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Introduction

& murber of problems in econometrics are concernad essentially
with solutions of gysiencs of linear inequalities, A {ypical sxamle is
the "linear programming® problen in which one wishes to maximize a linear
foria subject to linear inequalities. 4Another is the problem of dotermining
the value and optinmal strategies for & two-person zZero-sum game. Jecavse
of their importance in sconomeirics, therefore, it seems desirable to
sumnarize the fundamental mathematlicel facts concerning such systems of
inequalities, This paper represents an atterpt to present thic material in
as simple and unified a form as possibla.

4s the title suggests, the theory of inequalities is sguivalent
to what we have called the theory of polyhedml‘ cones, 'I.‘his theory is
nothing more than a geometric interpretation of the inequality theory.
However, it has been fourd that it is often helpful to be able to ‘visualize”
results in some geometric form, and that certain facts which seem obscure from
the algebraic peint of view become Pintultively obvious”® when looked on
geometrically., For this reason we have tried whenever possible to state
all results twice, firs’o geometrically as theorems about polyhedral cones,
and second algebraically as properties of linear inequalitles.

The results listed here are given often without proof, In all
such casés references are given so that anyone desiring to derive the theorems

may refer to the appropriate place in the literature. The principal scurce



for proofs is an article by H. Weyl, "Elementars Theorie der Komnvexen
Polyeder® [1].

Although no attempt has been made at mathematical completeness as
far 2s proofs are concernzd, woe have tried to list results in s logical order
and particularly to arrange the material in a form that will be esasy
remember. The first section of the‘ paper is devoted to definitions needed
for the cone theory, in ssction IT the main properties of cones are obtained
arnd interpreted algebraieélly» The final section involves a few further
resuilts of the the&y and one cr two applications of the theory are given

to indicate its use in attackirg specific problems,
I. Definitions and Notation

Notation: We shall be dealing with an n dimensional real vector
srace V which may be thoug;ht of a3 Buclidean n space. The vectors of V will
be denoted by small letters u,v,x,¥y ..., and if u' and v are two vectors
then u.v will denote their inner product,

a
uvy - {EZL wWvs e

The vectors in V will be considered as column vectors, while row

vectors will be denoted by primed letters u',v', etc,

Finally we use inequality signs as follows:

u»v mears u,»v, for all i

i7 1
uzyv means ‘uini ‘for &ll 1 and ui;-vi for some 1

ugv mneans uiavi forall i,

A, Convex Cones.
A set G contained in V is called a convex cone it (1) vy *+ v, are

in C whenever vy and vp are in Cj (2) if v is in C and Nis a non-negative



real number then >t v is in C,
B. Sum, Intersection, and Polar Cone.
I G5 and Cp are convex coies, ihe sun Gy # Cp is defined to be
the set of ail vectors expressible as the sum of vectors from Gy and Co.

Ir L’l and 82 are convex cones the intorsection Glﬂ Oo is defined

0 be the set of all vectors relonging to both Cy and Co.

If C is a convex cone, the polar cons C¥ is defined to be the set
of all vectors u such that wev 0 for &1l v in C. We may 't.him{ of C* as
the set of all vectors making a non-cbiuse angle with every wvector of C,

Cne may verify at cnce that sums, intersections and pelars of
convex COnes are again convex Cones, |

C. Rays and Halfspaces,

Two special cases of convex cones are of importsice. We introduce
them now,

A convex cone generated by a single vector v is calied a ray or
halfline and is denoted by (v) where (v) is the set of all vectors which are
non-negative multiples of v.

The polar come of the ray (v} is called a halfspace and in our
notation is denoted by (v}*. It consists of all vectora u such that
usv ¥ 0, or geanetrically all vectors making a non-~obtuse angle with v,

D. Polyhedral Cones.

We are now‘prepared to introduce the concept of polyhedral cones.
Ve shall giwe twe defimitions which look quite different tut will later be
seen to be equivalent,

(1) ¢ is a polyhedral cone if it is the sum of a finite number

of rays, C = g (v ). C then consists of all non-negative linear combinations
‘ il
of the vectors V1s oes Via
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(2) C is a pdlyheiral cone if it is the inbtersection of a finite
"number of halfspaces, ¢ = (‘\ (uj}* o C is then all vectors making non-obtuse
angles with each of the vegtire Uyy see Ugo

These two definitions may he stated in a more alpebraic and less
gecmetric form as follows,

(1') Iet A be a Kk by n matrix, Then C is a polyhedral cone if it

conzists of all vectors of the form,

yﬂA, where y' Z0 .

One sces at once the cormcction betmeen (1) and (1') by taking for
the rows of A in (1') the vectors vi of {(1)e
(2') let B be an £ by n matrix. Then C is & polyhedral cone if

it consists of all wvestors x such that
Bx 20 .

Letting the rows of B in (2') be the vectors ug of (2) one

immediately sees the equivalence of definitions (2) and ("),
F. Linear space, dimension and type of a polyhedrzl cone,

The smallest linear space conﬁai,ning a cone ¢ is dencted by [C]
and consists of al.}. vectors expmséiblm as the difference of factors in C.
The dimensicn (rark) of G is the dimension of {C] or eguivalenily the
maxizum number of linsarly independent vectors in C. If C is described by
the metrix A of (1') then the dimension of C is the rank of A,

Ve may also consider the largest linear space contained in G,
It consists of all vectors v such that both v and -v lie in C. The dimension
of this space is called the type of C, If C is given by the matrix B of (2')
then it can be shown that the Lype of ¢ is n minus the rank of B.

The sct of all vectors perpendlcular to the polyhedral cone C

is denoted by ¢k and consists of all vectors u such thai uev =0 for all
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v & C, {for € read "contained in"),
¥F. Supporting halfspace and hynerplane » €xtrema halfspacea,

If C is a polyhedral cone and u £ C¥ then (u)¥ is called a
supporiding halfspace for C. Clearly (u.}% is siuply a halfspace containing C.
The linear space (u)"‘ is called a supporting hyperplane for €., Now suppose C
is given by definition (1), that is C = i (vi) ard let C have dimonsion n,

i=l
A supporting halfspace (u) is called an extreme halfspace if for n~1

lirearly independent vectors firam amony; the {vi}m have uevs = 0, In
other words (u) is an extreme halfspace if (u)* contains n=1 independent
vectors from among the vy,

With these definitions in mind we are prspared to discuss the

properties of polyhedral cones,
1I. Uain Properties of Polyhedral Cones

Fram this point on since all cones discussed will be polyhedral
we shall omit the adjective and refer to them sir:xpljr as cones, Proofs of
most of the statements of this section can either be found in Weyl [1] or can
be obtained as simple consecj,uences of his theorems. Llost of the results
follow readily from the fundamental theorem (Hauptsatz) of Weyl's paper
which we now state in ocur own terminology.

?JﬂL'S THEORWS If C is an n dimensional cone in n space which is

a sum of rays, C = Z (v ) then it is also the intersection of its extreme
halfspaces, =

We restate the theorem in matrix form as follows: iet the cone C
be all vectors of the form

x'A where x' 20 and A has rank n.

Then there exists a mtm B such that C is the set of all x for which
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Bx 2 G, and each row of B s orthogonal to n-1 linearly irdependent rows
of A.

If one visuallzes ‘-.-’a'eyl's theerem, say in three space, the result
should appear extremely plausible. MNeverthsless the proof given by Weyl is
non-trivial. Heferring to the previous section now we sec that Veyl's
theorem shows that every n dimensicnal cone which satisfies the sum definition
(1) also satisfies the intersection dafinltion (2)., By trivial considerations
one ecan prove ithis latter statenent without the restricticn that C be n
dimensional, Thus half of the equivalence of definitions (1) and (2) hes
been established. In erd.ef te prove the other hall we nesd the following
important fact,

THEOREM 1, If C is a cone ond C* is its polar then (65* (the
polar of G7) is identical with C.

The proof of this theorem iz very simpie aﬁi we give it here.

Proof, First, G is contained in (C*)¥ for if x € C then for
any y & C* we have Xoy » 0, but this means x & (C*)* .

Second, (C*)¥ is contained in G for by Weyl's theorem the cone G
is an intersection of halfspaces. Therefere if v is neot in G there exists
a halfspace (y)* such that ¢ lies in (y)* and v does not., But since C
lies in (y)* we have xoy » O for all = £ C, hence y £ ¢¥, whercas
vey < 0 so v is not in (€™)* .

The above may be thought of as a duality theoram, showing that
the relation between a cone and its polar is symmetric.

As an important consequence of the thecrem we have

Corollary, Let agsays ees &y be mt+l vectors in rwspace with the
property that whenever a; °x 20, 1=1 ... m then 80X 20, Then a, is a
non-negative linear combination of the vectors a3, cee ape

n
Proof, Let C = &, (ai). The corollary asserts for every
isl
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x £C* , ajex £0, This means ay & (C*)™ and hence 8y & C and is there-
fore expressible as
n
‘o'i§1_ Mg A go.

_Usm theorem 1 we easily show that every "intersection® cone is
also a‘ "sum ¥ cone as follows,

let C = (ul)*n ces n(ug)* a‘e‘l'hen v is in C if and only if
uyev 20 for j = 1, «.., £, whence G = jél (u39* » But by We:}l's
theorem 2, (uj)‘ = (vlfn ses 1y (vy)® for some set of vectors V1s eee Vgo
Thus ¢ = ((v9)% ees Alvy)™ ) which is the same as C =(( é:% (’\4’1))"i ) -1%1 (v;)
by theorem 1, We have now shown the complete equivalence of definition (1)
and (2). |

We next list the important relations between the operations of sum,
intersection and polar which now follow easily fron preceding resulis,

Properties

1. The set of all cones is "closed" with respect to the operations
+y N, % o This means that applying any of the cperations 4o cones leads
again to a cone. This follows at once by usiug the appropriate definition
(1) or (2} of a cone,

2, (Gp +Cx)* =cf NGy

This property follows at once from the definitions of the operations
involved.

3 (GynCy)  =cy «Cy .

he ©)*wc.

Property L is simply the statement of theorem 1. Property 3
follows from 2 and L, for

(©y N Cy)™ = () (€ 0¥ = ((6y* « 0™ )*

=G* .,.cﬁ-,'
1 2
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The equivalence of the ltmm definitions of a cone togother with
properties 1-4 are the fundamental tools used in pmv:i.r;g theorena about
cones or linear inequalities, The four properties are easily remembered
if one thinks of the polar operation as a "mé.pping“ of the set of cones
onto itself which interchanges sums and intersections and which when

iterated takes each cone back onto itself.
IXI. Further Propertics and Applications.

A, Dimension and Type.
We will show the relation betwezen dimension and type of a cone
as defined in section II.
THEOREM 2, dim C + type C* = n = type C + dim C¥,
Proof. lLet y belong to the largest linear space i.n_(}*. Then
y and «y e in C¥ so for any x £ C, yox 20 and (=y)ex = ~(yox) 2 0, hence
yox = 0 so y is in C*, On ths other hand if y & C% then y end -y are in C*
so the largest linear space contained in C¥ is exactly ¢, Hemce if
dim C = p, then dim G'l‘ =ne-p=type C proving the first equality of
the theorem, and the secord follows by Theorem 1, (From this we get at
once the expression in terms of rank for the type of a cone given in I,E) .
B. RNon-negative Cones.
As another application we prove the followinzg fact about cones.

By the positive octant P we mean all vectors v £ 0. The rnegative octant

is denoted by <P,

Theorem 3. If the cone C intersects the nmegative octant =P only
in zero then C¥ contains a vector v interior to P (i.e. v>0).

Proof, Let Q be the cone P + C. Then clearly Q is nob the

whole space V since it does not intersect ?-P, and therefore ¢* is not

smpty (use Theorem 1), By property 2 of cones Q¥ = P¥ C* , Since Q%
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is a cone it is ths sum of rays 3" = (r)) ¢ oeo # (e Lot ve Vi ¥ eee R,
Then v lies in Q¥ hence in C*, low let p 1le in P. Then pev 20, and 4f
pev = O then pevy = 0 for 4 =1 .,. m hence p and -p would lie in (c*)4+
which is in (C*)* = C, But by aésunmtion ~p lies in C only if p = 0,
It follows that for P 2 0, vop >0 from which we see that v>»0,

The above theorem can be exﬁressed in matrix form as follows:

If 4 is any matrix then either there exists x' >0 such that
x'A € 0 or there exists x»0 such that Ax £ 0.,

This is called the "theorem of the iitemtive for a matrix" in
"Theory of C-ames and Economic Bghavior” and is used in proving the fundamental
theorem of the’ two-person game.

C, Existence of Valuc of a Symretric Game,

The main theorem of the two-person game proves the existence of
a valu_e and optimal mixed strategies for the two players. It is pot difficult
to reduce this to g‘mving the theorem for the case when the game is syrmetric,
that is, shen the pay~off matrix is skew-symmetric, .Stated alpebraically the
theorem we desire to ‘proie is the following, .

THEOREM L, If A is a skew-synmstric matrix then there exists a
vector x' such that x'A 20, x' >0, Z xi =1,

This theorem is an easy con::éusnca of theoren 3. However in
order to illustrate t.he use of the cone theory we prefer to derive it
directly from the main properties of cones;

Proof, Note that it suffices to find x' satisfying (1) x'A 20
and (2) x' >0 since we can then satisfy fx;_ -1 by multiplying x! by the
appropriate constant. Now suppose no x' exists satisfying (1) and (2). Let
C be the cone comsisting of all vectors of the form x'A with x'20, ItPis
the positive octant then we have assumed G M P=o, Now we assert (;C) +P
is ot all of V (where (-C)" denotes all vectors whose negativeslie in C),
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In particular if q £ 0 then =q is not in (-C) + P for then we would have
quw-y+pwithy€EC, PEP, or y = p + q £ P contradicting CA P = 0,
Since (~C) + P is not all of V it follows that ((«C) + P)* £ 0, for if it
were then we would have ((=C) + P)® )* = (0)* -V » («C) + P, But
((-C) + P)¥* = (<C)*n P* = (C)¥pn P for from the definition of polar
one sees that P¥ = P, This means that there exists a vector x 30 such
that =x & C* which says A(~x) = -Ax 20 or Ax 0. But since A is
skew-symmatric Ax = x'A 50 =x'A 20, cr x'A 20 (and x’ 2 0) contrary to
the assumption that mo such x' existed. This proves the theorem.
D. Application to Linear Programming,

A useful result on cones, which however does not seem to follow
from our previous results is the follom’.ng (essentially theorem 2 of Weyl).

THEOR 5, If C = % (vi) is a cone and v 1ies in C then it is
possible to write v as a posii;ie linear cambination of not more than n
vectors from among the vy .

This theorém has application to preblems in linear programming.
In particular it is used by Dantzig [3] to show that if "feasible sclutions®
exist then one can be fon_nd depending on not more t.han- n points,
| Stated in matrix forn theovem 5 reads. If v = x'A where x' 20
ard A is a k by n matrix, k »n, then there exists x" such that v = x"4,

x" 2 0 and at least k ~ n of the components of x" are zero,



