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The mathematical theory of the inventory problem hes attained a certain
completensss in recent yesrs so that furtbar results must depend on specializes
tion. From the econcmic point of view one of the first questions would un-
doudtedly be ulat the solutions look 1ike in cases typical of economic
epplications. There has been little study, however, of the inventory problem
68 formulated for en indefinite number of time periods, assuming "stationarity
and icdependence”. Thus it has even 'bc§n an open question under vhat conditians
- the solution is of the so called (a,s typc 3/ By this one means an ordorins
behavior‘rmumnt of a thermostat: wvhenever stocks drop belovw a crit:lea.l

level, thgymﬁ]_.lqduptomotherﬁxodlml; Inthilpapermamlshov
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that such an (8,5} policy is indeed optimal, vhensver 1) quantity demanied

{at given prices) in differeat periods is a ra.ndan varisble subjsct to iade-
pendent and identical frequency d:lstribut:lons which ha.vedglge;:ﬁ;agﬁ:ryuhere,
2) that the ordering cost consists of a fixed cost plus a cost proporticnal to
the amount ordered; and 3) that the loes due to unfilled demerd is proporiiceal
to the unfilled demand.  With 4he soluticn known to be of this type, i% may
St111 be a difficult problem to dsternine the values of the tvo limiting stock
levels a and 8. We shall show that the uwentory equation may be solved
explicitly for simple types of distributions such &s nt;esa ::g;nential and Gexma'
aistributions, though practical considerations wey limit the usefuloess of
thj.s approach to 'th§ formaz alope. Hually we shall give a nurerical erxample "
baged upah a cazse study of the warehoﬁnng problen of & container mmtmtm
that one of us (Mﬁth) has made. We shall not restate here the elements of the
oxi'st‘iné theery on the' inventory problem, rather we will atart ocut with an
expoéitioh in economi¢ terms of the vell known inventory equation. [ef. [3],

p" m5, Qq- l‘oslc.

L. Fomﬂ.atlon of_the Problem. and Hotation

Bupposo a 'bui.usa ¢ira has to decide at the beginning of each time period
vhether to order a certa.:ln cnmodity or not, and 1f so in vhatl quantities.
1.1. The quentities disposed of in different time periods are rendcm varisbles,
independently and identically distributed. We sball require that the dietribu-
tion F(x) have a density to be denoted by f£(x). Thus d!(x) = £(x) ax.
Particular digtributions considered will be the negative expomential distribution

(1) f) = T®

vhera m > O denotes the mean, and the smma distribution



k
(2) £(x) = '7‘4; xE~1 e 'J",. for k a positive intager.
' (k)

Ifvotake kel and j =2, {2) rveduces to (1).

1.2, For reasons which sppear later we shall denote the zmount ordered at
the beginning of a pericd by y - u,y denoting the stock after receipt of
the ccmmodity shipment amd x the stock before. As we assune that the tize
betwesn placement of the order end receipt of the shipment 1s short relative to
the length of the period (at the beginaing of vhich the order is contemplated)
ve nay say elso that x 1s the initial stock end ¥y the starting stock.

The reeson that en inventory is carried at all even though shipments zay
be had at fairly short motice might be of course that there is a certain cost
of ordering in excess of & proportiomal amount uhich may be directly imputed
to the comodity cost. It may be, hovever, that physical or other limitetions
prevent ordering except at certain points in time in some cases. We shall
assume that the indivisible cost element is a fixed cost, so that total ordering
cost is of the form

(3) k(x,y) = B 8(y - x) + b(y - %)

vhere &(u) the Kronmecker functicn, is definmed to be

0 <

1 >N
(4) 8(y) -{ if u 0.



1.3. During each pericd there will arise a certain cost of carrying the
stock and an sverage loss from unfilled orders. (Both losses and costs will
be termed "the loss" henceforth). The cost of carrying stock per umit of
time will be assumed proportional to the quantity of stock. The expectad
value of the quantity of atock at any moment of time during the period is in
turn proportiosal to the starting stock (though with a proportionmality factor
that varies for different time points). The total cost of carrying stock over
the pu;.tod is therefors itsalf px"ojortibml to the starting stock = ry, say.
On the assumption that during the period itself demand is distributed inde-
pendently from time to tims r can be calculated from the cerrying cost per
unit of ¢ime and sioek and the average rate of stock decrease = the mean of
the demand distribution / the length of the period.

The probability that a shortege of = - y units of stock arices during

this period is f£(s). Thus the expected value of shortage is ?(z-y) dF(s)

if ve assume a constant pemalty per unit of short supply, p, say, the total
lows durigg the periocd under consideretica is

(5) h(y) = ry+p £ (z-y) aF(s)

In order that it should pay at all to hold stock we must have that

(6) - §>r+'b

for otherwise it would be cheaper to just incur the penalty.

l1.h. At the end of the period a certain stock will rematn which is either
pesitive = y-z , if demand fell short of starting stock, z2<y, or gero
othervise. The probability that a stock y - ¢ remains is 4F(z), and that
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a gtock O remains i3 1 - F(y). Sirice ve assume "statiomarity and
indepmience" » that is, that demands in different periods are independently
end ideatically distributed randem varisbles end that all loss parameters are
unchanging over time, the prcblem will repeat itself exactly cne period hence,
except that va will have & differant initisl stock.

We then introduce the function J(x) which denotes the loss over gll
future periods that results from an fpitial stock x if the optimal policy
ia spplied in all ﬁer:l.odu. From [3], pp. 205-208, we know this exists snd is
unique. Starting from the next period this loss is J1(0) with probebility
1 - P(y) and X(y - ) with probadility dPF(z) according to the previous

under consideration
distrivution. Adding up the expected loss during the periodjand for all
following periods and discounting the latter with a discount factor

a,05a<1l, wehsve

y
(7 k(y) + a J{0) (1 - F(y)) +a £ Iy - =) ar(a)

for the expacted loss resulting from a atarting stock y. The loass associated
with an initial stock x 1s cbviously the minimum with respect to y of this
expression plus ordering cost k(x,y), with the provision that y 3> x.

¥
(8) 1(x) = 1ot {k(x,y) + n(y) + 2(0) (1 - F(y)) + a [ Xy - 2) arcs)}
Yy a x o]

1.5. This is the fundemental inventory équation for an uniindted mumher of
perioda. In the present cases it reads explicitly

(9) H(z) = ing Bb(y-x)+b(y-x)+ry+p?(z-y)d?(z)
y2x y |

- y
+aJ(0) A -F(y) )+af )Y (y-z2) dF(z)}
o



If the loss function JZ(x) has been found this equation may be uged in turn
to de’cerhim Y as a funetion of x, thatl is the ordering poliey.

One simple type of an ordering policy is the following: If initial stock
is 1033 thahbrequaltoanmmt 8, o:rderupto 8, where 0 <8 <8.
Othervise don't order. Thus

w oo )

In terms of the loss function JZ(x) this so-called (s,S) policy means that

C( <
(11) £(x) { } B+b(8-x)+I(8) it =x “}s, and xg8.
< ' _ >

Equation (11) arises in the following vay: If x < s, the (s,8) policy says
order up to 5, that is, an amount 8 - x, But then, the sum of discounted
expascted losses in all future periods is J(8), since this depends omly upon
the starting stock, aud the cost of ordering, B + b(8 - x). Hemee
I(x) =B +b(8 - x) + 1(8). Bow, for s <x <S5, the policy says don't order.
But if we do not order tlie optimal positiﬁ amount 8 -~ x it must be that 1t
is "cheaper” to order nothing, that is, that i(x)' <B+b(8 ~x)+ ;(s).

In the following ﬁcﬁon ve shall £ind sufficient conditions for an J(x)
vith this property to be a solution to equation (9).
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2. Proof of optimality of an {s,8) policy.

st a ad].ution 7{x) be known and svbatituted in the right hand side
of (9). Than this beccmes & function of X &and y alone and the eguation
zay be wuritten for shortness

(12) Hx) = -bx + inf (B 8(y - x) + g(y) )
y2x
vhere
y
(13) gly) = vy+h(y) +ef(0) (1 -%(y)) +a £ Hy - =) a Flz).

By virtus of the 8 function (12) simplifies to

(14) I(x) = -bx +Min (g(x), P + 1ot g(y) )
Wil

2.1. Buppose first that

(15) g(0) <B + inf gly)
y2o0

Then, according to (12): (13): and (5)
1(0) = &(0) = 1(0) + & 7(0) = pz 2 a¥(z) + & 2(0)
1 [ ]
or o) = 3= p£ s 4 ¥(2)
The assumption (15) therefore implies

L fzar(s) < B+ 1o Ky)
(16) 11?(!’3 () < B+ y;t.v

Tais meens that the penslty for not meeting any demend is leas then the



smallest loss that can bde achieved with an inventory. The optimel policy is
therefore not to hold any etocks which may also be described by
8 = 3 - 0.

2.2. We turn to the more interesting case in vhich

(17) g(0) >B + nf gly) = B +a(8)

- y20 -

say, vhere 8 > 0 (end possibly infinite). By its definition (13) gix)
ie continuous. Therefore g(x) 2 B + g(8) for all x of some interval
O<x<6. Ingensral there will then be a sequence of intervals with
endpoints 8, 8, s-.8;  Such that

(18) g(x) > 'B+g(a) Bog-1 S XS 8y € L sy,

g(x) < B + g(s) 8o S X S 85, €I 8w,

vhere A w1, 2,c¢.. a2d so-o. However we need not consider iatervals
beyond any poiut sy > 5. For starting from x = O cae shall naver have a
inventory x> 8.

From (14) one sess that

(19a) “bx+B+ g(s) x eI,
Lx) = .

(1sb) nix) +a f(0) (1 ~®(x) ) +a [ Hx-2) arz) =xeI
o

Theorem Suppose that 0<a<l, p3 r, and that F(x) 1s a twice differ-
entisble aistribution function. Then for any A(x) defined by (19) and any
n(x) ' efined by (5), the function g(x) defined by (13) is convex.



Proof: Hotice that (19b) may be revritten
(20)  H(x) =h(x) + 8 2(0) (1 - P(x) ) + & f 2(x - 2) 4(c) 4z x € I,
. (]

o in
The right band side is differentisble, hence A(x) is|the interior of I

Differentiation of (19b) 1s therefors permissible end yields

v

X
(21) E'(x) » b'(x) + a.‘{ £{x - z) 1'(z) dz X € I2

Since h"‘ end f are differentisble, sc 1s X' again end we obta:ln
X
22 1_"(:) = h"(x) +a J(0) 2(x) + f X"(x - &) £(2) az
, . Q-

Both (20) and {21) are valid in the interior of I+ At endpoints s,
right derivatives and left dertvatives exist tovard the imtertar of

I, By (5) b"(x)+a 2{0) £(x) u [p +a 2'(0)] £(x), |
but by (17), (19a), and (5) £'(0) = - b so that

(23)  b"(x) +&1{0) £(x) = [p -eb] 2(x) 3 ©O

From (19a) 1t follows that i" a0 for x ¢« I,. In the equation (22)
only thoss 1"(x) occur thersfore under the integral for wvhich x € L.
Fow " 1"(0) = 0, the terms preceding the integral in (22) are non-negative
by (23), and £(x) 18 non-negstive by &tmu«. It follows nclmhﬂy
that 1"(x) 20 forall x 1in the interior of I,. (This argument can ve
made rigorous by emtmeting the convergent and ncn-negative Eewsann series |
to this Volterrs integral equation). In the interior of I, A" « 0 as ve
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have seen. From (13) it now follows by differentiation that g"(x) existe
and 1s mon-negative in ths interior of I, emd I,. To prove that gix)

is convex it suffices to show that in all endpoints 8y the left hend and

right hand derivatives of g(x) agree. Now

an-l-O

oo " °

(24) 3"_ g = [b+nh' -a (o) 2{x) +a Z £'(x - 2) 1(2) az)

since the expression in brackets is contimucus. This concludes the proof of
the theoren.

© From the convexity of g(y) anmd fram equation (14) it mow follows that
only coe interval exists in I,, say s x<4s. OSince 5S¢ I, as ceen
..g. from (14), the solution JX(x) i1s of tﬁ form |

-~ bx+ B + g(8) 0<x<s
{25) Hx) = .
b(x) + e 1(0) {1 - P(x) ) + a£ L (x-z) ar(s)

< -bs +B + g(s) s8<x<8

vhere g(8) = Min _ g(x). This proves that J(x) determines an (s,S)

- 8<xgs
policy.
3. _Determination of the Parapeters o and 8.

3.1. Inonder to find s and S it is Decessary to sclve the equatica (15b).
The initial conditions are

(26) () = B+ &(8) - bs = f(0) - D



Instesd of (1Sb) comsider the simpler equation (21) cbtained fram it by
d:lf_formution :

X
(27) 1'(x) = b*(x) + & £ I'(x - 2) A F(z) =
h'(x) -ab (F(x) - F(x - 8))+ a z.;'(x - z) &F(z) =
r-p.(-Px)) -ad (F(x) - F(x - 8))

x-g
+a £1'(:¢ - 2) 4 F{z)

(28) 1'(x) = x - p(1 - F(x)) - ab (F(x) - F(x -~ s+ e Z 1'(2) £ (x - &) dz

Solutions for pqrumlar distrivution functions F(x) will be obtained in
sections 3.2 and 3.3. Assume nov that equation (28) has been solved and lat
the solution, vhich still depends on a parameter s, be called 1'(x,s).
With the initiel conditions (26) for J(x) we obtain

1(x,8) = B+ g(8) -~ bs + Z 1'(z,8) 4z

According to (14) g(8) = X(8) + b8, ec that

1(x,8) = B +1(8) +b(8 - 8) + [ £'(s,0) as
8

Substituting x = 8 we obtain

8
(29) £1'(x.s) dx = b(s -8) -B

a first equation to determine s and S. The second equation 1s simply the

minisum condition g'(B) = 0 or

(30) 1' (8,8) = -b
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This follows from the fact that S is the minimizer of g(x); dbut using
equations (13) and (15d), the lattsr since 8 €S, we have g(x) = bx + L{x),
and hence g'(8) =b + 1'(B) »w 0. Ve see that toocbtain 8 end s it is

encugh %o bave the solution 1'(x,s) of (28) instead of that of (19b).

- - X
n
3.2, Lat nov the expopentiel distribution F(x) =1 -e 5 £(x) =L e®

be substituted in (28).
3
1'(x) = r ~ pe

~x-8 X
+ab(e B -of

) + ﬁx}.l'(x-s) ;; az
°

%
Multiplying both sides with ¢ 23 and denoting

(51) 1'(:).5’-1:(:) we cbtain
‘ & 8 x-s
(32) wWx) » re@-p-ab (eT-1)+ 2 Ju(x-s2)as
) _

b 4
The last term may also be written [ u(z) ds.
8

Differentiating equation (32)

Eom, :u(x)

u'(x) = o

The differential equation
(33)  w(x) -Lum - e

i linear of the first order with constant coefficients and an inhomogenacus
term which is an exponsntial function. The soluticn of the homogensous equation

is simply
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a
‘ = XX
vucel

A particuler solution of the inhomogeneous equation obtained by "variation

of cosfficients"

S PO TR N T
x e °
et JU R S 1

. . i '
The initial condition which the solution wust satisfy, is cbtained from (32)

for x =8
8
(34) u(s) = (r-ed)e®-p+ed
By scee easy calculation

o s , X
(35) u(x) = -A(a)gm...i-_-; e vhere

. 1- . -
(36) As) = abeE)e B P4(p-a)e B

l~a

or obqiﬂina (31)

GT) 2'(xy8) = - Als) & - X 4 E

Thus {(30) assumes the form

_A(e)c&l;ls - +b

(38) 8=z log IE:”’)
Als)

o A(.!l_
i TN
i~a
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(29) vecomes
Ale) 15 (fs‘°¥)-(l-s)(b+ =) -3
Substituting 8 from (38) we cbtain after some light calculation

(39) = v -'.‘Bt-v+105{uv4a}+c,

vbere o= (1va) 0+ R o

This equation can de solved by 1teration, for instance, if is significantly

"f3

smaller than e¢. This follows caaﬂy from the iterativity cmdit:onk/ and the

observation that 8 is of the _
| order of magnitude of m. For coamputation we may rewrite (38) as:

(38') B = B [-av*_ + los{asw + ﬂ} ]

1l-a

vhere v* satisfies (39)

5+3. Ve shall sketch briefly how the solution may be obtained in the more
gweral case of a Game distributicn. We shall sssume b = O, {.e., that
constant cost factors have been sbsorbed in the profits, that is to say, the
pomalty p. Subst:l.tuting. (2) 1n (28) e bave |

Tha iteration "n+l = £(x,) converges to a solution x = £(x) provided
{£f{x)|< 1 1o the neighborhood of the solution and the initial velue was in

this neighborhood.
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L(x) = r - p gt ? &1 o3y ay
P ) x
' x ,
e A i) - e B gy,
Mx) *

for k a positive integer.
Multiplying the equation with e/* and putting again u(x) = 1'(x) e**
we obtain an integral equation of the simple type

X .
(%0) u(x) = g(x) + ¢ (x - 2)¥2 u(s) =
8 o

. |
vhers (J1) ¢ = -":‘rf(‘-k—) 1s & constant and

k @
u Jx _ <1 J(x-y)
g(x) re T'E"h ’I: y“ e ay

: k-1 _n
Jx _ k-1
(42) - re 5 - L ?ﬁ—‘ 2

The integral equation (40) is converted into a differential equation by
differentiating it k times

) o - um e e®@m o

: k
I R i G L

with k initial conditions
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k-m~1
(1) 0@ (a) « g®(a) o rPeds - pyEl F B B=0yieee,k =1
‘ awd {n)

A particular solution of the inhomogenecus equaticn {43) 1s

V(x)r =

The general solution of the homogeneous equation equals

12ym
e k

| ksl i
(u5) v(ix) = L o oxp Gl(ﬁ) x
n=0

De_temination of the °n from the initial copditions leads to the linear

egquation system

k-1 ' . kem-l J

12 )

(B =
s

exp (-Ja I(i‘:}é

= g(s,m), say.
k-1 n D k-l L 2¢ (m-m)n
e A R W

/ 2mmm ‘
the matrix ( ek~ ) 1s k times a unitary matrix and its inverse is the

conjugate transposed with %e"‘ E as the element in the nth rov

and n® column. Thus

k-1 2
('67) cn - % z 0‘1 _? q'(a,n)
R=0

And e0
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r g 1 KLED L . 2w
(48) u(x) = s e+ § L Z q(sm)e exp E k L
1 - k a=0 m=0O o

Bince L'(x) = u(x) &% the further steps are as under 3.

k. Bumerical Example.

Ths loss function vhich we have studled is a "realistic" formulation
of that of the container manufacturer mentioned above and, we beliave, is a
fairly uprcscntat:lw type in econcmic applications It is quite similar tG
those upon vhich the so-called "economic lot size" formulas, vhich are in
rather gsneral use /sse [6]),are based. It differs from the latter primarily
in taking explicit account of resdcmness in quantity demanded and the "penalty"
for sbortage. It is not directly spplicebls to the conteiner makers problem,
bowever, because we have failed to take explicit account of the time lag in the
deldvery of orders. For purposes of illustration, however, ve shall use the
pe.i;meters relevant to the stocking of a machine pert and give the mmerical
solution to (36) and {37), essuming this lag to be negligible.

We shall asesume that the distribution of demand  is negative a#pongntial
vith mean m = 100 units/pericd, whers t.he period {s three months in length.
Also, B w420, b = $0.30, r = $0.15, and a = 0.975. It is aifficult to
uﬁi@ a value to p, the unit coat of shortage. Howvever, for this cese it
seen that :lts smellest conceivable value would
would|be $1.575, while 1t might be as great as $15.075. The parameters for
the optimal order policy ere then:

P 8 .8
$1.575 || 13 en

$15.075 |} 358 516
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For p = $1.575, the solution wes algo approximated iteratively using a
procedure similar to that suggested in (3]; the values so found correspond
closely to those given sbove.

‘Fle &8ls0 note that if one wishes to order so as to minimige the expectad
loss for coe period only, then it is easily shown that for cur loss function
the optimal order'policy is also an {s,8) pélicy, provided that the distribution
of demand has & density f{x). Using the above parcmeter values {with p =
$1.575) one easily finds 5 a 45, 8 = 120, approximately. It is thus apparent
that ths parameters of the cptimal order policy m quits differsnt foir ths
intinitaly ma:w time pericd problem than for the one period problem.
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