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1. In order to demonstrate his approach to commnicatiorn rules in organi-
zations, Marschak has constructed a model of an arbitrageg-/ firm in which
the problem of optimum communication rules eppears in its simplast form.

2. Consider a firm which consists of two partners: one of them iteeps him--
self informed of the market price of the firm's (unique) product; the other,
of the market price of the (unigue) raw material used by the fim. Each of
these prices has 2 rectangular probability distribution, betwsen a known
maximum and & knowm minimum.

Each partner can commit the firm for an integral number of commodity
units, not to exceed a certain 1imit. The firm sells the amount of product
ordsred and at the same time buys the corresponding quantity of raw material.
In the 1light of his market observation each partner can either (1) do nothing
unless contacted by the other ps.rt.nex;, {2) telephone the other partmer at an
arranged time, or (3) decide to commit the firms %o an amount within his
limits, if no phone call is received. In case (2), the partners exchange

l. Paper presented before the East Lansing Meeting of the Ecmomstric So-
ciety, September 1952, This discussion psper supercedss Economics 2041.

Aclnowledgement is made to J. Marschak for the reading ard improvement
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information and elther comuit the firm to the purchase snd sale {up to a
certain limit) of an integrsl numbsr of units s Or do nothing--depending
on vhether the price of the product excseds or does not exceed the cost
of raw material. A "pule® prescribes to esgch of the partaers when to take
astions (1), (2), (3).

Problem: find the rule tha®t will maximize the expected profit,
3. This yule will, of course, depend on the cos’ of phouing. It is safa
to agsert that If these costs are high, phoning will never be advisable.
If phoning costs ars zero, one optimal solution is to aiways telephone,
since ons can never lose, end can somstimes win by doing so. If phoning
costs are moderate the rule one would sxpect to be best is, procesding fram
less favorable to more [avorsble information: do nothing, phane, and make
ineressingly larger comitmente. Closer exanination disproves seme parts
of this guess. Comnitmants ought to be made for the maximum smount or act
at all. We shall also ses that the inkervals of actiumn in the order of in-
creagingly favorzlble information folluw a subsequence of the following sew
quence: phone, do nothing, phone, commit, phone,
4o Let X = price of product

1 =x, = cost of raw material plus (fixed) cost of labor, etc.,
per umit of finished produci.

For he sake of mathematical simplicliy we assume that the two prices, per
univ of firished product, have the same renge. In this case, the units

end the origin can be closen so as to make each price vary between O and 1.
Lot n, be the rumber of units te which pertner i comnits the firm (3w, 2),
& e limlt of individual commitmenis and b that of joint commitment. 4hs-
sune the cost of phoning to be d. The profits are ma:r:(:r.l * X, - 1,0)b ~ &
if zny one of the two partners phonesand (xl * Ry - 1) (n1 + ng) if they

coresit for amounts n I, rospoctively.



5. In order t¢ obtain a continuous problem (which 1s easier from a matho-
matical point of view) suppose that the dasired rule prescribes the proo 8-
bilities of the various actions, rather than specifying behavior with
certeinty. Let

qi(ni, xi) be the prescribed probability that partrer 4
commite o n, units

pi(xi) the prescribed probability that partner i phones .

The expected profit ls now
1 1 6
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6. Integration with respect to X, (say) will result in

1
8.
" @ T 'y ) Lo
(2) = \ dx, [ A 1(m oy () + 0. (x)) 2z noqy (myx:y )= + ‘)1(31)]
[

where A 12 /‘?‘l’ ‘)1 ars coofficients which do not depend on pl(xl} or the
q (n,x ).

The problem may now be formulated as maximizing u of (2) with respzct
to the (measurable) functions pl(xl), ql(n,xl), n=l, ..., 8; on the inter-

val 0 % x, =1 subject to the conatraints
0 :pl(xl) 0 :ql(n,:tl)
Bl + £ qlnx) =1 .

In order to maximize the integral (2}, the following choices are necessary,

except on & set of X of measure zerc. On ths sets ol % where both coeffi-



clents )& 1(:&) and/ul(xl) are negative, keep pl(xl) and all ql(n,xl) zerc,
on the sets of Y wheres one of the coefficisnts is positive, shi’t all ths
available welght (1) into the term whoss cosfficient is the largest of the

nubers A o (x), 4, (x)), 2 /u.l(xg, v B (3), dees, Max( Dy (x),ae ) (x))).

To smnmarlze

Table 1
Ir Choose
Aylxy) | oaspty(x) px) | ayx) nea | gla,x)
<0 | 0
40 0 0
= « Q Arpitrary
% 0 < Aylx) 1 0 0
>0 = (%) £ 0 1-p
where 0% P 1
< a:/l'l » D 0 0 1

Since the functions Al(xl) and a- s (x,) are continuous, the sets

: o 1, (2%, ) = finite unions of intervals.
Enl.pl(xl) C},{ﬁql(ale E}are inite unions of intervals

We mar fix therefore arbitrarily the values of pl(xl), ql(a,x.l) at the
boundaries of these sets and obtain thc simplified schema:

pl(xj.) - LO if ?sl(xl) = Max{0, ao A (xl)]

otherwise.

a (a,x)) .[ if ao A (%) > Hax(0, A 1(x,)]
0

otherwise

Cil(nsxl) e 0 n<a,
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It is seen that the coefficient ql(xl) is irrelevant for the determinatiom
of the pl(xl) R ql(n,xl), The last equation states that commitments are made
for the maximunm amount or net at all, a fact that must be attributed to the
linearity of this model.

7. By differentiation with respect to x of

1
Al(xl) - X dx_,_{ixl * Xy ~gy(a,x,) a + (1 - Pz("z)) (d = b max(xl
[+ ]

*xa-l, OEI}

1
A(x) = j dx, (1 - py(x,)) (%) + x, = 1)

[¢}

and

under the integral, it is easily found ’chat/()l is a linear function with

a4 nonnegative slope coefficient of X and that All is a convex function of ).
The convex curve y = /\\l(xl) intersects the two lines y = a-/&l(xl)

and y = 0 in at most two points each. Since these are the points that sepa-

rate the subsets of the unit interval that correspond to different reactions,

thare exists a solution which contains 5 or fewer such subsets. The following

may be said about the order of these intervals. Since/(xal(xl) has a non-

negative slope it follows that the interval "do nothing" must be to the left

of the interval “commit." The solutions are therefore all to be found amag

th> subsequences of the sequence phone, do nothing, phone, comnit, phons.

This result is valid with respect to both partners.

8. FPurther studies have been made to ascertain for each partner the lengths
and positﬁ.ms of the (at most) five intervals which must obey the sequence
Just stat,'ed., lThis work ivas dane by Waterman, Faxen, Herstein and Beckmann
at the Cowles Commission and by Professor Dvoretzky of the University of

Jerusalem as a consultent of the Cowles Commission. The following definitive



-8 -

results have been obtained by Messrs. Kiefer and Orey of Cornell University,
subject to the assumption that the lengths of corresponding intervals bas tho
ssme for both parters (Dvoretsky has shom that thie symuetry with resacct
to lengths implies also symmetry with respect to the separation points),

Assume that the limit for joint comuitments is twice that for individual
commitments of each partner

b= 2a

and deﬁote the cost of communication per unit of commitment by % = é or
cw % - Ths solution of Kiefer and Orey can then be describedas follows.
For given ¢ 2 0 thers are two alternative rules of behavior, the sams to
be chosen for sach partner, however,

1. Alternative {Figure 1)

if o= Xy £ £(c) do nothing
f(e) b x, - glc) phone
gle) & Xy N 1 conmit for amount a

2, Alternative

1f 0%x =1 - gc) do notiing
1 ~ gle) : x, 1 - £(c) phone
1« £(e) = Xy - 1 comuit for amount a.

Here f£(c), g(c) denote the following functions

& & g3
] for OQ=¢asg
fle) =
(o) % < o

where ¢ is defined as § 8",
_ a being the solution of
2ah+13933—201632+25923-8614-0

which satisfies & < a* <1
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arwvalueof%ﬁ'gfl for ¢ = O
gle) = 4 %-g--%JcE-*Bc for 0 < ¢S "
%‘- for ¢ < ¢
~—

Tae parabolic section of g(c) touches the axis ¢ = 0 at its apex.

The two altermative solutions are in a certain symmetry relation:
either may be obtained from the other by replacing the first functiocn
(f‘(c), 1 - gle)) by the difference of 1 and the second function
(1~ g(e), £(e)).

A remarkable property of this solution is that it requires, for each
given cost of communication, only 2 intervals of response % observation
Xy In cother words phoning i‘igures as a substitute for ons of the other
actions. 7This is plausible in view of the simple (linear) character of
our profit function and because for largs enough ¢ the solution must con-
gist of two intervals "do nothing" and "commit." Note that all of the
possible paiterns represent subsequences of the sequence "do nothing,

phone, commit,

An interesting feature is the discoptinuity with resp:et to ¢ of the
interval lengths in Figure 1. This is indicative of the fact that the
solution represents a boundary moximum rather than an Interior mximum,

-which would depend on lts parameters in a cantinuous fashion.

It is not difficult to show that of all patterns consisting of two
intervals for each given ¢, including asymmetric ones, the Orey-Kiefer solution
is optimal. First note that for large ¢ the optimal pattern must certainly
be of this form. Next that for sufficiently small ¢ the only caseswhich need

be investigated are those whers at least one of the two partners must be assigned a



phoning interval. This reduces the number of posalble configurations to
66 = 202 « 32 ones of which }i are symmetric in the sense of having tre
same intervals (if not interval lengths) in the same order for each pariner.
Of these L, 2 6orrespond to the Kiefer-Orey solution, which is obtained by
simple maximization given the pattemn. The remaining two symmetric patberns
Qs P3 9, P and pyn; pyn are easily shown to be inferior. The remaining
28 configurations, which by interchanging the partners are reduced to 1l
patterns, can be eliminated with little trouble, same of these by Just
looking at them. This establishes the optimality of the cited solution
with respect to all 2-interval patterns,

Tt seems that the conditions which will produce 3 snd more intervals
in & solution are as yet but insufficienitly understood.

In conclusion i would like tc say that this model is of course much

too simplified to be useful for immediate application. But it may suggest

- the lines along which one has to proceed in order to obtain practiall y

rSfbe

significant conclusions.
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