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On the Idantiﬂoation Problem in Factor &nnpls

by Olav Reiersol

1. Intreduoction.

..
T shell sdopt most of the notations of Thurstone with the following

chinges: I shell consider & hypothetical universe and shall use gresk letters
for the paramsters. A mtx;ix shall by denoted by €h6 en:yitl}l letteor corresponding
te the srmll letter which denotes tho elements of t.hia matrix. Our notation will
bas
| j‘ = seoro ir. test L ’ _ .
_(2-3: seore in referemce ability £ C»O”ﬂ&fb\ud.& & 2 v eeomomaliie tmdel | |

>

;L Teotor loeding of common factor £k in test { .

k]

the commcn~fastor part of 1;1 .
- the spscifie part of 7‘. (i.e, the specific fastor + the error)
pumber of tests

. .|.
aumber of common factors, STred Pavs To X & cormeatiin wvval

We shall introduse the following row vsctors,
g=Lg 7 gl
2*‘1:?; s gg]
gl < 71
A = [ v, " " !,q }

4

n

[ B
3

and the _ matrix

TT-rng’- e  =']"[2_€
ﬂq/ K ee

1. This spplies to & typed version of this note. In the present mimeographed
version the notation has bewen chosen so as to faoilitate comparison with the
other models under discussion. .
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The following assumptions de not restriot the generality of the approach:

(1) 6/ 52 Ev=o
(2) €S =0
and
(3) Vool ) =1, =tz - -
e shell introducs the following covarianse matrices:
gy = €07
/“;7 = 5?3"-
fep =8
P=F o Lo

In the follewing we aha}.l plways golee the f‘ollauing assumptzore‘

i

(@) TU hes renk e
(5) /l?? hes rank ¢
(6) There exists no ; whose correlations with all other ; 1T BAre,
The sssumptions (4) snd (5) do not restriot the generality, and assumption (&)
only exeludes & oase of no interest,
ﬂm.rsboné'l Mel may now be desoribed by the following 5 essumpticns.
(7) 7'z Tl'(', A
(8) Eviy=o
{9) @13 dingonal , to & -Mpmi P», ﬁ;e, Mto-ﬂ'm @ = 03
{10) Certain aseumptions mbout geros and non-geros in Tr v
(11) An assumption ahcuf € (to be given later on}.
Thurstone a.ltcrnntively considers models where ,[l the unit matrix

%

and (or) TT is mﬂﬂﬁw, Yons of these models will be eonsidarea horeu
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From equation {7) we cbtain

which together with equation (8) and the identity 7‘! ’7 + V™ zives
(13) /a;?'s T[-/Lg% TT + A

For seke of definiteness we shall assume in the rollowmg, that the joint
distrivution of Z ‘nd YV is normel. However, sny suffioient condition for
identifiability and probably also sny necesssry condition will still hold good
if we drop the sssumption about normelity.

Under the mssumption of normality, knowing the probabilﬁ:y i stribution
of # is squivalent te Imowing the coveriance metrix The ldentification
problem oan therefore be steted thus. Cen the metrioes T% /f[ and £\ be
uniguely detersined from {18) end the conditions (1)-(11) when :j&" is known or
does there exist other metrioes T( /a ?‘3 and A » 00t all sgual tm TT
/ng and A such that PR k :;t "

(14) /1?7 TT/(B ceNz I }lzg, T AN

We can now state the assumption sbout ? whioh correeponds to [hurstons's
malysis

(11s) Q is the leangt possible rank of the mairix TT ‘whioch :z.s sonslstent with
conditions (1)-(9).

Thuretone has remarked that equation (13) 1e alwaye solvable ander the
given conditions when P - 4"/ + Henoe § ie always identifisbie. But te

determine ¢ is in gemeral very diffienlt.

2. Determination of e .

In point of prinsiple f mwey be determined by trying = series of
different values of f » améd gee if esch of them is a possible valus, when
no uooﬁﬂ: istsken of Condition {11%}, Sﬁppoae that we try the hypothesls fé 9, .
1f the hypothnis is true, the matrix /a A mist have rank = fo -

This gives & system of oquation'-‘— for ugtermim,,ﬂ & sud we mey datarmine the




e
sot Hf of‘ & {f satisfying these eguations and nlso satisfying the inequalities
multing from the reoquirement thet both A and )Ik "Ahavc to be non-negative
efi*xite. Uf covrse we need noi determine the set gf; itself if we can only find
out 1f i% is empiy or nete The true value of £ mil'; bo'.thc smallest valus of

f’u for which Hle seb Jgﬂ. ie not ompty.

In the futnra we may possibly find necessary and safficient conditions
that ?5 f o Phloh will meke it easier to find &; « So far such necessary and
mifieieat ocondliicons are only known in the cases ﬁ‘ Mn-3 gnd £, =/ . Ve have
ths following theoremss

Theoren 1z A necessery and sufficient condition thet fim-2 ,1is
that the adjoint of the covarianes metrix /% has signs whioh are not compatible,

Theorew 2: Necesgary snd sufficient conditione that Paf are: (a)
Ercepting the dizgonal elements, the rows of /(

#¢

¥
& zet of Z~rowed principal minors of /‘-‘; 4 covering 211 diagonel elements of this

tre proportional; (bv) Selecting

mairix, eny sdjeint of a threercwed mebtrix of thiz set has signs which ara not

soapatiblis.

Theorer 1 18 a restatement of Theorem 14 in my paper in Hoonometrica 1941.

Thaorem 2w is the welleknown tetrad condition, The rest of the thsorem follows
from T’.hefn-‘em i | _

A necessary but not suffieient conditica that f£a4, when ¢, < %-2 ie i
thy following: The adjoints of all prineipal ( £+ % )-z;owcd minor matrices of

/Efi havas éigna vhich are not competidbls.

2. Id-mi;i.fiability of A

From now on we shall suppose that f* is lmewn, If Tr is givon,/a}z

may generally bo ﬁotondnod by tho linear equetions rasultiag from equating the

snd T_/éesﬂ And ﬁmﬁmd,@gca

non-disgonal eivsments in the matrioces #

#/
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known also L3 nsy be determined, The identifiability of A is therefore
necegsary for tho identifisbility ofT[ and ;.t# and we may first discuss the

identifiabilsity of A and thereafter discuss the identifiability ofTr when A

ig k'.ﬂml.*
Wo ghxil first discuss the identiflability of A when we do not use

sny assumpbions about seros in Tt- « We heve q eloments of A to determine

(these elemer ts vorrespond to the uniguenessses of Thurstons) snd (q g2 q L —-.J
' ' p ™
squations for Lie deberminaetion of them (see for instancs Holzinger and Harmen

2941, p. 65, Cowp. Thurstone 1985, p. 76). From this fact we should expseot
lack of identifiability, when P —~
Y 2y - b JC +

)

identifiebility when

{16) £ =

zq_;v-. !’J’Q«M

e
w1 overidentifiabilily when

2 ~i~ l’&’q-ﬂ

Lo

(17) ¢ <

The scuetione deterwining the uniquenesses are however not linear and
ney bave mors then one edmissible solution if equation {18) holds good. This
has been showa by Wilson and Woreester. (For references ses Thurstone 1947, p, 309).
Tiarstone bes pointed out thei we shall slways have ldentifisation of the unlquencsses
when

e M=l
(18) £ —
{(Thurstone 1947, ps 309).
rEt hd . A ,

The metrix A'my be identifisble on acoount of mssumptions (10) even

if the inequality (15) holds good. In order to give & eomplete disocussion of

necessary and sufficient conditions for identifiablility of A s we should have




=B
e consider this possibility, which would give rise to a more complicated enaiysis.,
Since the ecase where inequslity (15) holds good, does not céom to have sny in-xpor-
tence in pracilee, we shall recounce on this discussion. We shell only remerk
that if the sssumptions .(10} shall be of any use in identifying A s they maet
overidentify the matrix T[ (or &t least part of it) for given A .

4. The Tdentifiability of the Pactor Loddings.

When the metrix A is kaown, we know the dlstribution of 2 . The
vechor ¥ will Lo oonfined 4o a e ~flat (& § ~flat is & linear space of £
dimensivas; in qndimmsicnai space. The column vectors of the matrix TT mist
beimng to this £ -flat; for sguation {7) mey be writtea
(19) y = f Tk &
whove "ﬁ:,_?; ig tho A~th eolumn of ths matrix TE « It is sesm that the vectors
i . ’{_\mp;asamt 2 mﬁt of refgrenae axes in th@ g -fint. Thus, when we know the
um.;.qum.e‘sms; tas g «flat genorated by the column veo‘l:or‘a' of L is lnown,
even theugh The individual veetors are not. Without any further assumptions about

i o the veotors ﬁ"? 4 oY bs chosen =a sny set of € lineerly independent
vectors in the @2 ~flat. That is, 1f we have one set of veokors 17

(]

replace them by any set of linear sombinations which giwi & new matrix
, ¥ |
20) | T = T1

where is any non-singuler @ -rowed square mabrix.

éwe may

In the following we shall suppose that D e already identified and
we shall examine conditions for the idemntifiemtion of T[ when A is known.

If we could sssume eertein preseribed olaments bf the faotor matrix
to he zero or if we ocould assume linear restrictions connecting prescribed
olements in s colum of'-n- » then we oould 1mod£atc1;ri ipgly the theory of
identific&t.ion developed bj Roopmane and Rubin for sﬁtﬁl of linear stochastie

equations. (Cowles Commission Monograph Bo. 10.) Suppose that the identification




iﬁ *only due %o ’+3s

Then & necessary md suf

Eha prescribed elementg "‘"uﬁ‘_factor matrix are zero,

foient condition for the ide stifinbslity of the columm £

in the Pagtor r*&t't"i.ﬁ.'-i- t&hﬁt 't:he golumn is auppbéed n at lesst § -1
g8 and Lat t?f. mmnwin of ” formed by the rowk whoss alemunts in the Ath

solumn ars ners

Tae agr ampti‘er;n _v_.s,ed. in factor analysis imply the# there are & certsin

wirdimum comoonk dof zarés.’?iﬁfﬁhs factor metrix, but iﬁ;_:t'@;ﬁ%ﬁ@.;ino assunption sbout

5 wero veiva 3f ey 1ndividua1 coefficimt. Thurstone ‘uses the term simple structure

ta desorie a %*ructara wtut‘e eaoh row in the faetor mmw-ms at least one gzero,

He disouzaes rond z%icma mouanry wnd sufficlent for un%umua (1.e. 1dent1fiability)

......

of the slaple sty r-turs.. I‘Ie links 3 criteria whiah

tﬂysj;.j.u_ro almost certain to

eonstitusa mflies asn‘(: an& mm then necsssery comﬁﬁ - for ddentifiability.

{Trarstons 1935, po» 158). . Thurstone's criteria _l.gg

T,

(21%  Eaed vow of T[Guld have at least one zerd,
aof - Tr

{£8] Yor srery pnir of i@

{22} Fasn colamk

P

m},d have at lemnst .‘9 Leros.

p——

uimo of 1l there shoulai;"f

1mt g teats whose
aptries vanish in cne ﬁolmm but not in the othar.

i% s ﬁeztg::;_gtg a'gg(__that the sesond criterim nmwary for identification

feithn the mecption t:‘m*t $f the oriterion is valid for

£ of the columms, it
ney be gulfleient to assmﬂmlz’ =/ aeros in the - J» It ismo

Lenged suificlent So assume otly -f “/ zeros-in each. @8 it 15 in the csse

wher wo know whiph of ‘4 "er!"ieiams are equal 1626 fis mey be seen

gocmetricelly. Lot the rfowivectare of T be dm‘ba&

fz"' ”JZ 2 ¥eagy qu z 2
_ ﬂagpmem;s simplex -

‘uniaumesson wa

and let the ac:mpwmts of ‘oMbl vdotor be int erpré‘bsﬁl:,‘,
céao:‘dim@tws .m (
imow a configuretion nf
If wo assume - .?-?. s8res

dinete hyperplang,

hyperplanas, bestuse we oMk & hy f =1 of the x..,
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points end we have no pmi_hﬂity of determining which of these hyperplanes are
the voordinetis ‘hyperplanes..' An exumple with 8 tests and 3 sommon factors is given
ju Thurstons 1936, ps 166. We may eliminete some of the possible coﬁbinations
if we assumé thet the fﬁetar Iaadings are non-ueghtive ‘(Odlp. Thurstone 1335, p. 165),
but we still shall‘have left more than one possible simple structure. In the
following we shall use no sssumption about non-negative faetor loadings. We
shall show by an example that Tﬁurstone's 3 c1lceria are not nlnys' sufficient for
idontificat{on.:._ We chooss an exsmple with 12 tests (denoted by srabio numersls)
8ad 4 common fsctors (dsnoted by roman numerals).

Matriz of feclor loadings:

Common factors

I i1 IiX v
1 o Q x 0
2 0 o x x
3 0 0 x x
4 0 0 0 x
B 0 x x 0
8 0 x x ¢
7 Y x 0 x
8 0 x 0 x
9 x x 0 o
10 x. x 0 0
il x x o - 4]
12 x x o ¢ .
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This matrix may be represented grephically in the following figure.

It I8 ozaslly sesn from the figure that the only oeordinate plane which
is ldentifisc by the set of 12 points is the plsne I,

In order that. b points in & hyperplane shall identify this hyperplane
ag 2 caordina'&;e hyperplane 1t is necessary thet each subset of /D'/ points uniquely
determine a hyperplene.

Lot us apply thle condition to the matrix T[ whieh represente » Yinear
trensformatior. of the true simple strugture matrix T_ . We ksy exsmine if there
exists groups of at least ¢ row veetorsz in TT » maoh that the matrix formed
by eaoh group has rank £~/ and slso eny submetrix v_af the f'-rond matrix
' a’bﬁains& by deleting one of the rows has the seme rank.

Let one group include ﬂ;e rows. 'A 2 TR ! ‘ml let M denote the
sPquence "éi, - { and lc‘b H £ donoto a aubuqumon of H ovtaines by de~
leting the element { . Let the sudmatrix of TT mtld.ning the rows H be
denoted by r* ' - Then Tr* h“ .r-nk ,l- md we rmirt that alao 111 wab-
matrices H- heve rp.nk {- S

If thero are exaetly ? #ﬁuh groups, then the simple l.truoturc is_'idln-

tifﬁ.abléa if there exists only f-— ¢ _suoh groups, thu’x‘thuo groups will determine



1O
$-J doordinete hyperplenes. The §-# coordinete hyperplane will be de-
termined if there are at Ieilt,f-? points not lying .‘many of the other hyperplanes.
Let us exemine whit the additionsl rank 6r1tor_ia means in terms of zercs
in the matrix Tr . Comsider for instence the rows 1 of }| whose olememt in
the first column is sero. Bash of the other 'aalumns‘ mst sontain at least 2 vome
sero elamdmte in thess rowa, for if it conteined only ome nonrzero slement, then
there would exist ome matrix T_(H— 2 which would be of rank not higher than f-2
In the same way it is seen that esch combination of 7 colums must contain at
least qﬂ' rows in T[H with non-zero slements. |
1P we wmt:britofia which are more nearly mecessery and sufficient then
Thuratone’ s oriteria, we may drop condition (21) and replace condition (28) by
the following vonditions | |
(24) Let us consider the submatrix Tr“l of ’T conslating of all the rows of
which have zeros in the 4-4'.}& colum,. Then for Q=/,2, ~ . f=/ + there
should for sny combination of ?-bolunms different from .fhe /tﬁ-th, exist at
least 9/ rows of TTH 'oiontaining non-zero eleman@s-i,n the 2 ooluz;xns.

. The preceding d'imssion préaupposes thnﬁ - -9 points never hnppen. by
chance to lie in the sems hyperplene different from & eoordinate hyperplare.
Evidently Condition (21) %1& useful even tﬁough it is not necessary for identi~
fiebility, for if we havs & row with no zera it osn never make any contribution to
the jldontiﬁlm-aﬁon of the matriz Tl— for given A and nay be sk o hindrince
-f‘of' thig détemiﬁatién :l—.,l' '_i.'b happens to bo toéeﬁ:her with 'Q-l other points in

& hyperplane which d o#s not eeincide with a esordinate hyperplane.



References

Cowles Commission Memogreph Fo. 10.

' .Holzingor and Harmen (1941): Fmtor Amalysis._
Relersol (1941), Wu. Vol. 9, p. 1.
Thurstone (1938)s The ka-erl of Mind.

— (1947)s :'Ixiti.gl_-ra_otor Analysis,




