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On _the Optimal Peth of Expansion of a Firm

1. Consider a firm vhich produces a single comodity for immediate sale and
has a fixed profit margin. Its output is limited by the size of plant, which
we assume to be capeble of expansion at any mon-negstive rate at a cost pro-
portional to the capacity added. Given the levels of demend over a future
period of finite length T, what are the rates of investment that result in
the maximization over the period T of the profits discounted at the market
rate of interest?
2. Let x(t) 0StgT
denote the (fixed) levels of demand,
y(t)  the (unknown) capacity of plant in terms of ponible cutput,
¢ the ratio of the cost of expansion per unit comstructed to
the profit per unit of cutput, |
r the rate of interest.
Then the current profit from sales is proportionate to Min (x,y). Net profit
after expense for i{nvestment over the whole period is

T .
p (y] = § DMin (x,y) - cy] ¢ 70 at,
o

vhare y denotes the derivative of y with respect to time t.

3. The problem is to maximize ply] subject to ¥y > 0. The peculia;- features
of this calculus of varistions problem are that the integral does not have &
contimous derivative and that the unknown function must be monotonically
non-decreasing. Let us introduce a function

1l >
o(z)u{n} if z{-} 0 vhere O<€u<l .
4] <

T
Fow since y 1is non-decreasing [ Min (x,y) et at may be vritten
o
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¥ 01 o (x(s) - (t)) e as] at
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provided y(0) = O as we may agsume vithout restriction. This formula is
obtained by summation of horizontal strips rather than vertical ones. Writing

for shortness
® [x(8) - y(t)] e™ a8 = g(y(t), t) the maximend

becones ¥ [ely(t),t) - ce ™) at .

O %=  ctt=r]

4. In order to take account of the fact that ¥ > O the Euler equations must
be derived in a special form as follows. Coneider a variaticm of

T
I 2(y,9,¢) at by ¢n where 5(0) =0, q(t) 20 1f §{t) =0
Q

by
L fey+en, el t)ae
(o]
T . T T
= £[fyn+f§q]dt- £n[fj+ {fyds]dt.
P
The last expression is obtained by partiel integration, the term g { ry at

having vanished at t =0 and ¢ = T. A maximm requires that

T = >
t§+ ] £_at 0 vhere ¥ 0
2 7 <

5. Applying this to € = ¥ [g(y,t) - ce T¥] we have

T a - >
g-ce Tt [y OB at 0 i § 0.
t oy < -

Since  Og - -
aa " Yt



91?5- at = g(T) - glt) - f at

-3

T
But g(T) = f9peTtat o
T

S« olxlt) - y(6) &

Thus finally

T
| o(x(t) - y(t)) et at ce™  y2 § 0
t

6. In particular if y > O ooe has by differentiation

p(x(t) - y{t)) = rc

wecomltﬂethatemmioncanneverpa.yif re > 1, a fact that may be

verifiedmod.imtlysime-%-istheretmfrmaunitmmntover

an unlimited period if the capacity is always utilized. If T is finite,

as asgumed here, r¢ < 1. Remembering the definition of P we conclude that

vhenever expansion takes place (J > 0), it follows precisely the sales curve.
?rmtheaecondlutrelationmobt&inthatmiondoumttakeplme

e.tt!neswhenthedimuntedmhmmﬂwnfmthemgimmerofthecwity

set falls short of the cost of the investment.



