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1. The problem of optimal assigment of persomnel to jobs [ Thorndike] or
(in a slightly generaliged 1r-era{;i.on) of plants to locatiorsmey be stated as
follows. Odven are n persons and n jobs (m plants and 1 loeations,
m £ n) and & set of mmbers .gij representing the score of person 1 in
Job J (profit of plant i at location jJ). The number gy 1is essumed
to be@mntyof the way in which individusls (plants) other than i
are assigned to jobs (locatd.bns) other than J. What ie the assigmment of
- people to jobs (plants to location) that maximizes the total score (profis)?

While nothing in thls formilation requires the gﬁ to be non-negative,
any sdlut.ion for a given giJ”' is also, as remaried by von Newmann, a |
solution for giw defined by -

elly =813+ Vg

Without loss of generalitywa can therefore assume that the a“ are non-negative,

* Research undertaken under contract betwsen the Cowles Commission for Research
in Economios and the RAND Corporation,

This paper supersedea Sconcmica 20k and 204LA which contained. errors.

» In terms of locational anslysie such independence of plant income fram the
iocations of other plants means that transportation coste of shipment of inter-
mediate commoditles among plants ars nsglected, DMMfferences of profit of a
given plant as between different locations arise from the proximity to localiged
materiel deposlts,to market sites,and to locatiomsof sconomical labor supply.

{ Weber]
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2
let P bean nxn pernmtationmatr:b(;/ G the nxn matrix of the 83
with zeros, in all rows m+ 1, ... n, if any. We have

Problem 1: Find Max ‘race (;c:_;a),"..'
—= o |

(or, wriiten individually, Max £ g P ),
fmj 1,3 13 4

where gij ;‘0.

For easy reference this problem will be denoted as the linear assigmment problem.

2. The linear assignment problem can be treated as an activity ana]gﬂla problem,
as is seen bys

Lemma 1s The linear assignment problem is equivalent to the following

Problem 2: Find Max T  g,,X,:, . where g4 2 O,

_— g & 13%13e - VOeTe 845

subject %o the constraints

T
L x e
313'1
2 x
1’_15: 1

Proofs have been given in [ von Neumann], and by Dantsig in an unpublished
memorandum to Koopmans. The equivalence is stated also in [Votaw and Orden].

2. A matrix P-[pi ] obtained from the unit matrix I by a permutation of its

columns. More ;reciselys let 7 be the permutation of integers 1 to integers
7 (1), Ten P 1is the matrix [pyy] = [dymy)] , where o, denctes the

Kroneoker d.alta. Premiltiplication by P! of a matrix permutes the rows of this
matrix hy the permutation T :

B P g " f ";cﬂ'(i) g © "tﬂé)-“m;)j

Similarly, postmultiplicstion by P '_permtas the colums ¢of a matrix by the
permntation I,
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The underlying mathematical fact is that the permutation matrices are extreme
points of the gonvex polygon in the sgace of the xi ‘_],_. defined by the inequali-
ties in problem 2, whereas any other extreme points (obtained from the permu-
tation matrices by replacing some ones by zercs) can give no higher values of
the maxiwmand whenevor By ;.0.

Now problem 2 ia a linear activity analysis problem (treating persons or
plants and Jobe or localities as perfectly divisible instead of indivisible),
From the afficiency price thearem [5.4.1, Koopnans) (applied with y = 28y %y,
as the‘only final commodity outflow, the variables z5= -~ X, . and w ""'fxij

| oy
as inflows of primary commodities,ond the variables X, 3 as flows of intermediate
comodities) we .oonclude' the existence of non~negative parameters A T /43, \)ij
such that |

{0) -}. */"d“\) with '\)j-'-o 11'55”}0,

where 5‘:’1 3 reprasent.sa solution %, 3 of Problem 2, On the other hand it follows
from Lenmn 1 that xi;j is (or at any rate can be chosen as) a permutation matrix
(tha-t. is, in agreement with the actual indivisibility of person or plants and
| §_ . where &  is the Kronecker deltd 1
Jobs or locat?op.sl 113 T where 1 i onecker delta and 'Tf( )
denotes the imdex cbtained by applying the permutation 7 to i (Cf. footnote p. 2)e
Hence if J 1is sny index denoting a location
i + for "V ra)

Incidentallj, it follows from the duality theorem [Danteig; Gale, Kuhn and

Tucker ] that )& /ka is the solution of

L) -A...
A (5 R

subject to



B3 & Mt A

0 &N

0 s /uj.
These statements may be summarized in the following
Lemma 2 |

Ist P = [d TI‘ ) .1] be a solution of the linear assignment problem. Then

r = is the solution of
%3" Sy

wn' m (Ox ' Q-A o.o - ")
xi;]:o, Aj,‘o’/"jgo 4’ 130eser Ny /uj

i

where (i)! bA gijxij.-ri )‘i (1-'-§xij)
+ ?}J /3(1-:21‘-2:13)

= 1;120 Pci;bm:;adzo d? ) Aimlfaj‘fo *inz:go CP
The sufficisncy of condition (1) mst ve understoodas being subject to the
constraint that each plant has to be combined with scme location,
'3. Equation (1) has an interesting economic interpretation, Assume that rents
| j,- and p, are leviéd on locations j and plantsi, respeotively. A set of these

rent.s £ » P; shall be callad a set of efficiensy rents if it has these ' properties:
1) For aaoh plant i, incm gi.‘! - L after rent on location is maximised (among
all 1ocat.iom 3) at the locstion j = Tr(i) which is assigned to the plant by

the soclution of the optirmm assigrment problem.
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(2) For each location J, incams By = Py after rent . on plant 1is maximized
(among all plamts i) by that plant (3 such that T (i) = j) which is assigned
tc this location by the solution of the optimum assignment pr&:lém. 3) For
~ each combimation of & plant i and a location j, income 8y = Py = L.’l after
rent on both plant and location 1s at most zero, and equals zero if the cocmbination
(1,3) occurs in the optimal assigment j = T(1).

Equation (1) asserts that there exlsts @ set of efficiency rents, that

Py = A,

£ =/
constitutes such a set of efficiency remts, and that p, + £ 4 exhausts the
maximal income Byt This imputation of profits to locations and plants is,
however, not necessarily unique. Ecen if there iz only one solution to problem 2,
the rents /“;] are not gensraily determined in that they are free to vary over a range
set by the mmerically nearest assigmments, That is to say if ?\i, /‘1.3 is a set
of efficiency rents, so is

&%
Ai- ﬁfé'i' ﬁi
&

A3 L

where & is unrestricted 2s to sisn or magnitude, where £ is the permutation

(@)

<1 »
T~ inverse to T ,(i = /(i) whenever j = (1)) and where the Ei are restricted

by the inequalities in (1),

(3) By s NP p s Nt G Ep tortf o)
or, from (0),
(k) Epy ™ & § Vuy for 14 P

The nunber ¢ represents a uniform transfer of rent income from lecations to plants,
Its indeterminacy indicates that our problem does not imply anthing about absolute

rent levels on plants and locations, but only restricts to some



-b -

extent rent differences between the several plants on the one hand, and between

locations on the other, The meaning of these restrictions is shown by (L)

to be that any redistribution of rents among plants, accompanied by & compen-
sating redistribution of rents among their partner locations in the optimum
assigment -, is permissible as long as no non-opﬁ.—mai plant~location combination
would thereby be made to render a positive net revenue.

On the other band, the equations (2) exhaust all transformations of the
rents o 3 assoclated with a given opt.imal assigmment 7 , which cone
serve the optimaliw conditions (1), The linﬂ.ted indatemﬁ.naciee found for
the Gi are connected with the fact that plants and locations occur in our
problem as indivisible entities.

Efficiency rents can be used to achieve a decentralizaticn of the assignment
decisions, in the ﬂollbwing wayo

Since the net income of each plant is maximized at that locatlon that is
assigned %o the plant by ‘& solution of the linear assigmment problem, no
entreprensur can benefit from a locational change out of the optimum assigmuent.
Conversely, sinoe the condition (1) is suffid.ent for -a aol.uﬁ.on of the assigne
ment probl.em, evn::r canbination of plants and locations in which plant’ find
its ~ income. ma:imi.sed represents g solution of the optimum aszignment problem.
The reward of & maximal income at the (socially) optimsl locationm or rather the
penslty of a negative net income at all non-optimel locations, 1s therefore a
" uffiolent meang for maintaining in existence an assigment of plants to location
which represents a solution of the linear secigumnt problem.

L. von Neumsnn has shown that the personnel ;sﬂ.gmant problen is equivalent
to the following game. Let there be nx n double indexsd cells, say flelds



in a square matrix. Player I hides in one cell. Player Il‘attempts to Pfind"
I by gueséing eifher of the indices of the cell in which ﬁlgyer I has hidden,
announcing which kind of index (row or column) he is gusssing. The payoff to
player II is 1/g;4 if the cell {&yj) in which I is found is in the row or
column specified and zero otherwise, The optimal strate'gie_a are then for
playaf I to hide in cell ij with probability .J'?r( 1)3 and for player II to
guess row 1 or column J with probabilities proportional te ?\ and /u;j
Here the :\ /u are subject to the constraints imposed by equation (1) and
by the non-negativity eondition )a z0 /M- > 0. (Non-negatw:.ty was seen

to be irrelevant for ef:iciency rents, but is :meortant here.) To the extent

that 5 i\):if and 7 }\/“:‘j T are indeterminats, so is the optimal
$ MU 1 37
strategy of player II.

5. We shall now state a problem that arises as a natural generalization of the
linear locational assigmment problem. Let there be r plants and m locations,
n % r; and let a set of non-negative numbers a g represent the commodity flows

th plant to the J&t’h plant, and a sat of positive

(in weight units) from the k
numbers byjs 1 F J, the ‘cost of transportation for the wnit flow from location 4

to location J. Assume that the a, ¢ are independent of the locations assigned,

and that the transport costs bi 3 are independent of the amounts apd compositions
of all flows,

Let there be a third set of mon-negative mumbers c,, demoting the gross
revenue of Dlant k. a_t locgtion i before rent and tramsportation costs for inter
mediate commoditiss (those obtained from or suﬁplied to other plants). What is
the assigmment of plamts to locations which maximizes the sum of &ll gross
revenues less total cost.of transportation among plants? This problem will be
.referred to as the quadratic assigrmant problem.
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As a special case suppose that n = r, Ciy ¥ 0 and that flows from the
18h slant all go to the k + 1% plant, those from the n™® plant flowing back
to the first plant, and that these flows are &ll equal, In this case we h;we
the familiar travelling saleswan problem [Robinson].

The 'quadratic assignment problem may also be 'stated, with a graiﬁ of salt, in
terms of personnel placement in teams. let there be n personsand n joba, and
let b, 4 be an index of "oompatibility" of persons i and j and 8, #the amount, of
collaboration, suitably measured, that is required between the k' and £ job,
and let ¢, be the score of person k in the yth ‘job. What is the assigﬁmnt of
pecple to jobs that will maximize the performance of' the team?

A mathematical formulation is obtvained a8 follows. Let r + 1,... & denote

"qummy plants" at which no flows originate or terminate, 8,94 ™ ¢ 8, 5% 6]

8 1" ,,_.akr-o. I.etAbe‘bhenxnmatrixofakz,Bbethenxnma.trizof

bi.;)’ putting by = 0. Fimlly, let C be the n x n matrix of cy,. Dencte by P a
n x n permutation matrix (cf, footnote 2).
Problem 3  Find Max trace (CP - A'P'BP),
P
The cage of the travelling salesman problem is obtainsd when € = O and A is
0. ©
itself a permutation matrix of the form ek
: 0 .1

0 .

-

Q
1 O
6. If transportation costs are independent of the direction, b, 5" b 512 both .
matrices A and B can be sssumed symmetric and a statement of the problem be made
which brings out more clearly its quadratic nature. ILet e, f be real mmbers. Then
tr {(A +eI)'P' (B « £I)P } | '
-t { (A'P'BP) + eP'BP + £4'P'P + up'r}
- tr{A'PIBF) + e tr (BPP') + £ tr (A'P'P) + of tr (P'P)

= to{A'P'BP) + e tr B+ f tr A +of tr X

Hence the solution to cur problem is not changed if we replace A and B by new matrices.
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[43

: N
A=A vrel B=B +fl
By choocsing e and f large and positive we canmske both A and B positive

definite. Since A and B are symmetric there exist then symmetric positive

definite square roots

*~ N
A = EE = LT B = FF = FIF
Now tr(R'P'BP) = tr (EE'PIF'FP)

= tr (E'P'F'FPE)
-t {(FPE)! (FPE)}
i .123?. (& Ty Pik %e,’z = norn (FPE)
The gquadratic assignment problem may then be written as
Problem l; Find a permutation matrix P such mt for a given nonvnegative r x r
matrix C and for oiven, symmetric, positive » x n matrices E, F

trace {CP) - norm (FPE)
is 2 maxirmm,
7. As in the case of the linear assigmment problem let us attempt to defins
efficiency rents, 5ince now the costs of transportaﬁion for intermediate
‘commodities enter explicitly it will be necessary also to introduce efficiency
prices on the locations of these commodities. Let the double index k.2 denote
the commodity (or apgregate of commodities) that is shipped fron plant k to £ .

Wwe shall usez notations

pk' for rent on plant k
£ for rent on location i
i .
. 2.4 for the price of commodity k£ at locgtion i.
’ .

Let o be an assignment of locations to plents 4 = 'c (k) that is, 0 1is

a permut.nt;ion .



Het rsvenue after rents and after charges and returns on intemediate

commodities of plant k at locetion i = g(k) is now

Cka(k) T P " o) T F g ,00i) LT Yek,0(n) 2k
Wq now consider the question whether the 'Zi and P, can bé regarded as afficiency
~ rents énd the q 4,158 efficiency prices, Our definition of efficiency pi-'ices
(po L) would require that, for any assigment i = o(k),

() o) = P = Loty * § % 4,000 %™ Lok,0te) o) 3 O

'k = 1,400 0, and that the "% sign holds for all k 1f ¢ = 7, where 7] is the
permitation which represents a solution of the aseignment problem. The notion
of an efficiency price on a commodity location iuplles that -

(6) UGg,g= %L, ghij I_Csﬂsiaﬁ = l0e0n
and that the "=" gign holds if there is a positive flow of the cdmdity k
from 1 to J. |

Presently we show that with these properties the efficiency rents end
efficlency prices P2 .Zi, Q 2,1 satisfy tha requirements for efficiency pricss
on the primary and intermediate commoditiss of a certain linear activity analysis
problen.

Dencte by xki the 1eval of the "sctivityv: oombinins plant k with the
location i, end by x_ L 1y the *activity leval" of flows of commdity k£ from
i to j. For the moment we diaregard t.he fact that, becanse of the indivisibility
of pla.nta, each - is either O or 1, and each xkﬂ»,:lj oither O or By g Yo
defing a final commodity flow (net ravanue)

Yo *f1 Ot T " uds L,u Ly
and intermodiate commodity flows '
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- - - +a X
Mo ,1t § (e g 415 "u,ji) ke M T ke T s
Jehe ;
and impose following availability constraints on primary and intermediate

commodities - 7
& | >
Viilng 3L T fra st L Yie,n R0

Then it can be shown in straight. forrard manner that the Py s A 12 Y 2,i
are the efficiency prices associated with the primary commoditiss of which the
flow is measured by Yi» 7y end the intermediate commodities measured’by Ve £,1
respectively.

Now it is easy to see from examples that the solution of this activity
analysis problem represents in general not aﬁ axtrezﬁe point of the s&L of
pogsibquki; that is'to say, the solutiorﬂ;;.ki; of this problenm are not in

general of the form X, = g (k)7 Where o s 2 permutation, For instance if

Cpy 21 then‘ the solution is easily found toobe y ‘
%y * 5 Ry 2,1 '{i{:} i i[.}J ky Lyis] = Liese

and therefore is not an extrome poir;tq Changes in the parameters Crys unless

Sy J ] witﬁ Ta permutation; will not reverse this occurrence of mixtures
of plants in each location ., once the indivigibility requiremsnt, (xn =0 orl)
.1s dropped. Now the conditions (5% (6) are sufficienct for a solution of the.
linear activity anﬁlysis problem just described. Hemce if there existed
efficlency rents and afficienc/y prices aaaoqiaud with a solution of the quadratic
assigmment problem, satisfying the requiremsnts (5), (6), this would imply that

T = S0t

18 2 solution of the asascciated linsar activity analysis problem, But this was
seen {0 be not true in the gemeral case., We conclude that in general no
efficiency prices satisfying (5) and (6) can be associated with the quadratic
locational assignment problem,
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