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NONLINEAR SELF=EXCITED OSCILIATIULS AND BUSINLSS CYCLES
Takuma Yasui

Introduction

This paper is an attempt to apply the theory of non=linear self-ex-
¢ited oscillations in mechanicé to business cycle theory. The discussion
is graphiogl rather than analytical, The analytical apnroach, though
useful and indispensable at an advanced stage of research, Will not be
followed here. |

The paper consists of three parts. Fart I purports tO be an exhaustive
graphical study of linear systems. Parts II and III discuss non-lineapr
systems. In Part Il & simple model of self-excited economic fluctuations
will be presented by plecing together two linear systems. Part III deals
with Kalecki<Kaldor theory of business cycles in terms of the van der Pol-
type equaticn and Vcompares it with Hicks!' and CGocodwints thoory'which, by
the latter, has been cast into the Rayleigh-type equation.

Let us begin with linear systems. It is convenient to start with
sone welle~known linear models of economic fluctuatitns. First, Samuelson's
famous equations of an interacgtion between the accelsration principle and
the multiplisr, when transformed into differential equations according to
Georgaucuaaoogen,y are as followss
(1.1) cﬁo’vna('i, I-ﬁ;, y=1l+cv+yg,
where ¢ » consumption, I = induced investment, y » income, g = government
expenditure ( & constant ), and coefficients A, oﬂ‘,‘ ﬁare respectively
constents,; and 1 Y& >0, CA' > 0, ﬂ > 0, Deriving a single equation for

y from (1.l), we have

(1.2) ABF (A AR+ 1=y g



c::uacz:e

Putting Y = y = T'E'I’ this equation becomes
(13) ABE + (' =AB)Y + (1 = A)Y = g.

Secondly, Goodwin®s linear model consists of thé two equations -2-/
(1) ey =k = (1 =)y, 5ke 4y ~k,
where y = income in terms of deviation from the equilibrium value, k = the
stock of capital, k = the rate of change of the capital stock, 1.e,, in=
vestment, <A = the marginal propensity to consume, J ® the accelerator
{ d ¥y means the "ideal" stock of capital), A, e, and E are proportionality
factors such that 1 > Jx)O, e > O and § > O. Deriving a single equation
for y from (l.4) we get
(2o5) eZy+[5(1-A)+te=§]y+ (Qed)y=o0,
A3 the equations (1.3) and (1;5) are both homogeneous linear differential
equations of the second order with constant coefficieni;s, it is evident
that we can express these equations in the following general form
(16) m¥ +bx +kx = 0s  (m, k > 0,)
This is a fundamental equation of linear systems and corresponds io Hiclcs‘
difference equation in his "elementary case.” In what follows we will ine~
vestigate the nature of the solution of this equation.

The above equation can be solved sraphically on the (xy X) = plane;
i.e., the phase plane, by means of the so-called method of iséclines,
But it is more convenient for us to make use of Iienard's graphlical con-
struction which was originally developed with respéct to a non-linear

equation. For this purpose we transform the equation (1.6) into

2
(lo?) d x +* o Cdlx + x =0

E Ym

by putting ty = Vk/m t, or again
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(1.8) vggn%§+xwoL

by putting v « dx/dty,

¥hen we plot the following expression
(1.9) ™3 x==_% v

on the phase plane (x, v), it is readily seen that (1.9) is a straizht
line passing through the origin, having a positive or negative slope
according as b is negative or positive. This straight line will be

called hereafter a characteristic. Suppose for & while b o, and the

characteristic [ be such as is depicted in Figure 1. Take any arbitrary
(non=zerc) point P on the plane, and let PN be & normal at this point to
@ curve which satisfles the equation (1.8) and passes through P. Then,

NM: the projection of PN on the axis Ox is —v g,;_ «Nland - b Om,

x = Ulf. Hence the equation (1.8) can be written as NE = 0N - UN. This
relation gives us the procedure to construct the integral curves of the
equation (1.8) the details of which we need not entere

The shapes of these integral curves depend upon the slone of the
characteristic [” . To clarify the point, it is convenlent to plot two
lires x = 2v and x « <2v, and divide the half plane above the x-—axis into
four domains A, B, C and D. (See Figure 2). We find that the integral
curves can be classitied :Ln.to some categories according to the duﬁains
which the characteristic [” passes through. The results are sumaritzed
in Table 1 and the corresponding seven diagrams of Figure 3. Only & brief
explanation of them will be given here.

In all diagrams the characteristic is shown a@s & dotted line, and
the characteristic roots in the last column of Table 1 refer to the roots

of the characteristic equation for (1.7); nemely, /\2 + D _A +1=0.

=
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I. The case b > o, This ckn be further classified into the following
three subciges.
(1) b>2Vim, In this case[” falls in the domain A (see Fig. 3.1)o
dpart from the stralght lines: o< and ﬂﬂ, the integral curves are of
the shape of deformed parabolas., These curves are each of them tangent
to KA at the origin, and the further the curves are away from the
origin, the more closely will they become parallel to ﬁ {39 The tangents
tc the curves at intersections of the cwrves and the x-axis are parsllel
to v=ixis, &nd those at intersections of the curves and the characteristic
are parallel to the x-exis (this is true not only for the integral curves
of the case under consideration, but for those of all other cases.). As
dt = dx/v, the direction of the movement will clearly be such as shown
by &rrows in the diagrﬂme-

Since b > 2Ykm, the two.characteristic rcots: A, and )\2, are
distinct negative rumbers. Assuming )\1 > ApsXofis given by v = A;x;
5ﬁby v e Azx, It is obvious that these two lines also satisfy (1.8),
This 18 the case of "subsidence"™ or "overdamping," and the origin (the
only singular point of the original differential equation) is called a
stable nodal point, _

(1) b = 2Yim. Here /¥ coincides with a straight line determined by

x & «2v and {alls on the boundary batween the damains A and B- The in-
tagral curves are again deformed parabolas and touch Y Y at the origin
(See Figo 3.2). The Y Y, which is determined by v = -=x, is also an in-
tegral curve, The characteristic rootil are equal negative numbers;
strictly,; /'S = 7\2 % =1, This is the case of “critical damping,” and
the origin is a stable nodal pointa

(tii) b & 2Vkm, [7 passes through the domain B, and the integral
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curves are spirals around the origin (see Fizo 3.3)» The characteristic
roots are conjugate complex numbers with negative real parts. This is
the case of damped oscillations, snd the origin is called a stable spiral
point.

II. The case b = 0, Here [?coincides with the v-exis which divides

the domain B and C. The integral curves represent circles, whose center
is the origin, The characteristic roots are pure imaginaries, This is
the case of simple harmonic motions, amd the origin is a vortex point
(see Fig. 3.L).

I1I, The case b O, This can be further classified into three cases:
(1) b > «2Yim, (1) b » <2 Ykm, and (111) b & -2 VKn. With signs
reversed, these correspond respectively to phe three subcases under I.
No further explanation will be called forQ*

The above classification of integral curves in the phase plane is
evidently the one corresponding to that of solutions made by Samuelson
and Hicks with respect to their difference equations. It should be
noticed, however, that the slope of [Tdetermines stability or instability

of the origin, no matter of what shape the intesral curves are.,

11

Now we can proceed to non=linear systems. The simolest way to ob-
tain & non=linear model of self=excited oscillations is to piece together
two linear systems. Let us take Samuelson's equation (1.2) again, It

is clear from the explanations above Lhat the shapes of integral curves

3
Note that there is no integral curve for which the origin is a

saddle point, because our differential equation cannot have characteris-
tic roots which are real but of opposite signs.
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which can be obtained from the reduced equation of (1,2) depend upon
the relationships between the coefficients A , a(° and ﬂ - Ve suppose
these relationshios to be such as W permit demped omeillatfona, This
requires tat A~ Af >0 amd A' - AB<2Vk B (1~ ). Morsover,
in the equation (1.2) goverrment expenditure g is assumed constant
whether y is increasing or decreasing. We relax this agsunption here and
assume g takes one positive constant m when y is increasing, whereas 1t
takes another constant n, which is less than m; when y is decreasing,
Under this assumption the behavior of y will be determined by
21) KB+ (A By e (@ Ay e,
when ;r is positive, and by
2:2) AP+ (A ~Af)yr Q- A)yen,
when y is negative, |

In order to solve graphically the two equations (2.1) and R.2), 1t
i3 more convenient to make & transformation

(2.3) Iﬁymrg_;: Ml =nwp

and obtain
i . i *
(k) A BT e ~AB) + (1 =AY = ¢
g " v .
@5  ACie A A+ (@ =or = 0.
Further to simplify the solution we make another transformation

ty = V(x- AP 1, ve .%1.

and obtain
T
& A - Af r
2.6 v + v+Y = :
@:6) 3 4 ;] 25(1-,(5 1w A
1
(2:?) v dv *4 ‘éﬁv + I - O°

YL B (1-ed)
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Thus, as y behaves according to (2.1) when ¥ > 0; and according to
(2.2) when ;'r < 0 in our origindl equations, Y in our new equations will
bebave according to (2,6) when v > 0; and accarding to (2,7) when v < 0,
Looking at our problem fram the view=point of new equations » WO
plot on the (Y, v)-plane the characteristic of the equation (2.7); ic@oy

(28) Y~ »ﬁ'_:g‘ﬁ v.
_ 4B (1=t

It is evident that the characteristic mm in Figure L is in the domain B
of Figure 2, Since, however, the equation (2,7) determines the morement
of Y only when v is negative, the segment of its characteristic that may
be used in the construction of integral curves is limited to the part
below the horisontal axis, The counterpart of the characteristic above
the horizontal axis can be obtained as fcllows, . Draw & straight line
parallelly to mm and at & distance r/(l = ) from the origin ( = 00, )5
and this 1line nn will be the characteristic of the equation (246)
Since (20,6} is only valid for Y when v is positive, this characteristic
can be used only in the part above the horirontal axis,

Now we are in & position to obtain the graphical solution of our
problem, Tike arbitrarily & non-sero point on the horizontel axis, say,
& in Figure 4, So long as Y is :i.ncroasing s the trajectory of Y——i.e.,
the integral curve-—can be drawn by using the uﬁper part of the latter
characteristic nn. But when the' trajectory reaches a point on the
horizontal axis, say, b in Figure L, the equation in questicn changes
from (2,6) to (2,7): Hence the trajectory thereafter should be drawn
by using the lower part of the former characteristic mm, In this manner
we finally get & limit cycle, which is indeparnent of any initial con-
‘dit.i.onuz/ Though this limit cycle as such 1s cbviously not to be taken

as a business cycle, it may still be of some interest to economists,
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There are two fundamental forms of non-linear differential squations
for self-excited oscillations, One ia
(3-1) X+ @xX* «B)x+x%0, (4, B)0)
which was studied by Lord Rayleigh in 1883, It must be noticed here
that the damping coefficient—— (Ai:z = B) in the above equation-—depends
upon & in such a way that it is negative when the absolute value of x
is amall,; and positive when it is large. We can generalize {3.1) into
(302) X+ £ (k)X +xs0
where £ (i) is a continuous function and takes negative values when | % |
is small; positive values when it is large.

(3¢2) is ususlly called the Rayleigh-type equation.

The second form is
Gad) i+ (P -1)i+xeo0 (€ > 0)
which was investigated by van der Pol in 1926, (3.3) is distinguished
from the iayleizh-type equation by the fact that its danping co-efficient
depends on x instead of on Xo In other respects, however, the above
equation is similar to the Reyleigh~type. In the van der Pol equation
also the damping co-efficient is negative or positive according as the
absolute value of x is small or large; more strictly, according as it
is smaller or greater than unity.

Generalizing (3.3) into
(3ak) X+f(x)x+x=0
where f(x) 1s a continuous function and takes negative or positive values
according 8s | x | is small or large, we shall designate equation (3.k)

as the van der Pol=type equation.
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Viewed from & purely mathematical-formal standpoint, (3.2) and (3.h)
may be proved to be equivalent to each other in some cases, But it is
preferable for us to regard them as different equations. The graphical
solution of the Rayleigh-type equation san be obtained in the manner ex-
plained above, allowing for the fact that the characteristic x = =f(x)x
is naw’ a non=linear continuous curve, And it 1s evident from the earlier
explanations that, with the characteristic of this form, the solution
curve lesads to a stable self-excited oscillation, The economic signifi-
cance of this solution has been discussed by Goodwinoyks for the van
der Pol-type squation, however, the graphical method of integration, #a
expounded above, could not be applied without aame modifications; more-
over, its economic significance seems to be left unexplained. .It is to
this type of _equation that we aporcach here from the viewpoint of busi-
ness=cycle theory. | .

Lat us take up the Kalecki-Kaldor t.héory of business oycles, which
is understood here as the theory originated by Kalecki and elaborated
by Kaldorg-.'?! Hicks praised thie theory in 1942 as "perhaps the only .
strikingly original contribution to the theory of fluctuations which
has seen the lizht since September, 19396“9-’51791_1 today some economists
(such as S~ G~ Tslang )-1 have evaluated it more highly than Hickst! own
new theory of business cyclea. It seems to me that Kalecki and Kaldor's
is one of the most general and elegant among t.hqao theories which do
not accept the acceleration principle -aa‘a valid eé:pllmtinn of the in-
‘ducement to invest. I should like to reserve my opinion &8s to the ..
merits and demerits of the acceleration prineiple, and I will not dis-
cuss herel the relationships between the Hicks~Goodwin and the Kalecki-

Kaldar types of theory, My main interest is to transform the Kalsckl~
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Kaldor theory intc one of self-exclted oscillations of the van der Pol
type, just as Goodwin has, 30 to speak, transformed Hicks'’ into one of
the Rayleizh type,

Iﬁ the Kalecki=Kaldor theory, income, saving, and investment are
maasured respectively in gross and not net terms. As & first aporoxi-
mation,‘saﬁing may be taken as a linear increasing function of incame,
tut investment is alleged to be & non-linear increasing function of in;
comc as well as & decreasing function of the stock of capital, Wwhen
we measure income (Y) along the horizontal axis and investment (I) and
saving (S) along the vertical axis (Figure 5), the saving function may
bs represented by the straight line S, It does not matier whether or
not this line passes through the origin, We assume for convenianba that
i1t does, The investment function, assuming the capital stock as giveng
will take a shape such as is illustrated in Figure éq That is, its
slope is flatter than the slope of the saving function for low and high
lavels of income, and steeper for "normal" levels. 4s the capital stock,
K, is a parameter, the investment function will be different for different
values of K. Assume for simplicity that investment (I) is an ﬁdditivo
function of Y and K, 1.0, I = F(Y) + G(K). Then the investment function
will shift upwards when K decreases, and downwards when K lncreases, in
view of the faét that investment is & decreasing function of K. Thus
we gev a family of ;nvéstment curves, as shown in Figure 5.

There are two investment curves, one touching the saving line from
above at A, the other touching it from below at Bo Although there are

innumerable intersections of investment curves and the saving line, it must be
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noted that the investment curves lying between 4 and B all intersect the
saving line three times, whereas the inveatment curves which lie abofe A
or below B intersect it only once. Among all these ncints we can find
the only one which represents the position of long=-run or stationary
eguilibrium where investment (ioe. gross investment) is not only equal
to saving, but also to the depreclation allowance of the stock of capi-
tal. That is to say, where net investment is zero. According to the
Kalecki-faldor theory, this stationary equilibrium point is given by C,
which is one. of the middle meeting~points of the saving line and the
investment curves that lie between A and B,

Now let us deal with ocur problem annlﬁtically. Vie suppose the de=
preciation allowance to be proportional to the capital stock K and denote
it by J K (S being & positive constant). Thus the condition that net
investment is zero is expressed by
(345) 1=JK
and the candition that saving equals investment by
(3.6) 1=sY
whers 8 stands for the marzinal propensity to save, and is a positivo
constant. Thouzh we have previously I = F(Y) + G(K), we assume further
that G(K) is linear. Thus our investment function becomes
(3.7) I =F(Y) = Uk . (U > 0)

The solution of the last three equations gives us the value of in-
come, investment, and the stock of capital in # position of stationary
equilibrium. These values will be hereafter denoted respectively as
| A Ie and Ko.

It is more convenient for us to argue in terms of deviations fram

the equilibrium values., If we put
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(3.8) y=Y=Y,, k= K=K, k»Iwlo
and £(y) = F(I) = F(Y,), our investment function may be written as
(3.9). k= £(y) - 4k .

The last expression is nothing but the equation of our investment
curve with origin shifted from O to C, taking C as the stationary
equilibriun point. In accordahce —ith this shift, the equation of our
saving line will be transformed from aY to sy. ‘

- Here we take into account the saving-investment theory of income
determination, one of whose fundamentsl dynamlc principles is that the
rate of change of income is proportional teo the difference between ln—
vestment and saving.

This can be expressed as
(3.10) - €Y = I=ay (€ > 0)
in owr terms, or as
(3.11) gy = k = 8y
in terms of deviations from the equilivrium values. .From equations
(3.9) and (3.11) it follows that
(3:12) £y = £(z) = Uk = 8y-

Differentiating this with respect to t, we have
(3.13) €7+l +8 =1 (y)] §* Moy = O |

When we set ty = Wg_t, the above expression will be tranaforgmd

into
2

. d 1 L
3uh) : +{ s (g+8 -1 (7))

¥
It has already been assumed that £ (y) is greater than s in the

dy
dtl

+y=0

neighborhood of the point y = O (which corresponds to the point C in
Figure 5), but smaller than s when further away from this point in either

direction, let us make an additional assumplion, plausiable for the



Kalecki-Kaldor theory, that 1‘u (y) is not onl_y greater them s, but greater
than £« + s in the neighborhood of y = 0‘.,* 7

Then the coelficient of dy/cu-,1 (1,80, the damping coefficient) is
negative or positive according as the absoclute value of ¥ is small or
large; This means that equation (3.1k) is precisely of the van der Pol
type.

The method of graphical integration of this equation is well known,

but may be summarized here. -Simplifying the notation as follows

(3.25) w=_1 Ply) » U + 8 - i‘gl(y), va dy

i at

and putting further

(3.16) Yy = f P(y) dy, x = v vwry(y),
0

the equation is transformed into

(3.17) dx s 0

+ J
| dy x quf(y)
Plot x = »w—(y) on the (y, x) plane, The curve thus obtained will
generally be of a ghape such. as th& depicted in Figure 6, when we hear
in mind the above relationships betwe;an f‘(y) and (EU + 8) over the
range of the absolute values of vy, and that 'q/(yJ means (f4+ 38) y ==”f(y),,
(It may be noted that & is greater than unity for reascnable values of
€ 5 40 and 8o Thus it may be conceived of as a magnifier of ‘qf(y}a)
let us take an arbitrary (non-zero) point, say M, on the (y,x) plans.
Lrop a& perpendicular through M unt:l..}. it cuts the curve x = w‘gp‘(y) at P,

and draw & horizontal line through P to cut the x-axis at Q, then join

o
Incidentally, this corresponds to the fact that in his squation for
* self-excited oscillations
E0F+[€ + (A=A elf= PF) + Q=Ah)y=0

Goodwin assumes that in the neighborhood of y = 0, ?fy) is not only
greater than £ , but grester than £ + (1 =) 8,



Table I

g [W

domain through which integral origin characteristic
the characteristic passes curves {singular point) »ootsg
e nodal pcint distinet negative
bs2 ko A Fig. 3 (1) {stable) numbera
2 nodal point equal negative
ba2 ¥ km A8 Fig. 3 (2) (stable) mumbers
: conjugate complex
. - | spiral point numbers with
be2 Vkm B Fig. 3 (3) (stable) negative
real parts
v . v - - pure
a BC Figo 3 (L) ortex point | imaginaries
. conjugate complex
- o spiral poin mumbers with
by=-2km c Fig. 3 (5) (unstable) positive
real parts
i be=2yion cD Fig, & nodal point equal positive
* .g 3.(6) {unstable) numbers
. Fig. nodal point distinct positive
bew2dial b tg. 3 (1) {unstable) numbers

o

3
j means tne

boundary of the domains 4 and B.

Tne same for BC and (D,
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