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1. A common featurs in the cammunication rules of airlines concerning reserva“
tions 1s that reservations may be made by sny office of the airline (and scms-
times also by certain offices of certain other airlines) without further luguiry,
until'stop sales"orders are received from the eontx;ol center in charge of rim-
vations for that flight. Proa then on seats rnaar be sold only upon requasting
and receiving connmuon from the control center. This rule, vhich has been
arrived at amr eauidnabh expermu.tim, means that in order to save
communications cost & certain risk of overselling a flight is incurred -- because
of the lag between sales, receipt of sales reports at the costrol cemter end the
receipt of the stop sales spder by the sales offices. (This risk is incressed
when some sales offices thzt do not gemrato many sales for a particular ni@t
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are not included among the recipients of stop sales orders). It is the purpose
of this paper to analyse the pature of the underlying decision problem in terms
of a simple model., While the problem concerns optimel rules for commnication
in a team, there will bBe no need for -x.pucli.t reference to and distinction
betveen the vu'ioul tesn menders. " The significance for the theory of orgen-
ization of this problem is thus severely limited. On the other hand ve shall
cbtain the solut:.on of this particular prodlem in terms of a rather simple rule.
In this rule obnrnbh quentities and valuations eater. The existing d,at-a, ‘
if made available to us, should permit estimation of the valuations that have
influenced decisiocns in the past. Would it be intereatiog to study such data
on decisions under uncertainty? Questicns that ooe might ask are: hov consistently
have these (implicit) valuaticus been? Would the decision makers agree with
these values if they were revealed to them?

.2. In this model we take into consideration those varisbles only that leave
some scope for action. We disregard lest mizute eveatualities, that is to say,
no-shovs and miscomnections. The losses to the airline then cousist of thres
parts: uﬁuud scl;t capacity, pouity for owrcold seats, and communication costs.
Iat these logsses per unit ‘be- denoted bjr g h, k mpegtively. The eqntrollod
varieble with respest to vhich the expected value of loss 1s to be minimized

is the safety cushion e, or equivaiently the critical sales level C - ¢,

vhere C denotes (paylosd) seating capacity. During the interval betwsen the
time vhan sales remch the critical level C - ¢ and the stop sales order is
received by all w- further sales take place to the amount e (= excess).
Uatil departure time let there be q cancellaticns and & demand x for further
seats on the flight. Then the loss from unused capacity smounts to



g.(e+qg-e-x) if this is non-negative,
o othervise

The loss from oversold seats equals

h'(e ~¢ - q) if this is non-negative, and
° othervise
(For it is clear, that when oversalas before receipt of stop sales orders excesd
the safsty cushion plus cancellation, no ‘dﬁitlcnul sales are made).
Finally the cost of ccsmunication equals

k(x+q).

Using the synbolo o(y) .{y} iz y{ >}.0 we cbtain the following
] = | -
<.

expression for the loss as a function of ¢

(1) Ie) = gole+q-e-x)+ nofe-c=q)+kix+q)

Bov x and q are themselves dependent on ¢, while without great loss of
realisn end for the sake of simplicity e may be regarded as independent of

¢. Ve shall thorefm i.ntroduco mv&hbles
X gross demend for seats until departure time exclusive of

_ cancellations
Q total cancellations until departure
. () émelht:loﬁs made before net seles (= gross demend minus
cancellations) reach- the level C - c. |

3. Vhils X and Q are random variables, ve shall assume 1r(c) to be of
such amall miﬁee that it may be re'guﬂed a deterministic functiocn of c.
This assumption is tolersdle in view of the airline experience, that cancellstion



fall within ratber parrov limits of o definite relationship to net sales.
The following identities hold by definition

e = Q- ) x = X~x(a) - (Ce) -e
s X~r{e)vec-e-C

and (1) becomes

(2) : Le) = go(C+Q-X) +hofe - Q+ rle) - ¢c)

+k(x+Qf21'(c)+c-o-c).

Mininizing the expected loss:

”(33 Mo L{c) « gE(C+Q-X)+kE(X+Q =0 ~C)
¢ .

+ mn{hzv(r(c) ~e+e~Q) +k (e '21'('-‘)}..
[+

Por sasy refarence the term under the Min operator vwill be dencted by [L(e).
A nscessary condition for L(e) to be minimal is therefore that

%— n ﬂ"%-h_ ‘ltp(r(c) cc+e- Q) + k(1 - 2'(c) = O.

b. Let the joint probability distribution of e and Q have a density
p{e , Q). Then the first term of J{c) may be written

B ? aQ .I' du.up(Q-r(c) #c +u, Q
- o

Assuming that p 1s well behaved so that differentiation under the intsgral
8ign snd integratiom by parts are permissible we obtain for its derivative



d—g—- = h. (r'9c)<-.1) -fdQ.Zdn .u.§(e+r€e) e +u, Q)
= -h (1-:'(c))fdQ-Idup(Q+r(0) ¢ +u, Q)
o
--h(_l -r'(c)). pr{e~Qq>e¢ - 2(e) )

vhere pr denctes probability.
Therefore the minimum condition becun_u

(%) pre~e>c-r(e)) - § iz2ri)

Réintrodpcing e and q in the left hand side

_pr(c-c-g)b)- g(\ -r%m)

But 1 - ‘x-i_:"(c) - ‘T‘;_-;) (C - o + r(c)) = the rate of increase of gross sales
(st the critical sales leval) vith the critical sales level. And pr (e - e - 9>0)
- probability of having oversold the plane at departure tine.

A rough impression of the behavior of sales and cancellation suggeste that
thc rate of incresse of gross sales vith nat sales is iteelf mildly n_oniécuuing
with net sales. Therefore the right hand side of (&) is & non-:lncrcutng
funciion of c. The left hand side decresses sharply vith c, since the prob-
ability of overselling grows rapidly es the ssfety ocushion is reduced in size.
Although both sides of (4) sre thus mon-increasing functions of ¢ (i) will have
only cne solution ¢. That this ylelds & minimum 1s clear from the character of
ths problenm.



5+ We have thus obtained the following simple rule: in order that total
the '

lose be minimived |eritical sales level must be chosen such that the probability
of overseliing the £1ight equals tue ratio of communication cogt (per messags)
agd penalty (per passenger cverscld) tipes s factor equal to two migus the

reciprocal of the rate at vhich gross sales (at the critical level)increase

vith that level.

Since the rate of incresse of gross sales with net sales exceeds cone, its
inverse is less than cne. But becsuse omieation cost k is always amall
relative to- the pcna.lty b for oversslling a seal, the expressica on the right
hand side of (b) falls within the required bounds for a probability.

It 18 proposed to invastigate wnpirica.liy the frequencies of overselling
Planes,end the accumlated cancellations &s & function of the accumulated net
sales, in order to daternine whet the implicitly held values of X are ana how

consistently they oeccur.



