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Leo T8rngvist
August 3, 1953

Assigrnment problems have been studiad in a rmumber of papers by
Von Neumann [1], Koopmans and Bsckmarm [2], Dantsig {3], Motszkin and
othars, The problems studied are all spaclal cases of the general
problem of how to select an admissible subset of a given set of real
mmbers so a8 to minimize (or maximize) the sum of the numbers in-
cluded in the subset selected.

We consider a finite set x of labolled real rumbers X, , where
the label (location index) k ranges ovar some index set X, and &
class P of admissible subsets p of X. The sets p are thus
elements of the class P and the elamenis of the set p are indices
k g E. For sach set p we study the sum

g§({x)= I 1)
P kc=.p=rk

-/ Regearch undertaken under contract hstween the Cowles COmission
for Research in Economiocs and The RAND Corporation.

_/ This note was prepared under pressure of time juqt. befoxre Mr,

Térngvist's returmn to Finland. I have dme eome putting together snd a
limited amount of editing which, I hope has not distorted the aunthor'e
intentions. T. C. Koopmans. _
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Wa are interested in simple methodas, using only additions, ( sub~
tractions), sorting and tabulations, for the purpose of determining the
extrezal subclasses Pe ;(x) Pm ?(x), respectively, of sets p € P,
which are such that

8fx) = Min 8 (x) if and only it ¥ & P(x)
peEP .

33(!)' Max 8 (x) if and only if P e,?(x).
peP P

Problems of finding B(x) or P(x) shall be called assigment
problems. This name could perhaps be given to a still bdroader class of
problens whare the task is to aseign weights w_ to the given mumbers
x, such that the weighted sum

8 - 7
R

will have soms desired property, when it is required that the set

w -{ v‘}of waights belong to a certain class W of admissible w .
K&K
In the special cases when the task is to find P(x) the set w of

admissible weights are sets of numbers LY ‘ﬁ such that " 1l for
k€peP w =0 for k ¢p The problem to find H(x) or F(x)

could more precisely be calied a problem of finding optimal admissible
Suns. !ﬁese problems can however be used as kejra for solving more genaral
asgignment problems. If for inétanua the class w of admissilie weights
W, is such that every adaissible LA gnk where n, ia an integer

this general assignment problem can be reformilated as an adaissible sum
problem by means of such a change of the index set K and starting table
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x that to every k correspond a sufficisntly large number of sub-
locations {(k,h) where numbers Xen " % 4re located. ¥hen
#

the solution to the problem has to bs describad it is however of no
interest to know the sublocation mumbers h, it is enocugh to know .

the mauber -%‘-— ~ nk of numbsrs ’kb located at some sublo-

cation k.

A3 sald already, we are interested in simple methods for find
ing \l;(x) or f"(x). Such methods have to aveid the use of more
complicated operations than 1) sorting, oclassification, 2) tabu—
lations, 3) summations including subtraction, It is desirable to
came to the solution with a minimum number of such operations.

The basic idea is to make use of such simple decompositions ¥

x ex + x, E=KUK, P=pUF

as repeatadly, with the purpose of partitioning the problem of find-
ing 'P(x) 1nto a chain of simpler problems o find Fy(z") for s
gimilar assigmeent problem, where the number of sets p & Pi is
relatively small and the table x' contains only a part of the numbers
x,_ in x, the resaining x_ being zero.

In many probvlems K contains a number of subsets K' which
are such that a fixed number of terms X  are located in any given
K for every p @€ P. In this case, the first operations used in
practice to find PB(x) have the purpcse of transforming the set x
into & new "suitable" initisl set x with the properties

For an example see page 7, sacond paragraph below.



B(x*) = ¥(x)

Min x:-o for every such subset X of K

XK EEK

In the following we assume that x contains only non-negative
mubers x, and is s suitable initial set for finding Kx).

In the cases when the number Np of adnisuible sets p in
P is small there is no need for an elaborate technique to find
P(x). We ocan make use of "brute force" methods of caloulating

séx) directly for all p € P ahd theresfter order the numbers
Sp(x) according to sise.

In cases when the rmmber Rp is large, for instamce > 10

we can save many additions and much sorting time by means of the
"refined brute foree" method expressed in thaorsm y 2.

8

of an earlier psper, For later reference, I quote here Theorem 1

Footnote added by T, C, Koopmans: Thsorem numbers follow those

from the earlisr paper:
Theorem 1. If for every p € P a presoribed mmber Nnortema
in S (x) must bs located in the subset K C K, then the table

x'-x + 8, vwhare ’kl' s, forall kexn,wﬂlhanthnam
optinal sets as the tabls x. Purthermore if x = -x, § =¥, ¥ = .

Proof:s This holds because 2 3, 1s constant for every p € P.
keép



o §
Theorem 2, If Sp(x) = Sp(xn) + sp(x“), Sp(x") TO0 for all peEP

(note that this is satisfled if x = x. + X and x, & 0)
‘and the different numbers Sp(x') are ordered ascording to sige

[ ] 1]
sp(x ) -spi(x) for all peP CP

(.
if further we denote

Mn 5 (x) =S, (x') + Min 5 (x) = 8§ (x)
pe.P o peP o

and if 10 is the largest integer such that

L ] ] t
Sp (x) < Spl(x) € es0 = S?i(x) & sso0yp

[ ]
s & for 41 %4
Pi(? ) S;o( x) or o

then
Min S (x) = Min (s (x}) + Min S(x)) = Mn S (x)
peP P 181 B peP, P reuP; *
131

Proof: If p 1e an element of (P = q P.t)’
i=y
sp(z) - spj(x') + sp(x") forsome j » 10 and henoe

S (x) > 8y (x) ® uénp 8 (x).
o P
v

Hence the optimal set ¥ € F(x) mst ve a swclass of ‘;Ji Pyy and P
1S

itself an element of some P, for 4 -3 1.
Remark No element S € F can be identicsl with any p € P, for which
S(x) » 8Y(x) -5, (x)
P P P
° i
or even more strongly with any element p "’-’1 such that

s(:):.uin Sy (x)-S (x)
J<1 J



Hence, when we have to find ;(::) in the case when Sp (x') %0 ana
‘ i

Sy (x) 20 are knom it is thus unnecessary to calculate the mubers
L9

S(x) for thoss p for which already the term Sp (x) is larger than
S!\;(x) Thereafter we can sliminate all such per for which it can

~ be proved that

n
Sp(x )} > S'f,; (x) - Spi(x) .

If the smallest sum Sp(x) in the wnion of the sets Pjror J< i is
knannnmbemethutno pePi for which |

s(:):uan 8 (::)---.'.ap (x")
j<4i
is an element of P(x).

graphical representation of the procedure.
sp(x')

I 4is eliminated by the rule

Ss(x ) & Si,’o(x)

S — -
II is elimingted by the
rule

" §
8;(: ) S S‘P'o(z) - Spi(x )

IIT is sliminated by the
mle :

8«5(:")3 © Min Sp(x)-S (x)
PEP::J"-

i
s;(x) Sp (1) sgo(x") Sg(x) Sp(xfi

The pame point can correspond to a whole set of eloments PCP.
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In the case when the mumbers s},(x') + Min S_(x) are pair-

wise differant, B(x) = "'1(:") for some 1 ¥ 1

Ir  n_ S (x') + Min S(x) is atteined for all i g1,
1,813 Py PED ¥

then the optimal set P(x) = li’ B (z")
| 161

An eepecially good split x = x + x for finding P(x) with
only & suall amount of work to be done is the split defined by means of
the formila |

4
1 u 0 - ir >
B = =0 x == * - X,
(2 x =% x =0 1 x <z
[«
where X, 1s chosen so large that it happens that Sp'(xl) » 0, but
. [} } : (- ]

if x_ wece 4o be retuced Sp(x') would becoms > Oy ALl mubsets P,
Q

for which Sp(x') ¥ Mia S.(x') are then usually easily faund, After
| PEP

‘the subsets P which can be seen to give a

llinS(x")a»lﬁn (Min S(I)-'S(x:*s (x))mmludadtheoptiml
pep P j<1 pevy *3

sets P(x) for the other P, mbefomdforimhmby"brutofom.

If same class l’ioontuimalargemberatmublem p the above
technique can be used Fepeatedly for finding Fy(x )e

Because the following simple mathematical facts sbout sums of two
mubers sametines can be useful for solving assigmment problems we state
then in theorems 3 and 4.
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Theorem 3. It P°CP and Sp(x) - Sp(x') +Sp(:x“) for every pg P

Then 85(:) « Mn B8 (x) = Mn S(x) - Bv(z)+3w(x)andthuc
o PEP, P peP :

" [
Sy(x) € Sgo(x) - 8y(x) & S;O(x) T R
where n  denctes the mmber of terns in the s s;(:'), which are
(+]

larger than equal to X .
a

Theorem k. If SB(::) - s;(x') + Si;(x')f-‘spl(x’) +Spl(x.)
then

either 8;(1') ¢ spl(x')

or 8!\;(:") €5 (x)

Py

The correctness of these theorems can be seen without formal proofs
The usefulness of theorem 3 follm_nrromthnrutthutncmbasm,
1
that if Ss(x) containe 1n, or more numbers larger than x, ‘then P
o (]

is not an element of any subclass P"CP for whioch

Min S(x) >3v(x) - nk xk
pe!’
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The fact expressed in theoram 4 can be utilised for instance for
formulating the following sfficient rule for finding the set ﬁx) when
. [ ] "
the mumbers Sp(z) and 8.(x) are imown but we do not like to meke

all the additions necessary for determining ap(x) for all pé€P. For
the case when the numbers Sp(x') and Sp(z“) are punched on the ssme
card the operatins can be pari_‘omed in light steps as follows:

1. Sort the cards acoording to increasing gigse of Sp(x').

2, Take cat the first group P_ of cards for which sp(x') ie
amallest,

3. Sort the cards in the group P, sccording to increasing S (x ).
Denote the group of cards for which S p(x") in this group are smallest

-
by P,, and the corresponding sun Sp(x) by Sg (x).
°

k. Caloulate the differences Sy (x) = 5p (x') for al) different
o i

sp(x') for which this number is positive.
T
S5« Punch red cards with the pair of mumbers S, (x ), Sy (%) - 35, (x')
i o i

and put them in the groups of cards for which Sp(x') is the same. Take

amsy all cards for which sp(x') > s, (x).
0

6. Sort the graupa P, of cards ascording to increasing siso of
sp(x"). Take cut the groups for which sp(x") is at most equal to sp(x")

on oorresponding red cards. From each subgroup with different S p(x“) take
out the cards P, with the smallest sp(x').

7o Caloulate the sms Sy (x) = Sy (x') + SY (x'}) for these cards
Py 1 1
¥
iso
8. The group of cards for which Sp(x) is the smallest in the whole

and take out the cards for which this sum is smallest,

v
set of cards is then either equal to the group Po or ¥i> o depending
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on which grovp hag the smaller Sp(x). If both groups i;o and 51,0 give

the same sum’ Sp(x)' the union of ;o amnd gibo represent the optimal seb
P(x). In some cases it happens that a red card is emong i;i.»“o and ite origi-

m:l.oardin P. In this case the reproduced red card has to be removed from
PU 1‘00
This rule can naturally bs used rapeatad]y if we like to avoid calcu~

lating for instance Min Sp(x ) without having first caloulated S (x )
PEP

i
for every p in P:I.'
If we like to get mechanical rules for finding ‘15(::) such as this

rule for finding Mx) when Sp(x) x Sp(x‘) + 8 p(xa) in the case when

Sp(x') and Sp(x“) are numerically knomn it seems to be nacessary to
specify the class of admlssible sets P and thereby restrict the study to
specific assignment problems, for instance, to the linear or quadratic
assigmment problems studied earlier by Beckmann and Koopmans. _

One would hops that cholces from among the methode based on the mathe-
maticel facts expressed in the theorems 1-L aould be made to construct
mechanically applicable rules for different subclasses of assignment problems.
However, before this can be dme in & way which does not considerably reduce
the possibility of uuﬁng such ghort cuts that can be used in special cases,
it would be very useful to have a set of practical examples solved by
nathematicians able to make use of those "degrees of freedom,” which are
not yet fixed uniquely.

The following examplesthow that linear and quadratic assignment problems
¢an easily be solved in practice by means of the methods discussed.

Example 1. A linear assignment problem.

Find the permutation $ = (§(1), $(2) ... ¥(n)) such that

n
Sy = Min 151 Zip(1).
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In this case we first subtract from the mumbers {xu} the smallest
mmber M;.n I-U in caoh row and if the tablo[x;d -‘xﬁ - ll;n xﬁ} does
not already have as the emallest number in each column the number 0 we
"

13
with at least ons sero in every colum snd in every row. Itthereu;_sts

subtract Min x;-d from the mmbers x;_J.‘ In this way we’'get a table
i _

one and only one serc in every row and column these zeros are located at the
optimal permitation J = 3‘1, p(i)} . If not we st K_ denote the set
' i=1 '

of loocatione for which :L < xui

3 and chose xnia 80 large that from
ovo ‘e

Ko can be found at least one permutation, Only in more rare casss S; oontal ne

terms from K-Ko. Scmetimes it happens that a term of ths same &igze as

n
xiojo is included for eome ;e;(x). It is already an extremely difficult
task to find a matrix x which is such that more than one term in S;(x")
; |
is larger than X304
' 00

If we 1ike we can try to increase the probability that the starting
table will be such that sp(x*)-o by adding to a row 1, in x which

contains more than ome zero “the "largest" next smallest mumber in the colums
j for vhich :E". = 0, Thereafter we can subtract the smaliest number in

33

each colum J for which x = 0 from all other mumbers in these columms.

49

By increassing the difference between the sums of numbers subtracted from all
elements of a row or colum and the sum of mmbers added to each row or column

we can decrease the sums Sp(:*) until we get the Min Sp(x*) = 0. I% is
PEP
howevey uneeztain if it is wm*_lh while to use such transformations before

the problem is solved hy "refined brute force."
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Fxampls 2,

Mcﬂ exanple of & linear assigmment problem.
0 15 a4 2 27 26 1 ) glin
28 20 11 19 2 27 16 n
18 25 13 18 6 15 1 6
112 1% ¥ 7 1 13 1 1
10 15 7 8 1 6 3
T 18 1 13 6 5 4 b
S W 2 4 9 10 7 L

»

- Y un.
19 & 10 18 16 18 o | "o
17 9 o 8 10 16 § 0
12 19 7 12 o0 9 8 0

= {10 18 18 6 13 122 o ]
L 9 1 7 85 3 o 0

i 10 9 2 1 o 0
1 10 18 © 5 o 3 o
o -
- -
18 {0] 10 18 16 1 o 0
6 35 8 10 15 3 0
Bn 15 7 12 [o] 8 &8 0
9 1 15 [6] 13 11 o 0
3 8 1. 1 5 2 [} o
2 10 10 9 2 Jo o 0

J_T:]_ 6 18 0o 5 5 3 | o

©o 0 0 0 0 0 o



11T

add

¢ 1w
18 0 10 18 16 1 * )
16 § o0 8 10 15 1 0
1 '3 7 12 0 B8 13 0
9 I 135 6 131 6 0
3 5 1 7 § 2 6 1
2 10 100 9 2z o 6 o
o 6 18 0 s §5 9 0
© o 0o o o 0 _6
18 [o] 20 18 16 1 6 0
16 5 o0 8 10 18 1 0
L 1 7 12 o0 8 13 0
3 9 o] 7 5 o 0
2 4 o 6 L 1 3 0
2 10 100 9 2 [o] 6 0
o] 6 18 o 5 5 9 0
© 0 0o 6 0 0 o
18 0 15 18 16 1y 6 0
16 5 8 10 13 1 5
1 15 12 12 0 8 13 0
3 8 14 0 7 § o 0
2 4 5 6 & 1 5 | 2
2 10 18 9 2 o 6 0
© 6 23 o 5 5 9 | o
0 0 5 0 0 o0 o
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Egd

x Y 18 0 135 18 16 1. 6 0
1 o o 3 5 10 6 | o
!l 15 12 12 o0 8 13 0
3 8 W o 7 5 o 0
1 3 4 8 3 o 4 04———gubtract 1
2 10 15 9 2 o0 & 0 €&——— gubtract 2
0 6 25 0 S5 35 9 0
0 0 0 0 0 o0 o

VI

there exish two

solutiona

Solved by using only theorem 1 repeatedly.

| Example 3%
Applicatlion to Dentzigls numerical example of & transportation problem
in which the requirements are integral numbers.
Reference: "Activity Analysis ... "Chapter XXIIT, p. 367

5 ‘ ,
J Heconstructed from my recollection of Mr, T8rnqvist's oral presenta-
ion. TacoKa



Figures in parenthesis express the nunber of times each column or row is
thought to be written out, so that the matrix is always square.

add 2

o o ot o+ = o+ .22
L ] [

~loro o © okt R N |
. . ,

30"0000u_5 W W W N

Mmoo © o ohn TR SRR PPN

subtrect 2

2

2

°
-

2

2

0

2222r0.

0

0

— ~~

N O] MmN N | N O
—r’ -

o~ ~—

o F N A 3 N MmO W
Nerat 1 St

~~ ~

LA TN . R 4 W - Mm | O N
St - L

—~ —~

MmN T N My ] O &N O
~ o~

!y [ N O ™ ] 'y W O
A . Sag

—r

» ]

5 5 5

]

“x written in full

(this need not be

application)

0

SsasvoensabevPpressPaconro




-15 -

] (3 G @ @ (@ (2
x (1) ] 2 LY 0 5 3
(1) 5 2 0 ) 0 0
{h) 5 2 ) 0 0 0
(1) 0 0 0 0 5 b
(6) 0 0 0 0 g b

Any permutation taken from ths boxed in squares represents the solu'bion.
Other possihlt permutations containing only seros present the same incidence
over groups of identical rows or columns, and ths represent the same
transportation program.

We will numerically solve a quadratic asgignment problem,

w | The table x we assums to be as follows
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The problen 1s to find that parmatation p = (1 —dp(1), 2 —>p(2),
3 —3p(3)s bk ~>p(l4) which gives the minimisum,

Lk

Lok
R TR OV R O R SR T 0 O Rl L0

The "forbidden® numbers are denoted by -. To simplify the problem ws
asspune that the mmbers x‘ldh?. qu?-ﬁ xjif)\’ for j < 4, and

x"_”‘fc 0 for J > 4. This simplification can be done becmuse x and

1IA¢
"31}’;\"11 either not at all or both be included in sp(x), 80 Wwe can assume

that this preliminary modification of the table x is already done. We
also have subtracted the amallest term in esch subtable xﬁ from xij A 9,
giving the zeros in the tablg (Thecrem 1), Because Xgap(1)p(1) and

Xyin(3)p(j) W11 be included in Sp(x) iz Xy 4p(1)p( ) 18 included we can
further reduce the table by adding these terms to the corresponding terme

in the subtables (1 = 2, J»1) and (L =1L, j = 3)¢ The relevant infore
mation is now summarized in table x . '



17 =

1
, 2
3
1j<:5.-5 35
22ko-u10
300 7 =17
Ljlo17 16 =
1= 7 8 9]0 1%
= 3 2/3 ~-623]6~35 3
3]1 6 « 411 8 « 7
L0 8§ 7 ={h 3 1 =~
1}« 7 8 1}=1 8 7= 16 5§ 7
p 2]0=-6313 <3585 - 613
3/ 5 - ufls 6 - 207 7 -6
b7 89 «[7 07 =17 1510 «

Now we can again subtraet the smallest term (5) in subtable (12, j=1)
and the smallest term (5) in the subtable (ish, j=3) from the other numbers
in these subtables (Theorem 1). We get then the table _x .

1
1 2

3

A

1< 0
2 2 |5 -7 5].

315 2 - 12

L {51211

1«7 89|-01%
3 2 {3 = 6 36 « 5 3

313 6 =41 58 «7

L |0 57 «}h 31 -

1 (=« 7 8 1fj=18 7{= 11 0 2
L 2 10 - 6 3|3 -~ 3 510 -1 8

32 5 -~ Li56 « 2112 2 =~ 1

b {7 89 «{7 01 «={1210 5 =
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The texms in the sum xpmidzma&dssibhmaixmmbera from
this table one from every subtable {2,1), (3,1), (L,1) and one from each
of the subtables (3,2), {4,2), and one from (4,3). The six mumbers are
located in the intersections of lines reflected at the main diagonsl. All
intersection points must be admissible, that is, they cannot lie on a
diagonal where the terms are (-).

If we now £111 out a new table by taking the mumbers from x in
order of size and stop the process when we find an adniseible summation

way2/ we get the tables

*
.
°

i

W
&
O w )
e
]

!
s
°

O
-
1

In this table the numbers

To see that the process cannot be stopped before the numbers equal to
ki are entered, we can try to construct a similar network of lines reflected
at the main disgonal. If the numbers )i are forbiddem no such network

with already entered mmbers as intersection points can be found.
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2;:;21 -« 3, 111323 = 1 give a sum = 12 correcponding to the pemutgtion 1 -,
2 =31, 3 =3, i =>2. This minintsum is 80 small that it hardly can be
beaten if we let also terms larger than 4 be included in Xy

To sés if any other promising weys exist (Thecrem 3) we can study which
is the smallest admissible partial sum of at most. five terms that can be
found from xm. These sum must be smaller or squal to0 12 = 5 « 7 if it
contains S terms and ¥ 12 - 10 = 2 if it contains ) aduissible terms if
the corresponding sum shall be ¥ 12, We ses without difficulty that no such
partial sums exist. The permutation p = (1 —dl, 2 «1, 3 =3, Lk ~H2)
gives thus the minimum, 7The corresponding minimum in the table x is
124+ 10w 22, In thia case we did not need theorem 2 to solve the problem.

By means of theorem 2 we can find the minirum sum, for instance, as follows:
Taking as the first term in x;atermrmthambtablc
(L=2, j=1) we gets

"
xl\;n.m {ao, 24'82,54'85"74"7911"911’12*312-12

,%1-uj_n(h+1+;+.3r+1.3‘+6+h+5+2)-12
g, Min ﬂoz-ll:ln(6+6+9+oo s T+h+6+., )>17 =12
ﬂos-llin(6+1+8+7+5,5+h+§¢5+1)>17

2+32-+2+ﬂa-2+m(7+1

+

B+ o4, 5+1+ 7+ 8)>17

f
ﬁﬂ-m(1+_5+7+ s, 0+3+1+64+1) =16

l%znm(3+5+7+..,0+1+0+3+8) - 17

5+,5-5+m/6'53-1[15(3+2+1+2+a,1+'7+o+5+1).15

ﬂﬂ-m(9+0+h+6+e,h+5+1~*1+0)-16
o



w 20 =

7437-7+ﬁn-7+m(8+049+0+12,7+3+8+1+2)-23

114311-11+sn’1-11'*m(8*h+ s 643 } »17

»(7¢... 6+ Y\s17
12 + 8, = 12 + Min /312’1 ’

ﬁlz’a--(gq-... s 3+ 3+ }

n:aminimmsmisthnsiz-0+h+1+3*3+1.~ There are in a1l three
next smallest sums = 16,
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