorad, oapmiaily in conjunection with tho nowerscogrized
distinctionfﬁetween stracturel and regressicon rslations. {(Mention must
be made of papers by Hotelling, particularly one on the stundaerd error
of & forecast, and & recent pupor by Hoel on the chelice betwsen two
foracasting formulas.)

The usual formulation of ths foracasting fﬁ*oblem rux'ifs as follows:
Wo have a semple X of sbservetions amde without error ab times 1, ;.M ’

T {ref'srred to es the base poriod) ths seaple being;’ dravm from &8 proba-
bility dicbribution gemerated by & strucbure 8. S is known Yo belong to
2 model M. The sbructurs st time T > T is 8+ & £(8), whawre £ ls &
nom structural cheange {(e.5.. £ may spseify one of tho parsucters
unspecified by tho modsl M, or 1t may say that e glven paroywber, suoh aa

the marginal pﬁ.‘t:part.éi*’ay to oconsuns, fe o speclfied propertion of 1ts

value i the base periocd or is o spscifisd cmount higher), fesume
finally that the values of tho verisbles predetersined =zt sime 7% imder |
the structure 5*, 3% erc knovn oxectlye The problem of fv rosusting is
then to expross en optimun forecast of tho Jjeintly determ! 1ed veriabloes

at To under 5¢ as a funotion y& » y¥(z=,%), Assuming tha M identifios
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8, the procedure has been Jo estimate 5 hy its maximm likelihood esbimate
é‘(x). Then estimate S5+ by §% = f(g), and f£inally use 8+ 5o axpress y*

in terms of z* by setiing the dlsturbsnces in S+ equal to zere. Under
the previous sssumptions plus the assumption of lerge T, this muthed of
forecasting will hév-e well=knovn optimm propsrties,

The actual problem confronting the forecncter dilfors in severzl
ways from the above scheme. “ho cbhasrvations on baze porled sre nob
nocossarily made without erroi; consideretions of this type lend %o shocke
erroy models, whioh will 'na{: he considorsd hers. “Tardetions on the
Imowledge available al the time of forgewet era possible. For ons
thing duve to surveys snd logs in publications, estinmtes, porloct or
tmparfact, may be availsble for cre or more jointly determinss veriables;
these estinates should bo coxbinod with the forecasts from ths fitbed
stracturs §$° In sffoct, these sdditionel estimeies permit & batber
forsonst of y* to boe eobtained Uy forogasting the disturbances at a level
different from soro. Ihis protlem ig dilscussed in greater deball in
Section 2,

o the eother hand, the agsuwpblion of perfewet ksowileice of the
predevermined variebles mey De stronger thon reallty permlis, 1L wo bar
srrors of obsarvations, 1t wounld csoea ss though the lagged endogences
variables should be perfectly lmown; but the time requived for smalvels
may require the forecaster to work with preliminary estimates., As low
the exogenous veriables, sssuming thom Lo be perfocily kmowm et btimn T
would require that the varisncas of the disturbances 1n the part of the
structure determining the d¢istribution of the exogenous weriables he
zoro (thie might be assumed of cuogenous wariebles determined by government

policy), unless, indesd, tho “Torcenst” were not actually made vntil sfter
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tho welues of the exogenous variables are observed. I conjecture that
for lerge semples the optimum forecesting mothod, in the cese of impere
fectly known predetermined variables, would be to use g*. based onr the
moximum llikelihood estimats g. muet substitute for z#* the bast estimaboes
available.

Another variation of the lmowledge aveileble st the time of
forecest s to assume that several chservations can the new structure S#
are aveilable at times T', ... , T, 1¢ § 1s a imowm function of 8,
thls case can be reduced to the previous cne by introduoing em e¢xogonous
variable taking on the values 0 for & = s eve » Pyandl for g =T,
sncy ™1, ana eonsidering all cheervatlons togethor for maximm lilcli-
hood estimation of £, 5%, Thae cose whore the struchural cheaze £ is not
corpletely knowr is formuleted in Section 3.

Among other points, it is sugrested in 3sction 5, thet sbruce
tural chonge in many ouses iz not gemulue bub apparent, syisiag oub of
the incerrect speoificstion of . This lcads naturally to the quési:ﬁ.on
of specification bies (errcr due to incorrect spacitleetion of 1), which
is discussed ia Sectlon 4 in 2 particular example. |

A brief discussion of s genoral eriterion for opbimum sctimntes

is discussed in Section 8H.



2. The Use of Additional Information on the Jointly Determined Veriables,

Supposs & linear econometric model to have besn fitted and
expressed in reduoced forms. let Yis oeo 2 ¥y be tﬁa endogenous varicbles
and Lys eee s 3y the predetermingd veariebles. |

(2.1) yy, = kﬁln‘hk B+ T s
where Y is the random dlsturbsnce in the reduced form snd E(vh)ﬂoo In
the boence of additionel information, the optimum forecast § of y, is
obtained by setting w, = 0 in (241)s Suppose, }mmer. thed, by meens of
& survey or otherwise, snother forecast y¥, of y, is ayeilable, and that
the orrors in this forecast are independsnt of the disturbances in ths
reduced forms. ZThis may ariss in & survey, where the crror is due to
sempling fluctuations rather thin rmndonm dlsturbances in relstions.

(2.2) y"'l © ¥y * W

whore w is independsnt of ¥y, .e. » W, and o{w) =0

i
Cosa I I}(w‘?') a

In this case, y_;_ * ¥y so thet the opbimum Porscast ol ¥y is siaply
y;‘, which is a perfect forcecast under the aSsumpélon,

(2,3) n- ¥i1.
For the othor y),'s, the lmowlodze of n yislds addicionel informatlou,
gince vj » ¥} = él Tl’lk N is now known. 48 Vo ess o Ty LT, in
gonerel, correlated with v, bettor esiimetes of y, cen bs cbiained Dy
resubstituting for v, 1ts regression oo vy insleaé of its expooted valuwe, 0.

K
] .
(2.4) wn = &) T 23 ¢ Blwp )
. (h w3y 0s0 3 H}

hs E(vh) »E(vy) =0

B(vh[vll s/ h1v1
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411 cen be estimated at the same time as the Ek"s. After having estimated
the ”hk'“’ compute the rasiduals v}, for the peried ia which the it wasg
made by the I‘ormula

Yht ¥ ﬁl’fnk Tk

and then, by the usuel regression formule,

T
M " I vV
t.lh‘l‘.lt
F»'U'lt
Tl

from {2.4) the best forecast of i is given by

(2.5) §, = E Y E K 2
' E Mt ¢ g (g = BTy = 2 (Theefon T iy
(h = 2. san 3 E)

Cesa Il. (eneral Case

%o now assume ths survey lnformation is not gmrf‘eot but effccted
with en error we We have two forecasts of yys y*y aadkzl W'lk"k' The
first hes a veriance c:wa, the sgoond vai « Yo copbine these, assuming

w independent of uy, let the best fovecast of yp be

K

?l -OCy'l + (lca.)kn], 1k kﬁt

where O¢ is chosen 80 as to minimize the wariance of j= Jp. which is

2,6) O&ad; + (1-00)% o

The minimizing value of & iz

(207) ' a
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1.0y our two forecasts of yl are weighted inversely to tholr wveriences,.

Bence 2
J, A K
(2.8) §1 -_.,_;.1_,__2, “j;---z 2 "11:"‘1:
"v]_ + o +0'w
Thon vl oen be eshinated from the formule,
(2.9} A ~

k"l
vy, (R = 2, 1.ss 5 H) con bo ostimeted from the regression relution,
.
Ty t n1vas
go that the best foreoasts of i (h = 2, ies » B} are

{2.10) A K

X
)
Ty =& Ty 8 "l = ‘2’ "%c"ﬁﬂ’ﬁk*k’ « Pt

B
The above anelysls has cesumed bhe 'ﬂ'hk“s te ba knowa exasbly. If
they ere themselvos eatimntos, ke srguuent remains the samn excapt that
O‘Vi is replaced by the variance of forecast of v, in relativa {246)={2.8).

This veriaunce ie glven by thoe formie

{2.11) o2 E X 2
af 3 Z.8, %O,
Py Ty My e T
whero o. 48 the covariance of the cstimebes of T, e.nd ?F
. jﬂik 13

A more delicate problem, end onoe not yet formollized, is to use survey
information {o errive et & schcduls relating, €.g., investnent Inteations

to anticipated sales.




3. “tructural _f_)h_q_.ggg.

Ignoring other complications, we find in practice that structural
change may ocewr in sn unknown way. For sxemple, it is widely argued
that the present structure of the Jmerican economy is diffsrent from
the inter-wer period. In other solences, we do not like to consicder
the posaibility of the struclure chmmging in em unknomm wey; why
should this poesibllity arise in economieas?

I think the correct anawér lies in the realisation that our models
do not reaily include all structures we beiiave posaible. For reaasons
of simpliclty, our mcdels exclude moreo strusturos than are Justified
by our & priori information. Fresumebly, we seck to have so meny
structures in the model that the "distance™ (ts measured by the costs
of chocsing u false structurs) batwcan.uny gtructure which is compalible
with ouwr genuine & priori information end the neerest sirnctuwro in.
the model is less then some preassgipned level. Bub this distince may
depend on the valuss of tho @xoganous variables. F.g., acouming
rolations to be linear whem they are not memns ﬂ:at' tho beat iinear
approximation to the.truQ atrooture may depend on the wvaluss of the
exogenouns verlebles. There will be sn epparent struclurel shift as
batween the base poriocd and T=, PFltting of curvilinear relstions will
not be too sstiafacfory; if a linoer approximation is & good £it in
the base perlod the estimntes of the higher Taylor coefficionts will
prdhabiy ba very unreliable. #n alternative is to moke use of a
priorli knowledgo ua to the nature of the aurvilineerity by saying
that if the epparent atructure (the best linear epproximation in the

basge period} were $ the apparent structure in the forecast peried,
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3*, belongs to & certain cless or model ﬂs » depending on 8. The
previous aseumption, S* = £(8), where £ is a kmown function, is
inoluded in this assumption &3 the speciel omse where ¥g contains
Just one structure for each value of S.

If T end TeTY, the nurbers of observatione where structurcs 8
and 8%, respectively, are both lerge, the optimum procedure iz clearly
to estimate S from the buse poriod by the maximum likelirood esbimate
‘;55‘, assuming the model 1s i, cud thon estizate 5% by maxiianm lilkelihood,
assumlng the model is N§, But in pracitico T+-T' iz very smell, £ or
5 in the prosent circumstances. ‘x“'ass-:uz'ainf; gtill thet ¥ is lavge, we
thoa have 1o consider the problem of mmslli-ssmple estimetion Q.r:.der
Mg+ In practice, we would hopo HE will be a simple system, so that

swal i-sample mathods can poally be opplied.

4. _gi Fxemple of Specifiocaticn Biza
Consider the following siuzple model:

K
(¢a1) C @7 22 L u ey,
kot °
X
’ w .
{4.8) 1 -fga'I -i-kzlﬂ 1D Pp 2

(¢.3) CeImY
Bero C, I, ¥ have their usual cooncnde moanings. Some of the ﬂik*ﬂ
way bs goro B priori. Ve ey cebimeto f41 under twe different felse
assumptions: {1) assumo that I s exogenuus instoad of satisfying (4.8)
and that the & priori réstrictiuns cn the /6’13:% are not usedy in
thet case, find the conditional regression coaeffloient, O, of € on I
given g, and estima{;e/% by/fi I oL 3 (2) asswme 4$hat Y is

T+ X
oxogenous instesd of satlsfying (4.2) and {4.3), in which case f?i
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is estimated by,fl » the conditionel regression coefficient of €
on Y, given g, I will compare the errors in estimeting the merginal

propensity to consume by the two procedures, ignoring Bampliﬁg

fluctuations.
C - E(C's) - (1-'3(3]\11 + Qg
’ 1=~ 0(1 -~ Qg
I - E(Elg) = (1"“1) ug + Xz vy
1= =Xz

Tet oy, w2 be the s‘bemdard geviations of Uy » “2' respectively, and

/’ their correlation coefficlient, Then, wder procedurs (1},

P 1% (10 03 B (Lt w2000 ) ory 0 000y (106 J3p®
Otgcxl"z * (1-0{10&(2}/05163 + (=0 Jop?

Y-5B(Tls) = W vuz
i c

cl“q'a)c},a * (l“ \?“}‘Q(]\;fclﬁ"z 4&’1 2
01 + ooy + 0p? o
I9¢ the erreors bo E; *ﬁi =A, E;’ ﬂlﬂ; *{EI’
oW "6 Hre )
E1 Rt . El T
nhore E' = (1< -&%) (012 + }fj_l,/ﬁwlaa ).
& .

B -'crl (1%‘ +1/)/Jdo' % 1 0*22,
& 2

Then, 8y =

FY? - (104 =%} (01 +/’ o303),

D!? = 0y% + 200, ¢ 0,22 o
For &) +0G <1,% >0,/ < 0, it follows taat §*> 0, D'> 0, 6o
timto(; > & (4ese» Haavolmo®s method overestlmates the nmrginé.l

propenaity to conswne). Also,

Ef = ) & (1’“1“%: ﬂ‘fl Oaﬂu Q;P:g
pes 2 ) f'uiﬁd & C‘z ]




B = 14 (1~ 04=03)  Poyay
“2 60'12'700102

Under these assumptions, it oon easily be showm that

2
P9 < focztop
crlz-l;oolcz 0’12'!'3"0'10’3&-0‘32

and therefore g,:? 2 %: , » the equelity holding caly if ,ﬁw 1.

Henoo, Ei' z Ei. Henca, while Heevelmo's method ylelds an overw
estinate of the merginel propeaaity to consume, least aquares ylelds
e still larger overestimate,

6o Forgoasting es the Purpose of Fitting.

Supposs the model 1s constructad solely to forocast one variuble,
eay yy. In thet ocage il socms reezoneble that the Titdlng be designed
to minindze the varlance of forcoust of yy, as glven by {2.11}. %This
is, I bellove, an appliecation of the Wald minimex principle, wheve
the decisions ero forecnsts, nd the wolght functién is the sguaraed
error of the forecast. This crib‘syﬁ.cn wuld supply e bosls for amell
semple estimetion. Note, howevor, that the form of {2.11) sugpests
that in general the optimum estimetes of the paremeters will depend
on tha values of the sxogemcus varisbleos abt the time of forecast.

The minimum forecast varirmcé eriterion appears (o be & very
flexiblic one in principle, and cexn Dy nodified to take account of
all the variebics of forecasting méutimmd in this paper. Its actual
epplication way be difficult, since it invelves tho solution of e

ocgionluas of warictions problem.




