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1. Introduction. The purpose of this memorandum is to give a solution

to a problem posed by Marschek in CCDP 2029; the problem will be solved
under a restriction stated three paragraphs below, the solution being stated
in the last paragraph of the paper. The lacunae in previous attempts at
solving the problem will also be pointed out,

Marschak's problem was to find rules of action for two members of &
firm which will maximige the firm's profit, under the following conditions:

x, and X, are independent chance variables, each with rectangular distribution

on the unit interval. Yember number 1 observes xl and member number 2 observes

X590 Each member then decides to commit the firm, not to commit the firm, or to
phone the other merber and then decide whether or not both should commit, the
cost of phoming being ¢ >0 (2¢ in some of the CCDPis, ¢ in others) if either
or both decide to phone. The revenus to the firm is Xy + x, - 1 for each
dacision to commit and O for each decision not to commit (thus, it is obvious
what to do if one has already phoned), The problem is to give rules of action

1. Reproduction by the Cowles Commission of a paper written under a research
contract with the Office of Naval Research, F. D. Rigby, Scientific Officer. The
solution given here was commmicated by the authors to M. Beckmann and J. Marschak
in August 1952 snd was used in Beckmamn's Cowles Commission Discussion FPaper
Economica 2058. The present paper gives the proof.
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for the two menbers which maximize expected profit (= expected revenue minus
expectad cost) for the firm,

Marschak conjectured in CCDP 203L that any optimal rule would be
characterized by numbers 0 g 0<i &1 - of:',Lgl (1 = 1,2) such that member i

does not commit, phones, or commits without phoning, according to whether
Oexyg™yy Xyexyel = o‘:;, or 1 - ~¢4 €X; &1, respectively. It wes also

conjectured in CCDP 203k that a, = ai “a, = a.

We shall see that thie con-
Jecture is not generally true. Beckmann showed in CODP 2034 thsat any optimm
procedure can be described, for each member, by a {possibly degenerate) se-
quernce of five intervals, where one phones, does nothing, phones, commits, or
phonss as Xy increases fyrom 0 to 1. Beckmann also proposes & particular family
of solutions to the problem, which our results show not to be a solution except
in the trivial case when ¢ is very large, The mistake here is that the
conditione of Table 1 or 2 of that parer are necessary bub not sufficient for a
solution to be optimum: these conditions insure that either member's strategy
is best relative to the fixed value of the other's; this does not entail that
the pair is best among all pairs. Faxon also tried to compute the optimum
schems in CCDP 2037. His result differs from that which we obtain below, the
reason belng that his Case IIT which he does not considor is precisely our
optimm one for small ¢, It is easy to see that the "solutions" of Beckmann
and Faxén cannot be optimm for sufficiently small ¢: the pla for which (in
the terminology of the next parsgraph) C, is empty and N, = {‘1 Ixig%}has Ie*o0

and A = &, while that cited has I»0 and A0 as ¢ — 0,

We now solve the problem under the following restriction: the length of

the interval in which member 1 commits equals the length of the interval in
which member 2 commits, and the length of the interval in which 1 does ncthing
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equals that in which 2 does nothing. We find the optimal policy satisfying
the sbove restriction. It seems plausible that this is indeed the optimal
policy.

The problem can be described as follows: Jlet Gi and Ni denote, re-
spectively, the sets of x where member i commits or does nothing. Let P
and Q denote, respectively, the subsets of the wnit square where L txy - 1
ie positive or nonpositive, Let A(Cl, K, Cps Hz) '(bl + 1::1)(b2 + mz), where

by and my are the lengths of C; and Ny, respectively. let

J(Gi,Nj) = I |11 *x, - 1| dx, dxj for i#£3 ;
! |

HCysCp) = 2 I 1% *mp -1 any ax,

ez [ eneale s

P
(lellz)n
Wa use 01 x N?’ Gl x 02, Nl x 02, Nl x Nz, to refer to the rectangles in the

mit squars with the appropriate sides, lLet I(Gl, “1’ Cys Nz) = J(cl, Na)
+ J(Cz, Nl) + J(GI, 02) + J(Nl, N2)° The gain in the expected income to the

firm from using & glven C_, N_, C,s N, over that from having both membere always

1 1
phone is

GA(GI: .5 C,» Nz) - I(Cl, N, G NZ) ’

ard our problem is to maximize this quantity, Owr solution will proceed by
finding for each fixed value of A the Ci and Ni which minimize I{Section 2) and
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by then using this to find for any ¢ the C; and N; which maximize cA - I

(Section 3).

2, Minimum I for fixed A, We auppose that b]_ = b.;_, = h, m =m, 7o
Of course; b and mare 30 and b + mgl. We also assume by ¢ m, without loss

of genarality: any solution obtained under this restriction corresponds in
an obvious manner to another solution obtained by replecing x by l- x, (i=1,2).

Finally, we may assume b + m%%: any procedure violating this restriction is

i -
inferior to that for which N:l. = ‘in| Og X & % } and C; is empty, the latter
procedure giving A = %, I=0Q,

We now note several simple facts. £ |x +y - 1| dx dy is the first

moment of R around x + y -~ 1 = 0 miltiplied by /2. The first moment multi-

rlied by /2 of an isosceles trisngle of side & about its hypotenuse, is

% 2’ = g(a) (say?a Hence, if m;% and N, ={xi |03xi§m} for i = 1,2,
then J(Nl,Nz) = 2o(m - %) = LZm—TlLB > The first moment multipliad by V2 of
the rectangle {u,le%d, 0§V¢*’.9} gbout the axis u + v = 0 is similarly
‘13—(—2:—9-2 » h{d,e) (28y). Hence, if the line x, + x, = 1 passas through the
center of N, x C,y» the first absolute moment miltiplied by vZ of this rectangle

about the axis x; + x, = 1 is (recalling that b ¢m)
: 2 42
I(CpsH)) = 2g(b) + 2n(d, BB) = -3-3- + ‘l@-ﬁ"f’—l . Finally, if

m;%‘- @d N, = {ﬁ]xl§m}, c, "{xalmgxg ¢m+ b}, then

J(C,sNy) = 2g(b) + h(by1 ~ b ~ m) + h(b,2m ~ 1) = b-; + 8 (Su° + 3ub - 6m - 2o + 2).
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Wa now suppose VA ® k = m + b to be fixed, We shall minimize I first
1

P4
(Case II), and will then compare the two results. We recall O¢begm and

under the restriction mg% (Case I) and then under the restriction m3

% skgls
Case T. mg%o For any fixed values of m and b, it is evident that one

can always move the N; and C; around so that (cl x Gz)ﬂQ and (Nl x NZ) NP

have zero area and so that the line Xy * X, = 1 passes through the center of

nl X c2 and N2 x clo This minimizes J(cl, N2), J(cz, nl), and thus I, since

the first absolute mowent of any plane figure sbout an axis which may be moved
keeping its slope constant is minimized when the axis divides the figure into
two parts of equal area. Thus, for fixed k and b with k - %sbg’g (1.0,

bgugd), the mntmm value of 6 I = 12 J(C,, N)) 15 (see above) Lb® - 66%k + 30id,

The derivative of the latter with respect to b is 3(k - 2b)2, so that in the

allowable range of b, I attains its minimum value at b = k - :-"-, only (i.e., only

(k) (12=ic+1) ?
ctm=%)o This value is Ilfk)- 2 Z .

Case II: m;%, For fixed m and b, if bg2 ~ 3m the procedure with

N, = {Xi lbij_gm}and Cy “{xi| 1- g "%"‘16_1 - %’ + g} (i.e., such that

the line x +tx, 1 passes through the center of Nl x 02 and N2 x 01) obviously

minimzes all four J's and thus I. The corresponding value of 6 I is

q(b) = 6 {J(Nl, N,) + 23(Cy, ul)}- kb3 + 3bk(k - 2b) + 16(k ~ b - 37, This
is meaningful only if k)% and max (O, % k-1)gbgk - % (1.0, %gmgg,

b2 - 3m, Ogbgn), Its derivative (with respect to b) miltiplied by } is

{k = 2b)2 - 1(2k -~ 2b ~ 1)2 = rk(b) (say). This is a concave (downward) parsbols
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1 |
with seros at b © % K-1landb = g k- 5o Stnco the latter 1s) k - Bs (0

is for fixed k positive alwst everywhers if max(0, 3 k - 1) gbgk - -;: Thus,
in Case II for fixed k and subject 4o the restriction b2 - 3m, qk(b) (and thus

1) is minimized only st b = max(0, g k~-1), the corresponding value of I being

8 (k- 1y3 2
3(k 2) if k§3 P

B (k)
_E-‘(T)_ if k§3

It remains under Case IT to consider the case where k> -32- (the case kg 32-

1~

being included above) and where b is restricted by b2 - 3m (if m;%, this is

the only case in Case I¥). It is now imposaible, for fixed b and m (except when
C; is empty), to move the N:L and Ci around so that the line X, + X, = 1 passes

through the centers of N. x C

N 2andN2x00 However, it is easy to see that,

1

for my fixed m and b32 - 3m, the integral J(Nl, N2) and the integrals

J(Cz, Nl) and J(Gl, Na) are gl) minimized (and J(cl, 02) = 0) only if

Ni "{xilxigm  and Gi = {:ﬂmcxiém + bf ¢ the minimization of J(Nl, Nz) is
clear, and any 'orbher locgtion of the Ni and ci will move the line x, ¢+ x, = 1
even further from the centers of "1 x C, and Nz x 01. Thus, for fixed m and
b2 - 3m, the minimum value of 3 I = 3 [J(Nl, nz) + ZJ(CZ, Nl)] is

807 + 3(b - TP + 3[(1- K2+ (1 - 2)2)b + B(k - b - 3)°. Tts derivative
(with respect to b) miltiplied by § is s, (b) = 8b% + 2(k - Tic)b - k)2

+(1-2k)2) - 8(k-b - %‘)29 (The above expressions are meaningful if
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ogg% k-1, k>§.) Thus, 8, (4 k ~ 1) = 0. Yoreover, the derivative of
sk(b) with respect to b is 2k >0, Hence, ak(b) is negative for O‘bL% k-1,

80 that the minimm value of I subject to Oibgg X - 1 (where k> 3%) is

3 _
I,,(k) = ﬁ - ilglﬂ- » which is attained only forb = 4 k = 1. Noting that
the latter was also the best result under the restriction b &2 - 3m when k';%,

wo may summarise Case II as follows: the minimum value of I in Case IT, at-
tained only when b = max(0, % k - 1), is

(" 1.3
————B(kv) if  xgg
3 3
Iz(k) = J o
B (1-k)>  ir k92
f - G- *3

N

Comperison of Il(k) and Iz(k): From our results above, we have

-
(k- 3 (158 + Bk -3)  1f Lqugd

6 11,(1) = LI~
31 - 13 if %§k§l

Stnce 15K - 15k + 3.0 for } - —V‘;E.(k(% * /156 » which includes the range

%gks%, we see that the setup of Case II is always better than that of Case I
{except at k = %, where they are the zame). Thus, for fixed k = \/I';%, the

mnimm of I is given by Iz(k) and is attained only (except for sets of measure

zero) by the procedure
N:l I={_:t::}_l ngigmin(k, 1l- %)} s Gy = {’i |1 - %cxigk}

(the latter i empty for X g%)a
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3, Maximum of cA ~ I. It remsins to find, for any ¢>0 (the case ¢ = 0

is trivial: always phone), the maximnm with respect to k (over %‘gk £1)

of KPc - T?(k); thus, putting c = g, we must maximize for each s >0 the function

k23—16(k-%)3 ukeg s

£ (k)=
: kas-%k3+2(1-k)3 ifk%%

The derivative of fa(k) with respect to k is

2ks - L8(k - 3)° kel ,
£(x) = |

21«4:--25‘—2-6(1--1«:)2 ifk;,% .

Ye note that £} (bub not £3) is continuous st k = & and that £3(3) “4 (s - 1).

The function 2ks - 48 (k - %)2 is a concave (downward) parabola symmetric about

kﬂ%*fg and with geros lt%+fgﬁgg J8¢ + 88, The larger sero, hereafter

referred to as £(s), is g% if agl; the mmaller is always 4%, The function

ks - 3’%-2 - 6(1 - k)z is also a concave (dowrmard) parsbola, symmetric about

k= la—-;—;-! . This function is always negative (there are no seros) unless

533(\/-5-— 2), in which case the zeros are at Eﬁ! ‘-"-'%»/(12 + 28)° - 180.

I 833(V5 - 2), the larger zero (say y(8)) is abrm;% and is g1 if sgﬁ; the

snaller ons (say y*(5)) 1s alvays 41 and;ia;% it sgl. At 2 =3(/3 - 2)
the gero 1a ot -5 .

1
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We summarize the behavior of f;(k):

(1) 1f 831, r;(k) is positive (0 at % if & = 1), so that £, (k) is

maximized at k = 1 in this case.

(2) 1f ﬁ £8gl, f;(k) is negative for 2(s)< k<«y*(s) and non-negative

(and positive except for at most three points elsewhere). Hence, the maximum
of £.(k) is either at z(s) or 1.

(3) 1f 3(/9 - 2)43(&, f;(k) is negative for s(s) <k« y*(s) and

y{8)<kgl, and is positive elsewhere (except for at most three points).
Hence, the maximum of 2,(k) is either at z(s) or y(s).

(L) Ire g 3(/5 - 2), f4(k) is positive only for %Qc <z(s); hence, the

maximm of £.(k) is at k = s(s).

It is easy to eee that if k = s(s) is the maximizing value of £,(k) for
some 8, it is also for all smaller 8: as s (and thus, the cost of phoning)
decreases, the amount of phoning in the optimum or optimun symmetric policy
cannot decrease, as is evident ﬁom an examination of the profit of the firm.
One may verify by direct computation that fs(a(a))>rs(l) for 8 = E, 80 that

throughout (3) the maximum is indeed at 2(s). Thus, we need only find the
critical value of a(E(acl) for which fa(a(s)) - fa(l): i.e., for which

28k + 13983 - 201662 + 25928 - B4} = 0 .
The last equation is satisfied by s = .773.

Thus, our final answer for the unique (except for sete of measure zerc)

optimum symmetric strategy is:
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I € 3 .129:

N; empty and C; "l:xilxi;%-ﬁ-%\/cé*ﬁg} 0

Either strategy may be used a. ¢ = ,129.




