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A Note On The Theory of Forward Marketsaé/

Martin Beckmann

1s The purpose of this note is to sketch an equilibrium model of
futures markets in terms of excess demand functions along lines that
have been developed in the theory of equilibrium among spatially con-
nected markets. We shall first discuss the case of perfect certainty
about the whole course of the future ("from here to eternity"), This
will put the equilibrium problem in its sharpest forms., Thereafter we
shall introduce anticipations, which may deviate from the values that
will materialize. This will entail considerable modifications of the
protlems and thus serve to bring out perhaps some of the essentials of
"uncertainty®. For simplicity we have ignored differences in grades of
product in this paper.

The operations of the forward market are reduced here to the follow=-
ing schema: the market convenes al equal time intervals, all transactions
taking placé there instantaneously. The market price remains unchanged
between maricet times. Clearly, the prices at various times are influenced
by and reflect decisions to hold speculative stocks. By these we mean
all stocks not tied up in production. (Ths analogy with Keynes' distinc-
tion between the "transaction,™ "precautionary” and "speculative motive®
for holding cash comes to mind. ). By perfect certainty or foresight of
the market participants we mean not only the absence of precautionary
stocks, but also knowledge of the current and all future excess supply

functions. At any given time the markst does not just fix the present

(spot) price and present stocks, but the entire series of future prices

and stocks; for without reference to these, the current equilibrium

1
-/ I am indebted to H. S. Houthakker for various discussions of the
subject and for heloful criticism of the present manuscript.
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price canmnot be found, Thue the maxrket only needs to come together at
time gzero to decide the whole future once and for all. This is the gitva-
tion implied by perfect certainty. Although it seems absurd, it furnishes
& useful background to the theory of uncertainty.
2. Let te0,1, 0. T, 4o be (discrete) time points or
the .subsequent periods,
p = p(t) the spot price at time t, equal to
the future's price at all previous times N

for delivery at time t, if any,

x = x(t) the stock at end of period t,

[+
]

c(x, t) the marginal cost of holding stocks
x from time t to ¢ + 1 including interest

and depreciation,

q*q(p, t) the exceas demand (over current supply)
for consumption at time t as a funetion
of the spot price,

x(0) = a the initial stock, and

T the horiszon of the market.

Problem: For given data q, ¢, a, T to determine the sequence of equilibrium

prices and stockaogf

2_ "

4 The spatial interpretation is as follows: c(x, t) is the marginal
cost of trangportation from location t to location ¢ + 1; the costs of
trandportation in the other direction being prohibitive. q remains the
excese~demand function, and the initial stock corresponds to imports at
location 0, the final stocks to exports from location T. The equilibrium
of market systems of this kind is treated e.g. in Samuslson [1].
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Note: It is not necessarily assumed that q shows seasonality or is
such as to render stock holdings unfeasible over longer than a gertain
period. This makes the modal applicable to all kinds of futures' mar-
kets and also to such speculative markets as of sacurities.

3. The following necessary relations between stocks and price
differences (spreads) are intuitiva.
_Tha'equation of continuityn:
(1) x(t) =« x{t =1} + q(p(t), t) » 0;
and the "prlce gradient equation";

* >

(2) ot + 1) = p(t) <} o(x(t), &) 1rx(t) { > }o.

Our assertion is, that together with the initial condition

(3) =x(0) =a

and the terminal condition (which, though intuitive, can be derived

explicitely, as seen below)

L) =x(T)=o0

the necgssar;} relations (1) ... (4) are also sufficient to determine all
prices and stocks for t = 0, 1, ... T, To demonstrate this we first
show that (1) and (2) may be compressed into a single equation which is
the solution equation of the pfoblem of maximizing "social payoff®
(Samuelson) or net consumer's surplus with respect to the stocks héldo
Let | p = T{q, t) denote the inverse function of q = q(t, p)o

Then (1) becomes

p(t) = T(a(t), t) » TP(x{t) - x(t = 1), ¢t)



Inserting this into (2) yields

(5) T{x(t + 1) ='x(t), t + 1) = Mx(t) = x(t = 1), t) : c(x(t),t) 1f x(t) ? 0.,
& second-order difference equation {inequality),
k. Consider now
| x(tel) « x(t) xit)
[ Kax & » - ]
Sp {6 20 o (q, &) dq / e(u, t) du

' ih:l.ch is the net of consumers’ surpluses, allowance being made for storage costs,
A necessary condition for it to be maximized 1s that all derivatives with respect
to the x(t) t =0, .c. T be non-positive, and be zero if the variatle x{t)
1tself is positive, For t = 0, ... T = 1 this ylelds precisely the set of equa~
tions and inequalities (5) and for ¢ = T the terninal condition (})

From the equation gystem (1) ... (4) itself it may be shown that its

solution (if it exists) is unique. (This is done in the usual way by considering

an expression O = té. (pl(tj) = Pz(t).) [xl(t) e H(t -1l) - xa(t) + xz(t'«a 1)

+ q(pl, t) = d(pa, t)] transforming and obeerving that
the ¢(x, t) are non=decreasing and the q(p, t) are non~increasing functions of
X, p respectively. A proof via Joint concavity of Sp in the x{(t) does not saen
possible),

It followe now that (L) (5) and the initial cordition (3) are necessary and
sufficient for the solution of the maximum problem, hence that a unique solution
of (1), (2), (3), (L) exists which is the equilibrium set of stocks and prices.

5. How does one find the solution to this system?
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With initial stock given, assume a tentative initial price (for tw=l). Then {1}
determines the stock at the end of this period which is equal to that

at the beginning of the next one. So long as stocks are positive, the

price fur the next period is determined by (2). Continuing in this way

until stocks are zerc and assuming a new tentative price one proceed to

T. By adjusting the assumed opening prices for each series so as to

satisfy the terminal condition and avoid contradiction of the inequality

in (2) at the beginning of series, we are sure to obtain a solution,

which we know also to be the only solution.

6, Suppose now that T is not the horizon, but just one specific
time point, the market horizon being infinite. Then stocks 2t time T are
not necessarily zero any more but; gsay,equal to b, It is clear that (1),
(2) remain necessary copdiﬁions with S(0) = a é(T) = b as boundary
conditions. How are'we to interpret the former condition (4)?

It might seem, that the system is now indeterminate. For, as one
easily verifies, the solution xT(t}, pT(t) as a function of the horizon
T, does not in general converge as T poes to infinity. This however
does not settle the existence problem for solutions t> (1), (2), (3), (L),
rather it makes uniqueness doubtful. [The usual uniqueness proof indeed
does not work any more].

A solution may indeed bs constructed in the former way. Only this
will require infinitely many steps which cannot he reduced to a finite
procedure if the ¢(p, t) are really independent, i,8. subject to no law
of regularity. The requirement, that %0rminal stccks be zero takes hare
the form that it be possible for torminal stocks to be zero, namely, that

no accumulation of stocks take place beyond all limita. Thus (L) reduces
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to a condition, that the limit of same average of x{t) remain finite. The
vagueness of this condition is to some extent compensated for by the sensi~
tivity Af stocks to the price chosen initially,which increases with proceed-
ing time, Thus the finiteness caondition (4) may indeed 1imit the set of
initial prices to a small range.

7- Analytically one may ask the following questions: Uiven a known
time series of q(p, t), e.g. & periodical one, what is the series of x(t),
p(t)? 1In the periodical case one expects of course the‘pricea and stockse
to be periodical, too. Here only a finite calculation is necessary,

Another question is, given the probability distribution of the time
series of q, what is the probabllity distribution of x, p at a fixed time
or at any time? Here it would be necessary of course to make some drastic
simplifications, e.g. take q, ¢ to be linear functions of p and x, respec-
tively and restrict the time series of the parameters df these functions
which contain t, to classes that are well known (stationary, Markoffian
processes, ett.)., Even in the simplest cases, the presence of the ine
equality sign in (2) is apt to cause difficulties for the analytic.treate
mentez/

'8, The determination of present prices and stocks from the model
may be considered a "finalistic" one: the chain of reasoning runs toward

and back from the infinite future. This is, in a way, opposed to the

3

2 To circumvent this one may think of introducing a negative cost of
storage for sufficiently small stocks that goes to infinity as x reaches
zero. But except for rather arbitrary cases of assumptions this only
ehifts the trouble to that of handling a piecewise defined storage cost
function e(x).



causality principle, in which the past is the only deteminant. Mathe-
matically this difference is reflected in the fact, that while causation
makes the solution depend only on initial cocndition, the present, finalistic
approach uges boundary condition, one of which is located in the infinite
futt_lro.' It would be futile of course to explain the sequence of priges and
stocks in a future's market from considerations whose realization would
1tself require an infinite time (for an infinite number of steps)., Lven
if the future were perfectly knowable, the market would have to havs
recourse to an approximation scheme, based ultimately on the axperiencéa
of the past. This lends theoreticel justification to replacing the system
(1), (2) by a causalistic one. By disregarding part of the information
that would otherwise be obtained from the infinite future, the problem
necessarily involves some uncertainty now,

For the prices, which have been projscted from the past mﬁy at any
time prove too high, in which case stocks tend to accunulate, or teo low,
in which case an effective current scarcity arises, Thus prices are
subject to revision at any time, and this means uncertainty. |

9. In terms of our model, the price gradient equation (2) must now
be replaced by a "price formation egquation™ which relates the current price
to the past history. Since (1) in effect reduces stocks to a function of
prices, we may eliminate stocks from the hiastory and insert instead the
parametersof the past and current excess demand functions. Let

qo(t) be the vector of parameters which characterises the excess de=
mand function at time t. FPurthermore, let e(t) be a vector of currently
available observations pertinent to ths forecast of the future excess de-
mand functlion(s)° Thus
(67 fle(t), a®(t), et = 1), wuo 5%t = ) vue 5 DEFTL), Bl = 2), ... ]= o(t)

is the form in which we assume the price-formation equation to be given.
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In fact, (1) has now become redundant, since it is implicit in (6). The
movement of prices appears now as determined only by the consecutive obe
aervéﬁions of actualized excess demand functions. To complete the plcture
of a future market we have only to assume this price formation equation to
be g:‘u'ren'with reference to & series of future dates,

Let pz'(t) be the price at time ¢ of future delivery at time t + 7.

(po is then the spot price). Then we have a system

(7) rpc[e(t) qo(t). qo(t' = 1)’ eoo § Po(t = 1), Po(t = 2)’ vas 1 - Pz.(t)
Teoly oese T

determining all prices, where T now denotes the "longest future". The
mathematical form of the function £7 is taken to be knowh, We may assuze
that the market has been running long enough for the price expectation
functions to have become stabilized. That is to say, the best method of
learning from the past have been adopted and technological progress in
that direction is excluded.

Note that (7) is not a system of "simultaneous" but of independent
equations. Note also that (1) may be used to infer the "implied" exe
pected stocks. For the futures’ prices must consistently satisfy relat-
ion (2).

10. 1If there are several, spatially connected, forward markets,
we may easily generalize the relations (1), (2) of perfect certainty. Let

Ai:]f' denote the time required for transportation of stocks from the

L/
= But it becomes & system of simultaneous equations if the spread between
spot and futures' pricee gives rise to substitution between current and
future consumption for then the equations (7 ) must be changed sc as to con-
tain all of the prices p,c(t)o
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market at looation i to that at location j, and let k,, be transportatiin
cost, x,(t) the stocks at i and xid(t) the flows from i to J.

(1a) x,(¢) = x,(t =1) ¢ ? [xij(t) = xdi(t)] * g9y (p,(t), t) = 0

which says that exvese supply (the negative of excess demand) equals net

agcumulation of stocks plus net exports. Similarly we have the price

B
-

gradient conditions 4

{2a ) pj(t + Aut.J = pi(t)ﬁ K if Xy5(t)

13 0

oA
11N

Il

(2}:) pi(t +1) = pi(t) 4 f ci(xi(t), t) if xi(t) >lo

L7

- o
Here it has been assumed that the forward market actually distin-
guishes between delivery at various locations. If this is not so, then the
futures prices should éf course be equal among the various market locations.

But ﬁbia would be inconsistent with the assumption of our analysis, that
the present future's prices equal the future spot prices.

Again we have boundary conditions
(3a) x,(0) = 8

for #ll L
(3b) xi(T) -0 |

It is not difficult to construct the "social surplus” function and show
uniqueness of prices and stocks, and of flows up to "neutral circuits" {2].
Because of the spatial interdependence of markets a trial and error con-l
structions of the solution is. guch more difficult now, But the principles
of determination remain unchanged. If the excess demand functions are

periodic, one may conclude that the prices, stocks and flows too show a
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periodic pattern, The possibility of exchange among spatially connected
marksts has of course the tendency of reducing the fluctuations of price,
and hence stocks, in each market,

11 If we now assume a;gain imperfect knowledge of the future excess

demand functions, we must introduce price formation equations.

(T2} £5,5(6(t), (8], (b = 2), wov 5 py (b =10y by (8 =2} eee s
pj’o(t o 1)000) - pi’ﬁt)o

This assumes égain that the market distinguishes between future delivery

at the various locations, Otherwise the futures! prices are all squal,

and aa the date of delivery draws near must approximate the spot price at that
location where delivery is most economical for the party that exercises

the option, Spot prices of course do not tend to be equal.

However, since the unit costs of transportation are here assumed
independent of the flows, the futu_re's prices must satisfy certain com=
patibility conditions, for otherwise 1t would pay to make shipments in
specie.

{2c) pj’z-(t) - pi;c(t) ky 4

<
&

provided of course 7 exceeds the time required for shipment.

The la'bt-ar‘reatriction ompt.a the apot prices from following the
same pattern. - If the marginal costs of holding stocks are independent
of the quantity of stocks (provided they are positive), a similar jrecise re-
striction would have to hold for the spreads between the various future's
prices, including the spot prics.
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12. To suimarize, the theory of equilibrium in forward markets
appears to requ1r§ considerations of a nature essentially different
from those that afford insight into the interdependence of spatially
connected markets, even if the future were perfectly knowable, the
essential diffioulty being the infinity of time. While the Tequation
of continuity" thus lacks operational significance for future stocks,
the "price-gradient equation" remains partly effective by placing limits
on the spreads améng the (present) futures' prices, If the market dis-
tinguishes between locationsof delivery, the locational spread is
similarly limited by (anticipated) transportation costs.

It seems then, that any attempt at explaining the sariss of
prices and stocks in forward markets be better adressed to the for-
mation of anticipations in the market from past history and current
obgervations, rathef than %@ the structure of an infinite series of sxcess

demand functions,
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