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THE IDENTIFICATION OF STRUCTURAL CHARACTSRISTICS

by T. ¢. Koopmans

General Formilstion of the identification Problem

R. A. Fisher [P] diutinguished the fellowing problems in stabtistlesl
juference (re-nuabered by we):

1.) Specification of thy methenniical form of the pcspulatian frem

which the data are regerded cs a nmpia.

3.) Estimetion, i.s, choloe of statistios to serve as sztimstes of

lparmte:s of the population.,

So) Distrihutiml of estimntos amd other statistics.

Of course, 3) snd J§) are closely soanccted problems, which can only be
solved in combiﬁaﬁim, Subsequently, Naymen, Pesrson snd Weld added %o
thg list: |

4.) Testing hypotheses or deciding between courses of acfsim,

e group of problems treated in combination with the uorﬁesp&ndiﬁg probliems
mder 3).

It iz the purpose of this diswuesion o suggést w re-formulation of
the zpacification preoblem, appropriate o meny appliem‘hiehs of statistioal
mothods » ond to point out the conseqent cmergence of an sdditional group
of problems.

In many fields the ohjective of the Investigator’s inquisitivencss ls
not just the distfibuti&s of obaérvahlﬁ variatlies. but s phynieel structure
projected behind this ﬁsﬁribuﬁ.m, by whish tis letter is thought t¢ be
gonerated. The word "physicel" is used mexely %o ¢ onvey that the structur&
conecept iz bﬁsed on the hfestigatwfs idaas as to the "explanation" or

"Pormation™ of the phenomens studied, briefly, cm his theory of thease




phenomena, whether they are classified as physical in the literal semse,
biological, psychol;wgioal, sociological, econamic or otherwise.

Specific examples of such postulated structures mre cmta.med further
o in this note (exemple from econometrics), and io the oontribution of
Basch (biometrics) and Reiersgl (psychometrics) to this discussion. Some
generalizations i‘m_thqse examples are attempted hera.

In each of the oasés censidered, the distributional spacification
applies directly to certain nom-observable variebles, variously referred to

as digsturbances, specific factors, ete. ¥e shall refer to thesc as latent

variables, denoted by a vector u. In addition, certain strustural relg-
tionshipe are specified which connect the latent veriebles with observable

varisbles, here to be oalled apparent wvarizbles snd denoted by a vector y.

The specificetion is therefore concemned with the methematical forms of both
the distribution of the latent varisbles snd the relationshipe connacting
apparent snd latert wriables.

The term "mathematical fom" carries a suggestion of parametric
specificetion which o'bvio'usl;*,r is not the anly possibls typs. ¥Ye shall
thersfore employ terms and concepts introduced by Hurwice [HI which cover
both parsmetric end nomeparametric specificstioen. By a siructure S = (F,%)
we undergtand a specific probability distribution .fmo‘him F {(u) of the
latent variables -« thought of as given numerically, either by & cumulative
distribution surface or curve or teble, or paremetrically with numerical
values of the parsmeters <~ combined with a speeific structural relationship
(or set of sinultaneously valid re¢lationships)

G, w =0
between apparent and 1atah*_t variablog -- ég;ain given numerically by curves,

surfaces or parameters -« which permits wnique deterination of the abparent
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variables from any glven veliues of the latent variables. The corresponding
probability distribution

¢ (yis)
of the apparent variables is geid to be generated by the structure S,

Using the term modsl for = set of astructures, the specificaticn problem
can now be re-formulated es follows:

1x,) Specification of a model which by hypothesis contains the "true"

structure generating the distribubion of the apparent variebles.

In particulai', parametric specification of the structural relstion-
ship(s) consists in first instance in an indication of the mathematical
form (e.g. linearity) of this {these) relation(s). It mey be, end in all
our examples ig, supplementad by prescription of the nmrical values of
soms of the parameters, or of given funntions thereof. These presoriptions
have sometimes been called a priori resirictions on f.he structure, spacified
by the model. It will be more appropriste here to eall them parameter

specifications, leaving open the question to which extent they ere indeed

determined a priori.

If a model (a set of structures) is reparded as the object of speci-
floation, it will be clear that a new problem of inference arises, whiech
logically precedes all problems of estimation or the testing of hypotheses.
It is implied in the de:[‘in.i'bion of structure that a given structure &
generates cne end only cne probability distribution G(yi8) of the mpparent
variables. However, statistical inference {rom observations can relate only
to characteristica of the distribution of the apparent variables, The
lirit of etatistical inference is an cxuet knowledge of this distribution

function, 2 limit not attainable but spproacheble if very lerge safnples




-

cen be teken. Mnything not implied in this dlstribution is therefore not
a possible objeoct of statisticel inference.

Thus it is ‘a,q;aostim of great practical importence whother a statomant
converss to the me just made is valid: cen the distribution of apperent
variables, generated by a given structure § contained in e model u;i’, te
generated by only ane structure in that model? This is by no meens implisd
in the definitims given, and it is not generaily truoe, Whether or not it
is true in a particﬁlar instence depends == gz illustrated in owr exemples o
alweys ca the model, end oi‘ten a1 the given structure besides. If it is
true, ws ghall say thet the model 9z‘i (miguely) identifles the given atructure
s. |

If a structure 8 is not identifiasble by & model &?f s some of its character~
igtics may still be uniquely determinable., By e structural Qa¥mmter-

4(5)

we wnderstend a functional of the structurs S {This definition applies, of

course, equally to the case of nonepurametriec apgcifi’cation ef the functims
F, .@_defining the structure), Ue further define that two structures § snd
S are equivalent if they generate the same distribution,
Gly!s) = G(ny‘)' for all v,

of epparent variables. Thea we gay thet o model (wiquely) identifics a
paramgter 4 (8) in a given structure §, if thet parsmeter haz the same
value in all structures 5!, contnined in the model_. md equivalent 4o S.
This definition ecan obviou:ly e extended to chara;:x'terris tics 7(( 5} of a
structure & othef then parometers, such as the functional form of a
relationship represented by a companext of the veotor @', etc.

In terms of these omuepts, we cen now add the following group of

analytical problams to our lists




2,) dent m ‘problems, i.e. study or'milpmbsrs or other

chars: tioz of a given structure Mﬂl ere identified by the
model,

While the problems jnvolved are undoubtediy prubk’u’ of inference, they

procesd from the mode) Mhor then from the obeom‘tim. It is perhaps

debatable whoth.f ﬂltn probl ang ¢can be called pm’h&m of statistical

inforance, exeegt ia ﬂh 0bvious sanse that the abjcc‘b of their sgtudy

is to sexplore th 3.1:11:: of statistical infemu.

However thh uy be, interpana‘hr@i ion cf tln pre-mtisucal

snalysis of identifiabi '11=y with problous of stmw;.tm infarence arises
- from the fact, mly 41lustrated by our examplea - 'Ishai‘. the identifiability

of a structural "cmmrintic 7((u) often ﬁopm&s not omly on the model,

but alaso cn the gim structure S. Thus, each s':_:"-;:':'; aral characteristie X

divides the model M-mmﬂvely into ‘two su‘mvd«h
| - b/ yﬁ( +M,/5'L
(of which cne may u wey). such that 7(S) is mqmly 1dentified by the
model if § belmgs ttﬁ/ and not unigusly idan’b&ﬁ.ed 4f 8 bolongs tol/
We shall call ((ﬂ) @___ mli_idantlfied if {ooimiﬁen withb/
The aubdiv:kiﬂ eif‘y :ln'boM andab’/ hasg an wm property:

If 8 belmgs to ;t, mn all structures aquivalen‘b %o 8 alno belong to
%, and a similap mtm holds for ¢ « This. wrw follews directly
fron the daﬂni‘b&m er identifiability of {(s) am. - Tes meaning is

that the identimmﬂy of f(s) depends only m ‘blﬂ dhtributim

mhblea generated ty 8

pasol ! Qﬁ “the subdivision of
= __;-_lqnhaim ion

W = My ¥
of the set

¥ e )
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¢ Punotions G(yls) generated by the structures S of ¥/,

into the subsat% . ‘;:‘-m:'mg those distributien: Mhims a(y!$) generated

by structures S for: -whie& 1{{3) is uniquely idonﬁiﬁlbh. and the subset
LY% containing GMS} gcnern'bod by structures fnr ﬂliﬂh the oppoeits is
true, o o

Hence, whmwrthe '_i.ﬂjanti fiebility of X(S)mno!; be decided in the
same sense (dﬁmﬁiww or negatively) for all -aﬁu&nras S of ¥ as
a result of either AQ or ¥5 7 being enpty, then the $dentifiability of the
characteristic q(-(s:} --ef-t.hs Ptrus® structure § g&h&rgﬁﬁg'the observations is
s property of the. wr:lhubim g(y1S) of the o‘bnwutim. This identi-
fiability is equ&vdmt to the statistieal h;ypo’bhﬂtiﬂ '

6(y!8) belongs to 9&‘,

and a8 such it is nbjou‘bto statistical tastin.g'.'

Often the mndcl eongiste of one general apeniﬁcxtion supplemonted .
with a number éfi-pmri".iéuw. specifications whiebﬁ-ui‘s #getnchable pleces"”
in the ssnge thl.‘h thay can be removed, séded or replaead w alternstives

to counstruct altamﬁﬂ models. We mey define the gmral spﬁc:.fics.tion

s which is postulated to gomtain the modoel 2/

ag a sati/o of st

25 o subset, """mr_g:eoifiuati ong cen. 'bhan he Mined as subsets

1/ ,h/ » eoee OFf 'af ﬁﬂ.nh the model is the imrnctim (set product)
T Vet

An axampie is thtﬁrpmetrie spaoifioatiﬁa of the "form funcition"

Fly,u) of the struti

of latont varisbles us the genercl specification shdigpecificstions of the

2l relationships and of':’_ﬁ_iﬁ#fj distribution function F(u)

values of certein pareneters of £ und F as perbiimd

i,rtpe eificetions.
In such sibuatioeis, it is an lnportant guestish wWhiether a given

: eu 4s in.principle subjeetwm stical test,
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and if so, W X uin set of other par‘biwhf

(together with 4

) l'll specification) ‘be k fto the "maintained

hypothesis" inig - |

to statistiocal bekks - A |

specifig ansm( .
let e moﬂi } ool

by a partioalar spest f’f*’ o

called overid-.

G(YISS of appam ':rﬁ_ -'8' of % is s proper

subzet of the t

d&l‘bii‘ying particular
specification on ﬁmn be constructed by choosidg

e structure S of¥. A atatistical test of en P¥erd

sz the maintained

hypothesis

5{:’) ‘bslongs to)&taJ)
2 i subject to test
Bly) belongs to /0"

Ffication l/l remaing subjﬁﬂh

tmt if the model )r/ is

etriﬁ:pod of susk other particular speciﬂcqi_;};"_ﬁ__ whish are not necessary

for the oveﬁ.dmb £*§¢urse the outcome

of the test may.} & either losa or more certyl

L ad 8 resulb,

an overidentifying sp on is that where a

 paremster / (S}, Wturss S of zk/. is



restricted by ’! G

pewacribed point set not
oontain ing all Coen
3 mins" lies in e

11 'dime'bari sties of

_ ;l.ll S cf]/z , wharse

- ¥z
obtained by addiag to the general specification’ ineerpar

uler specificatitm ¥p which is loss: restrictive Han ﬂ_';;_(i.e. such that 4’

is & proper au‘bﬂo’zt. ﬁ! ] ) ‘We shall not attempt $0.zi¥e a proof of this

conjecture, or to debentine in whioh olass of vasds it is walid.

model l/ fﬂl‘ ..Ef'

{to be sntinued)




