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Ccaparative Statics in Linear Programxing and the Giffen Plnd.oxy

Martin Beclkmann

A8 Professor Bﬁolson has pointed cut [1] predictions about the direc-
ttmhmchvmmtmwwumetowmmuu
cen be made also in the case of Linear Programming snd without going into
the technicalities of linear progremming theory. The purpose of this peper
is to show how thase predictions can be generalized by use of the Minimax
(or Iagrange Kultipner) Theorem of Lincer Programaing.

The point of such qualitative sealysis of comparative stulies is of
course that o gxpl:lc:lt representations of the solutions of a linear progran-
ming problem as functions of the parameters of the problem are known. '

i/ his moruus CCDP 2092. |




Every ehange 1in the dste would thersfore call for a mew analysis of the
proﬁlm'.y

The presant gmra.lization of Sanmelsqn 8 mqua.l:lty consists in admitiing
m:lati.ou of the technology m.trix. (section 1) ll’othing correaponung to it
would secn possiblc in the case of general (uon-linear) constrained mmza-
tion praum) - ¢ :ei.ntroducea the possibility of a Giffen paralox, of
vh.'lqh an mla :l;'s‘sim {section 2).

1. Coneider & linesr progremuing problen

Mix b'x
. ) x
subject to B
(1) -
(2) 30

where x = (x,) ‘represents tve (unknown) ‘activity levels, b = (bk) the
veotor of profitabilities, ¢ = (c ) the vector of capecities snd A = (& )
the _techmlog utr;x. Lat now some m.‘hitru'y changes
A —>R+8A
P ~—3b+ %
€ ey ¢ + Be
be imposed, glving rise to changes
'; —3 % + Bx
L-——bl .
in the uuvity' levels and "ei‘ficlency prices” (Lagrange Multipliers) of the

solntion respect!.vely

. é. Wmmemmfonormmeofthcsolunanwetorm
- dats is known. The solution vector is @ step fumetion of the profitebilities
{t&e objective function), o piecowlse linear function of the cepacity vector
(the requirements) end a piecewise continuous broken lioser function of the
. coefficients of the techuology matrix (the imput-output matrix). Al) this
- follou from the fact that the optimizing dctivity levels are the solut:lon of
. somes subset of equstions smong the eonstrﬂnta




The minimax theorem of limear programming states the following. Let
(5) $ (u,v) s d'u + v (¢ - Au)

Then 1f uex s a solution to the limear progremming problem and ) ie
the associsted efficiency price vector |

() $(x,2) = Max § (u,2) « Min ¢ (x,v).
u 3 0 . v20

Denote the § function associsted with the chenged proviem by Gy + (W)
implies that

(5) $(xp) 2 §(x+ xt0)
6)  4(xh) g b (x 2 eth)
(7)' ¢5 {x + bx, ‘-“’ &) 2 05 (x, A + &) _

(8) s (xv8x, A +80) S & (x+0x, 1)
Consider the expreasion

(5) + (D - (6)-(8) 3 o
Elininating and rearrenging terms cne obtains
(s) (8b* - A'BA) 8x - 8A*(Bc -~ BAx) > O

If 8A =0, B8 =0, this inequality is Samueleon's 1a Chatelier principle

(19) ' 8z 2 ©



8 applisd to Linear Programning ((1], p. 42, equation (3) ). (The inversion
of the > s:lgn rcsu:l.ta frm the faot that there & minbmm problem is con-
szdemd) (10) ‘saye that ectivity levels temd to move in the same direct:lon
as the pmipitating changes in profitabilities. In particular

(11? | bbd QxJ > 0
in the case of a single chauge banlao.

By moans of the ﬂ_.uauty principle a corresponding inequality follows
for the efficiency prices.

(12) %' < O

stating that efficiency prices tend to move in e opposite direction, to tie -
cbanges in capacities. Combining changss in profitabilities end cepacitics,
ve have

{13) ' ox - Be' B > 0

This says that at least one of the two sats. of variedbles must bebave ncrmel:
unless activities respond in the proper way to the profitability changes;
prices must edjust - in the proper way to changss in availability.

Tho gena'auutim obtaimd hyﬁﬂ) thm consists :I.n the inclusion ef
changes in the technological coefr:lcienta , BA. e result is as follm
Provim the grosn chmge &b 1in proﬁtability is corrected for a u,lml: :
tansous changs mteohnologyintmoftheoldpﬁcee LT mprovidad
the grom change in’ capacities 1s nﬂJuated for tectmological changes in t-ms
ortmomaetivitylmls %, then the same tendencies prevail es in the -



case (13) of uers changes in profitebllities end cepacities.

2. As .a expnple consider the case in which only ope technological coefficient
(say s ) 18 changed axd all pmritebiuties end cepacities remain coastent.

m(sv)mobmn -n.iauuox‘j-rn 7] x, 20 or
(14) tayy (x, By - Ay &x,) > ©

If either A =0 or xJ-O this inequality is trivial. Lt therefore

x1>0, _ >O. In the case of technological progrese, aau<0, ve now

conclude that
(15) .3:1. > _B.h
x4 I |

Supposs that a techuologicsl coefficient associsted with a "scarce” imput and
an: "sctive” sctivity is decreased and that all other comstants remain un-
eha.ngea Mmmr.laﬁvcchmhthEWOfthemiﬂtythat.
is directly involved, 15 not exceedad by the relative changs in the crﬁcimy
price of the imput directly involved. In particular o decrease of ths activity
la;rel'cﬂis.'for at least &s large s Mermo '-ﬁin relative size) of the
efficiency price. |

That en activity level may actually decline in response to & "favorsble"
technological change is indicated by the fact that Marshall's paradigme -
otthoﬂiffmmdoxnyhoputiutothafmofslimrproymﬂngpmbla}/,

Mhall‘s oxsmple runs 8s follows:

3/ Prof. H. 8. Houtmmha.sﬁrstdrmwmttmtiontaml fact.



"I believe that prople in Rollendl travel by canal tost instesd

of railwey sometimes on account of 1is cheapuess. Suppose & man
wag in @ hurry to travel 150 kilcs. [ele]. He hed two florims for
it and ao'more. The fare by boat was one cent a kilo, by third
clags traim two cemts. B0 he decided to go 100 kilos by boat and
2ifty by train: total cost two florins. On arriviag at the boat
he found the charge had been raiced to 1 % cents pey kilo. 'So
then I will travel 133 % kilos {or as mear as may be) by boet,

I can’t afford more then 16 §k13.os by train'™ ([2], p. b1},

Let X, &, denots the distance travelled by train and boat respectively,
ard 1st &), a, be the fare per kilometer. If o, demotes the funds avell-

able end ca' the distance to be covered, amd if b,, b, are the speeds of

the two means of tramsportetion, the cbject is to minimize

bl x]. -|-132:|'2
under the conditions
80 ¥8% 3 Y
ntmL, 2%
X % 0

-y

In stenderd form
Max oy X by X,
sudject to 8 X +a, % € ¢
"X CXREC%
% 0



If, as in Marshall's ez=mple ba, » O the inequality (13) is reversed

Bx ()%
(1) —= <
)

Here A, is the efficiency price {or Lagrange Multiplier) essociated with
the first inequality. Since an efficiency price reprecents nothing but the
mrginal product:lﬁty of the factor it is asscciated 'with, A expresses
the mgi.na.l ut:llity {in tems of travel time) of the money am c¢,. The
asssrtion of (lll») |thnrofore, that the distance travelled by boat can increase
as a result of & raise of the boat fare only if the marginal utility of mcaey
hes been increased even more in proportion. This pointe directly at the

source of the Giffen paradox, the income effect of the price change.



IX

A Generalized Comparative Statics in Linear Progremming

Martin J. Bailey

1. Consider an ectivity analyeis problem b'x = mex subject to Ax <c,
_ ‘ " _ :

x > 0, end consider some erbitrary changes in the parsmeters A-dA ¢ 84,
c—pc +8c, b'—pb' +8b', giving rise to corresponding changes in the
solutions for uttvity 1evels and eﬂiciency prices X—pX *+ Bx and

x --)L" +BM . How s:lnce the efﬁciency prico thecremstates that if, for
m k, bk<2:.akn then xk-o (ms.z bk+bbk<21nah+6 Zhhan
then xk-n-&xkno), it 1sev1dent tha.t ir- xk{-o and xk-e-Bxk{no © then
[y (1;k Za.neh) = 0, because then b -E). B end ‘bki-Bbk

szn&m‘* bZLtm Sm:l.]a.rlyuamowtha.tif bkv:l'. &, ood
bk-n-bb <}:a. ‘m* az ah then 5"2""“’;

| Hence 1f both ®x # 0 anmd b(bk Ehnah):}o, it mst be true.
eitherthat I, =0 apd Bx >0 _ortha.t ¥ +0x, =0 and Bx <O.

In the first of these two cages (1 + 5) (b z;.a%).o and it follows
that Gibk z;.,mpo, in the sscond case by - L8, =0 and'it
O

follows that 8 (bk ~LX8,) <0. Hence ws have that, for gvery &,
< n -
®y - Lh8g) 8 2 o ()

A symsetrical ergment, using the vestraint ¢ > Ax f{also c +8c¢>
(1 + 8) Ax] and the relstion
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e ol ) Pras om {z}

can be used to prove that
.&ng(cn-i:ahik) €0 (a’)r

for every. m.  Obvicusly it follows fram these two resulte that
8(b* - A'a) Bx 20 (1)
and ' b(e - AX) €0, - (2%)

2. As a specisl case consider the change < 0, vwhere all other

J n
] _
parsmsters m_'ﬁogata_nt. (;):.wa- have the folloving equations:

for all k § J,
(3)

and from (2) ve have

()

If ve subtract the sum over n of the equations (4) from the eum over k .
of ‘the squstions (3) e cbtain

ta, A (u_szo“- xmo axdo_) 20 (5}



-10-;

Ir x o "m {'O, this gives 3’30 2 a'!g, that is either
Jo A‘o

&'o < 0 or &x, 20 or both. ¥n fact this result may be sharpened;

after suming (3) if ve 83 the term X, 8, . X; 0 Doth sides of the

resulting inequality end resrrange ve cbtain

oy %, . “Ty 8, o 53% 2

o ‘Yoo ‘o oo

(6)
%uonb J +Z‘.I‘.n ahbxk.

mrther, bym (h) ve learn that the r:lghthnnd. term of this mm.s.ty_
is non-mptivo. (01’ mao, ‘we knov ror my set of chenges of technieal
coerﬁcientl, \rl.th B¢ = o, fram OA' 8(c - u) €0 that B&\' a(n) >0,
of vhioh th. mu.'l.t (6) 18 » special cau.)

5 . In uomnicum this may be wbe:rprchd to mesn that (a) vhen factor
‘avallsbilities do not changs the prices of factors snd the utilisstion of
rut@ﬁm“mnmmum@;'m this tendency is bounded
mwmwmutmmramrmuﬁutymu transforaation -
ratio ehnngu, ormothnwmthuwmum;mwunlm
bounﬁtortheumtorfcetinwtion. If there is no change in the set
ott‘roegoodlthurunltutrivial (uinﬁoed!tmmmwem),
umforcnmct’.etorl B\'e -a., =0 and for scarce factors |
-(5 lh" = (8o), = 0; nence in this case )’ §(ax) = 0. However it is not
Rriv‘}.lal that since every tem in the sum ln.' s(Ax) 1s positive or zero



eny change in the set of fres goods has the effect of sharpening (5)7 as
indicated in (6). B

}'h'. | ms result may be generalized in terms of the matrix eqna.tions (1%)
and (2%}
B (> AA) Bx2 0 2 B (¢ - AX).

Distributing the operators amd rearranging, ve cbtain
o Bb' Bx + BX' BAZ -A' BA Bx 2 B A' B(AX) 2 8A' ec. (8)
‘We may mow consider Boe intmstingspecial cases. Conaider, for azample,
%' = 3¢ =0, i.e. vhere the only changes are in technology, this gives

BA'BAR -2 BABX 2 BT B(AX) 2 O, (6%)
which 18 the gemevalization of (6). It showld be noted that the rearrangs~
ment of terms that was necessary to cbtain (7), (8), snt (6*) cblitarates
the tarm-by-tern sharpnees of (1#) and (2*_}' as shown in (l)and (2). Amother

interesting cese 1 MA = 8c = 0, 1.e. vhen the culy changss ere in the
activity revenuss. Here we cbtain

Bb'ex 2 B ABX > O (9)
vhich is a sharpened form of the imequality obtalned by Sesmelson [1].

S Itiaofmte;esttonoteuhen_itwqummstﬁct1n-
equalities hold, end when mot. We have alresdy seen that 12 there is no
change in the set of free factors we mey write B&8A' S (ax) = B&\' 3c.



(Infact,wmdoaoﬂsoifmyfwtoruhieh caasestobeorbeecmstree

thmbefmormerthepmmm resp., sothat
o = Axx even though xk = 0.) Sinilarlyitcanbeshomthtittheﬂ
is no chango tn the aet ot activities , OF 12 any acﬂvs.ty which ceases or
begins goes to or tron the borderline case of mtivity, then

8b* 8x = B(A'A) Bx.

Hemce we conclude that if for eny fector ¢, which cessss to be or becomss
fres the yelstion ¢, =L %’-xd slwiys holds, and if for eny sctivity x,
waich ceases or begins the relation bJ aE M 'RJ alvays holds, then the’

relations (7) snd (6) may be written
™ Bb'bx + BA'BA X - A'BA Bx = 8n' B(AX) = BA' Bc. (82)

The special cases (6%) and (9) then become
BX'BA X - A'BABx -wo(u) - 0 (6ne)
and ' 8x = BABX = O (9%)

m»mmtuqmsm.mMcum:ﬁczm,mmmm,
WMittMemewmﬁoft&mmMﬁmnmm

1imits, then b:J u‘o snd we know that if the coly change
— & -~
=

:ls in oge activ:lty revem, end if the consequent adjustﬁub cf the syatem
etaya uith:!.n f.he above u.mlts ’ then tae utivity level of the activ:tty uhwe



revemue changes will not changs. |

Oo:wmely, wa HRYy comelude that the asceseary and sufficient condition
that inequalities hold in (8) end (7), vespsctively, 1s that the adjustments
attendant upon the chenges 1n paramecters must include at lesst one change .sn
the set of free factors and at least oue chemge in the set of zero actririty
lavels auch. that the factor in question 1s interior to ‘the set of frea factors.
vhen fres and the'a;et:lvity level in question 1s iaterior to the set gero
activity levels whén zero.

(1] Semelson, Paul A., Comparative Statics in the logic of Econcmic
Meximizing, Rev. of Ec. Studies, Vol. XIV, 1, (19%6-4T7), pp.
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A. C. (ed.) Memorigls of Alfred Marshall, London 1925, pp.
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