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1. Introduction. We shall consider the problem of an organization vhich

wishes to schedule the production of a given commodity x over T equal,
mccessi.w'pm'ods of time in such a way as (1) to meet initially imown
demands n,, B,, :..; Ny in these periods while (2) incurring the lowest
possible cost.

Denote by ::1 the production of the jth period, Any producticn plan
which meets eonéition (1) will be called feasible. The production plan
which satisfiss both oonditiones will bs called the optimal production plan

and will be denoted by Xy, Xp, +-os Xy

let h, denote begianing inventoriss and let by dsnote inventoriss at
the end of period k. The relation between hk.’ production and sales can
be expressed conveniently by the equation |

k
(1.1) h, =h + & ‘(xb- nt), k=1, 2, 0o, T.

tel
The requirement that production should be adequate to meet demand, i.e.,
that inventories should at all times be nomnegative, is what we call tha

inventory constraint. It 'is expressed by the conditions

k.
(102) hk- ho +t§1 (xb - t)i 0’ 7 k - 1, 2, coocy To

Fe shall assume that producticn is planned sv that the terminsl inventory

b'l‘ iz sero:



by
(1.3) hT = ho + tzl‘ (I.b - nt) = 0

that ie, s0 that the last of (1.2) is an equality.
An addlitional constraini to ba noted 1s that production canaui bz

negative:
(lnh) xk.?. 0 k-l, 2’ toay Tc
Finally, we assume throughout that
T
(105) h < E
0 4o “t.

since otherwise there is no problem of planning production,

Let C denote the t-ofal cost of carrying out any given prdduction plan.
We will regard C as consisting of the sum of the cost Gp of producing the
given program, the cost C a of'carrying the resulting inventories, and a
constant ¢ independent of the production schedule adopted.

We shall assume that‘cp iz symetric in tﬁe x's in such a way that
marginal cost in each period is the same » nonnegative, sirictly increasing,
differentiable function § of prbdncuon ﬁ: that period only, that is, that
>C, ' d F(x,)
ax, d x,

As for storage costs, we shall assuma that the cost of storing a unit

T
(1.6) c, -.f&'(x") where «Bx), t=1,2, ..., T

is proportional to the length of time during which it is stored, and we
will denote by o the cost of storing one unit for one period. If we make
the further assumption, which is reasonable as a convenient approximation,
that production and sales take place at an even rate within each period,
then the change in invemtories h, - b, , within each period k will itself

ocour at a constant rate and the average amount held for the period will be



L.

—e ", It follows that the t.otal ‘cost 9\1\‘ storage, taking (1.3) into

hk Py
11

wcount will be given by C =ot "2' ht The total cost C can -
t=1

therefore be expressed as
o~

T YR X
(1.7) €= I 2Ax) +x| 5+ Z by +o.
t=1 & tar
k

To simplify the nofpion, we shall put Nk - 2 n, in many of the forammulas
. t‘l i
to follow.

2. The Unconstrained Solution. Wo ghall begin by considering the soiution

of the problem when the conetraints (1.2) and (1.4) involving inequalities

are neglected. This solution, which we shall call the ™unconstrained
solution," can be obtaulned by equating to zero the derivatives of the

Lagrangean functions.
T-1 o h
- z E(xtw« Z z (x, = n)] + 5>

(2.1) c*

T
+ Alh, + tZI (x, =n)l+ec .

This yields the systiem of equations:

*
(2.2) -%—g:- ¢(’t) + A+ (T-t)ex = 0 t=1,2, cuay T
which imply
(2.3)  Blxy,q) = Blx,) +, t=l, 2, ooy T-1

or more generally,
(2.4) Blxy,y) = Blxy) + 3= 28 t+Js ™

Condition (2.4) has the following simple economic interpretation.
B(xy,;) is the cost of meking sn additionsl unit available in period
t + } by produeing it in this period. On the other hand, #(x.) + Jo



.l -

may be thought of as the cost of making an additional unit available in
period t + j by producing it in pe;riod t and storing it for j periods,
tina mm a storage cﬁﬂt Jot . If the right member of (2.4) wara
Less than the 'lert member, costs would be reduced by stepping up x, aud
reducing xt-r;] and vice versa. When the constraints are taken intoA ac-
count, the equations (2.4) are replaced by the conditions
(20)  Blxy,y) < Blxy) + gt .
The reason for this is that it is always possible to increase x, and de-
creasa.xt_._d correspondingly, the reverse, however, not being true. If
the right member exceeds the left member, it may still not be possible to
| decrease Xy s fér such: a decreasze might make it impossible %o meet demand
in the first t+j-1'periods. Thus (2.4') says that one econdition for mini-
mm costs 1s that the coet of producing one additional unit in any period
should be not larger than the cost of producing an extra unit in any
earlier period and carrying it over to the given period by storing it.
By means of equation (2.l) we can exhibit more explicitly the Mun-
constrained solution" of the problem. From (2.4) we have in fact,

(2.8)  x, = FBx) + (tL)ox ] tw2, 3, ..., 1
80 that substituting into (1.3) and rearrenging terms we obtain:

. T o
(2.6) t§1 ﬂ'l[ﬂ(xl) +(t1)r } = Ny - h.

Since the function @ is monotonic, the left member of (2.6) is itself a
nonotonic function of x, 80 that this equation will in genersl admit of
a single solution, say x, = f,;f (Here the superacript T refers to the
fact‘ that we are dealing with a T-period problem.) The unconstrained

solutions f,zoi‘o: the other x's are then cbtained by substitut ing g,;{



for x, in the equations (2.5). Clearly these formilas imply a gradually
risihg pattern of production which will be inconslstent with the constraints
ynless sales themselves exhibit a suitably rising pattern.

The rising pattern of the 52'5 can be axhidited explicitly if we
consider the simplest case of increasing marginal cost, namely when $({x)

is quadratic and therefore (x) is linear. Let us write in this case
|¢(x)'¢"z+¢oy ﬁ"o’

so that

fl(x) - xjj'_ﬁg :

Then equation (2.5) becomss

(2.5') =, = ‘1 (t-l) 71-
_The solution of (2 6) yields

N -h
gT 0 T=1 o

—T_ g T
whence, substituting £ for x, (2.81), we hava:

~h
e Rk ah AR

in which the rising pattern of the ét's is clear.

The unconstrained solution obtained from (2.5), (2.6) will represent
the optimsl program if and only if it happena o utisfy the ‘cnstraints
(1.2) and (1.4). Since this solution tmplias e 51, t=2,3 «.0, T,
conditions (1.4) will be satisfied if 51 > 0, which in turn can be stated

ast .

T .
(2.7 = £ g0) + (ta < H.-h.
(21 I FIKO © ()]s -,

FPor the oondiﬁana (1.2) to be satisfied by the unconstrained sclution,



we must further have

(2.8) I gT-§f-¢‘1[¢(;TJ*(t—1)o«]>N-h
tml S0 el 1 Tk e
K mly 2, reuy teon
The nature of the optimal solution when mot all of (2.7), {2.8) are,
satisfied will be indicated in the next ssction.

3. The Consirained Sclution. We shall now show that when the constraints

(2.7) and (2.8) are not all satisfied by the unconstrained solution

g g, £ g, ooy g;, the optimal. solution may be constructed as follows:
First of all, by ignoring successively Ry B 1s +e-s 88 far as is neces-
sary, we seek to determine an integer kl..*. 1, such that for the problen
consisting of the first k’l periods, the unconatrained solution, which we
shall designate by é%’kl, esoy éi;{kl, satisfies the constraints for the .
kl-period problem, whersas for each p such that T 2 p » kl, the uncon-
strained solution § :{, vees ;g for the first p periods does not satisfy
the constraints for the p-period problem. The i.ntgger k’l is unique if it
exists. If no such integer exists, then even g;‘_ *n, - h does not sat-
isfy the constraints for the problem defined by first period demand and
initial inventory h . That is, in this event £ < 0, hy > m, and we
shall put 0.

If we are tlmsledtoputil = 0, then we determine in the same
fashion in how many additional periods the production shall be zerov. We
use in the cass of x, the demands of the last T-1 periods and an initial
inventory of ho -0y, ete, Continuj.ng in this manner, suppose we find

that
xi-x.zno..-xkomo,

but that x, ,, should not be planned as O. It is clear that if
(o]



In the process of determining ko’ we determine incidentally the

integer k.L for the pmblem of the last T - ko periods with initial in-

ventory ho - Nko.

After having determined ko and k'.l.’ we treat the problem defined by

the demands of the remaining T - k, ~ I periods, with initial inventory

zero, in exactly the same mgnner, &temining next the uniqug inzteger k2 2.k
T -k, -k 2k, 21 such that the uneonstrained solution £, % o £ K, 2
of the problem of the first l:2 of the remaining perlods satisfies the con-
straints for these periods, whereas the unconstrained solution { g, ceuy {;g
for the g-period problem starting with pericd k 0 * kl + 1 does not satisfy
the constraints if g > k.z

Continuing thus, 'l'm‘ obtain a finite sequence of integers ko, kl, kz, ,..,,kp
such that

afo ER

and a corresponding, feasible production plan, consisting of p + 1 blocks

of perlods:

1,
(3.1) xlixz-...-xko-o, xkoﬂ"_é e

1 2 e xko”"l é kl

2,1:2 §

Xko*lﬁ_'_'l - 5-1 3 oy x.l<°+k]-+k2 - ékz g ovoy IT -

2,k2 i,kp
D
which, as we shall show, 1s the optimal pla.n. Here the first superscript
j on g3 N k3 designates the block of which this prodiction figire is a



member and the second superscript k 3 denotes the mumber of periodas in the
block. The subscript i has the usual meaning in esch block.

first of all, no reallocation purely within the block of zere:
feasible, and any feasible reallocation of production within the biccks of
kJ.’ kz, Tseey kp periods would increase costs since the block plans are ir-m
ternally optimal by construction. A reallocation calling for a net decrease
in production in any earlier block or blocks, to be offset by increascd
production later, is not faasi]ﬁle Bince total production in each bloc!: is
either zero (in the opening block) or is designed to meet the total dumand
of that block exactly. It therefore remains only to show that costs are
increased by increasing pro@c‘bion in earlier blocks in order te reduce
production in later blocks.: —

To shox this, we note first that if we have a k-period problem con-
tained, with respect to time, in & p-period problem, and if fél: and 5%

refer to the same period, then from
HED) = ED) +
and
B e mBED + 2

wo have
BER) ~BES)=HED -85, teo,1, .,k

Hence, in view of the monotonic character of f, we must have one of the

following situations:

(392‘) %g'.,. > é:‘l, t - O’ 19 cooy k—l
or A
(3°2b) g’; z*’ - é:"’l, t & 0, 1’ vceay k"'l



or finally
. ek .
{3.2e) & hes € £ tays b= 0,01, e, kT
Sacondly, from relationships of the type
BOLE = BED + (1)

we note that if it mgxfeases costs te carry inventory from the first period
of one block (other than the zero block) to the first period of the next,
then it also mcrqases costs to carry inventory from any period of the
first mentioned block to any period of the next.

We alhall beg:ln by demonstrating that

(3.3) ¢<gl )+k1—<>¢(glk"’ .-

bk g
s svoy § k1+k2

does not satisfy the constraints of the problem for the kl + k2 periods

By the definition of kl’ the unconstrained solution

starting with period ko. + 1, Hence, we must have for some integer, p,

ko Ktk o
.1$pék1+k2-l,aninequa11tygl + oo + p 2 rko—hob
Loky 1,k
Suppose p <« k, . Then + eeo 2N = h , and hance we
P k » 8y 5p Pk T o
have £ ( gt"& ékl l‘2) > 0 so that from (3.2) we conclude that in
tml
fact
o+
(3.4a) £ {,kl % t=l,2 .k
Then, since
T el kl*kzé“f“z ] .
TR ] AL

we conclude that



T

8o that we hau, again with the aid of (3.2),

. . +, X
(3.4b) §= §:}k:2 t=l, 2 ..,k
Ity > k.l.’ 8 similar computation yields the same conclusions, so that
(3.ha,b) hold in either case. Then

ARG S
oo that

KE D v > KEL D) o -m;:‘lfl‘?)» K 5.

&5 was required.
Similar n'uoning shows that
J*l,k 41,

’(31 )"ko‘)ﬂ(sl ),. 3.1323 uco,p‘l,
which enables dl t> conclude quite generally that |
. Jerel,k
# 51 h (g gy + ooe » Ky ) > H(E e

mthathtmtitiucﬁmncoatotoprodueoinmperiodof any block,
except possibly in ths zero block, for the purpose of meeting demand in
ary period of any later block.

Finally, in view of Irhnt precedes, to show that a rea}location calling
for positive prodaction' anywhere in the block ol zero productiona will in-
crease coato,“; 4t will suffice to show that '

. , 1,
BO) +o > B E) D).
In the (ky+1)-period problem defined by the initial fnvemtory by - N _,
. . [+
and the. W_nko? nko.._l, evoy nko*kl’ the unconstrainod solution does
not satisfy the constraints, by hypothesis. Hence we have for ths uncon-
strained solution of this problem |



41 k+l i+l
5:1 ‘é:‘" coe ékl**linl:u-'-kl'h

wt for some p ¢ ky,

gl k4l kl A
é l ‘ g 2 + @00 uk +p o(;

On the other hand in the IL_L-bariad problem with initial inventory i ~ N_
D

and demands nkoﬂ" soay nko*l the unconstrained soluticn does satisiy the

constraints, by hypothesis. Hence we have for this problex

5i’k1+“.,+§ klwllkﬂ‘l

and, for the same p as above;

Xk 1,k
51 * coa * sp 2Hk°+p—ho o

From thase relations we can conclude, in a manner similar to that used

earlier, that
+1
:ﬁl >§ Q=1 2, ooy
and that 0 > 5"1+1 .

¥rom ithese last two results we have then
+ 1,
plo) +ot > ¢(§1 )*‘* ﬂ(f,kl ) > K élkl)
and the fact that the stated plan is optimal is now completely proved.

L. Application to the Two and Three Period Problems. We discuss the tmwo
and thres--period problems by way of illustrating Section 3.
In the two-period case, the solutions may be detailed as follows:

(4o1) 31 _51, ga-ﬁ ~ b "51’ if gl m(n ~h, Q)



v 1'2 A

o “ " 2
(4e2) % »aax (o - h, 0), x, = N, -h ~%¥,if §1< max (my = b, 0).
In this case, etjugtion (2.6) reduces to the form
(hlGB) ¢(zl) X - ﬁ(Nz - hﬂ - xl}s
the condition that 5% be nonnegative becomes
(bok) BN, - h)> §0) +=,
wiile the condition that gf be not less than n, - h_ reduces to
{hos)  Bny) 2 H(my = h) +o

It is interesting to exhibit these conditions graphically:

Bny) 2 Blny = h ) + A ;raﬁd only if §2 20 - h

ﬂ5(N2 - ho) > #(0) +‘af | if and only if gf 20



In the three-period case, the various solutions may be classified as
Tollows:
f: 3 .

x = &7 11,23

.

(4.6) .
4 J;flm(%‘hor o)

l% i * 5;3‘2 m +n,-h .
N

If these conatraints are not both satisfied, we look at the probles of

the first two periods. The solution is, it g,f 2> max (nl. - ho’ 0);

(2 2. (1,2
n=6;=%]
(4.7) R '{2. ‘;2: ;.2
10 .
Tr =1 ng"’
ki RiE!

and finally, 11’5%(“: (nl-ho, 0), we have

F:l-max(nl-ho, 0)
(48) %=1,
'53'12

where il and .'_f 2 glve the optimal soiuntion to the two-period problem re-

maining after xl is fizxed. The solutdon {4.8) may be further detailed, if
desired, due consideration being given to the fact that we have

Oﬁhocnl, nlehot.ﬁz, or 82 ht-!l3

5. The Case of No Storage Costs. In this case, equations (2.5) and (2.6)
become roqpectﬁely

xt-ﬁ_ t'-'z’ 39 olo,T
'hl " Nt_ -'lh°



- 1 -

sc that the unconstrained solution of the problem is

- - h
(5.1) x, = ""'E“" t =1,

24

aaay oL

Thus ths unconstrained solution calls for production at an even rute

throughout the horizon, the fluctuations in sales being absorbed by the

accumulation or reduction of inventories. This jproduction plan satisfies

the constraint (1.3) and because of (1.5) it aldo satisfies the constrzints

(1.4). Hence, if it satisfies the conditions (1.2) it will actuzlly repre-

sent the optimsl plan.

A simple circumstance in which conditions {(1.2) are satisfied is ihat

in which

N K
L T

(5 2) _k_k_ 5: .T) i k » 1’

that is, in which the terminal salss average is maximal.

in fact

N -h N, -h
k [+ < T " 0 , k=1,

so that using (5.1) we have
(N )

hk - h + 2 x, - N - h + k "'"ir"'“ H > h +k =————

2, voeey 1’

Vie have then,

2, ﬂou,T

{ Nk

-~ h )

K

2]

- N

k‘l’ 2, w0y r!l’"'l

ke

=O‘

and the constraints are indeed satisfied. A special case of this is the

case of nondecreasing sales:

Dy £ By L one & Do

In case the constrainis (1.2) are not all satisfied by (5.1), then

the process of Section 3 leads to the determination of a unique integer

kl,1$ k, €T -1, such that



B N -b

> T if"l‘ek';kl,
N
a second integer k, such that

N -

- 3—5—-E—NH itls k<k,

By, Ny |

k, = N :

>Nk1 n ! IT-k k> kK,

and o on. Suppose as in Section 3 there are p such integers altogether,

P .
with Z k;) = T, The optimal solution is then

~ ot o~ Nkl - ho

‘1"2“'"""5' &

(5.4) e e - e e rm e .. -
2 = -.J -.NT-. *‘.."kp-l |
:k.l.*'”*kp-l“.l Xp kp

N—-

An instructive -pecigl case of this is the case in whlichr sales are
nonincreasing:
| nl’:-nzz voo z oy

Here k, = k3 ® oo = kp = 1 and the optimal production plan is

i

-~ h .
~ . -0 od

(5’5).. .;1 -‘iz " . = xﬁ - "T » zt '.I'lt, t = kl"'l’ ceogy T,

¥hen L = O, this reduces to |

(5.6)  xg *my, | b=y 2 coos T



It should be noted that in (5.3) we have actually determined k, so that

o 'y

2 whereas s
By -1 “kl+1‘ K s

that is, we have used ho to smooth producticn so far as possible. Since
there are no costs %o storage, we will never have an initial bHlocit of

pericds in which the production is. zero.

It is also interesting to note that the solution in the case ¢f 29

gtorage costs is independent of the exact form of the cost function }Z

6. An Operaticnal Procedure. The preceding solution is & backward-looking

cne, 8o to speak, starting as it does at the horlzon and working towards
the present until at least a part of the solution has been datermined. We
may transform it into the following, forward-looking procedure which has
significant implications for the plamning process.

In the first period, production must be at least max (nl - ho"‘ 0},
which we designate by .gi » Production will need to be scheduled at a
higher level only if it pays to store for a later period or perioeds. rfor
example, it will not pay to increass first periocd production over the nini-
mum, for the purpose of meeting éacond period demands, unless 3&'2 exceads a
laevel _f % defined by

1 1
(6.1)  #( I3 =g Lp) vt

In general, if 1] 1s not optinal, but is to be increased to take care of

demands in period k, then ik mast exceed the level jt defined by
(6.2) HIE LD =KL + (D)o
and furthsrmore, for every intervening period, we mmst have

6.3 % 2 ZL:, bw2, 3, ooy -1
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since if x, ¢ 'j i, it pays to increase X to the_ levelji before in-
creasing x, above the level *_f;%
Suppoese now that
k 1 :
(69’4) h°+t§1 it“ﬂkio kulg 2’ LN ) Tu.
1

1
3, ;'l - é {, where ¢ k¢ T. Next, from the monotonic character of g we

Then ¥ ;' as above defined is in fact "i'l, for 1f ;1 > ji, than by Section

have
Al S S Ctel,2 0.,k

ao that

k 1
(6.5) z >z 2t .

Prom (6.4) and (6.5) now follows

k £k- :
h + 2 - >0
o t-lgt “k

whereas the values g {, g:, vevy 5 E satisfy the constraint

k
b} gk-nk-o.

h +
© tu1 °

The contradiction shows that in fact ;1 = 3% o
If%—ﬁ, then we seek next to determine x, in the same manner,
using an initial inventory equal to max (ho =Dy, 0). The sequence of

zero productions of the solution described in Section 3 will be found

first of all by this process.
On the other hand, if condition (6.l4) falls to hold for the first

time at t = t.l,' i.e., if



- 18 =

-
_ kli
h + 2 - N >0 k <
5.6) 4 but
Cw
ho-rt.:Ji:gt-Nt«O
e
t
#e then compute'g :1, 5:1,..., gti', so that
(6.7 h_+ T 5t1—ﬂ = 0,
L !
From (6.6) and (6.7) and ﬁ‘om the monotonicity of ¢we have
1
S:I)It: t"l,?,'n“,tla
Hence we have also
‘ _ k'{t]‘_
‘ - > = -
(6.8) h°+t§1-""'; _ gk. 0 k=1, 2, coop $-1

8o that, since (6.7) and (6.8) are satisfied, for the problem of the first
t, periods, 5:1, ceuy 5:11 is the optimal plan,

Reasoning now as a.boie, we see that this solution is optimal also for
the first t‘l periods in the T-period problem unless conditions indicate
positive inventories should bes held at poiat .*‘1‘ This will not be the case
unless I, exceeds the level 3 :1 defined by

| .
6.9)  BEDH =BT M+ (elat

rorsomek>t1andalso, roralltsuchthattlc.tck,

RS
(6100 % 27X L.
Hence if
k |
(6.11) s j:l SRLN ket +1, .., T



t
than é.:l, 5:", suey éti is optimal for the first tl pericds in the T-
paeriod problem, the opposite assumption leading to a contradiction jus'.
as befora,

Proceeding in this manner, we eventuaily determine an integer kl « T

guch that g.:l, 5.:1, caoy g 2’ is optimal for the first k.l periods in the

T-period problem. This kl 1s precisely the kl of our original solubtion,

as is not difficult to show.

After ﬂnding. k.L’ we can handle by the same method the remaining T—-kl
period problem, with initial inventory zerc and demands "k1+1’ ”k1+2’ -ocs Do
Continuing thus, we can dstermine the entire sequence of k's.

7. Bconomic Implications. Of first importance in the solutions to the
problem given in preceding sections is the fact that the optimal plan for
the entire problem may break up into a sequence of plans optimal for
certain blocks of periods. Furthermore, the plan for any one block of
.perioda finally depends only on the expected demands in that block of
periods. In particular, the optimal production plan for the first period
will depend only on ma for the first t‘l periods and, unless demand has
a sufficiently rising pattern, t, will tend to be small. Thus the optimal
’production plan can be arrived at without solving the problem for psriocds
later than % . The problem lfor later periods nesd not be solved until the
first 4 periods have elapsed, and it is only at this point that precise
knowledge of demands in periods later than tl is required. It 1s true
that in order to deternine t, we mst have sams lmowledge of demand for
periods later than 1'.1; but we do not need any more information than is |
necessary to establish that condition (6.11) holds.

An important illustration of the preceding remarks is the case in



w 20

which demand 'euchibi.ts‘ a sysfematic and marked wave-like patisrn as a result
ci_f seasonal fluctuations. Let ﬁs supposs that the seasoﬁal ¢ycles wre
defined that f.he pexriods of heavy demand come at the end of sach syuwle und
are jmnediately followed by the periods of low demand of the next cycle.
Consider now t.he situation at the beginning oflsuch a cycle, and l=t 6 de-
note the last period of heavy demand which closés the first cycle. Because
of the forthcoming seasonal rise in sales, condition (6.h) is not 15ke?i.}r 1o
be satisfied. In fact, provided marg':lnai costs are sufficient-ly ndigh in
relation to storage costs, t‘l is not 1ikely to bs less than 6. In other
wbrdq; the optimum plan will tend to cover at least the entire first seasonal
cyels. At the same time, t, is not likely to exceed 6. In order for t

:1 roplaced by js
should fail to-hold.. Now period & will be followed by perlods of s easonally

to exceed © it is necessary that condition (6.11) with T

low sales for which the‘c@ditions just stated will necessarily hold.
Clearly therefore this condition could only fall once we reach the heavy
shipment part of the‘next cycle, say in the neighborhood of 28. However,
even here the condition can fall to hold omly if saleé in the entire second
cycle asre expected to exceed by a substantial mergin sales iIn the entire
first cycle. Just how much higher ihese later demands should be, depends
of course on storage costs and the nature of the marginal cost function.
In this connection 1t should be remembere'd that "storage" costs include
such factors as deterioration, shrinkage, obsolescence, and so on. A similar
reasoning suggests that it is even less likely that the plan will have to
be extended to include periods later than the end of the second season.

-We therefore reach the conclusion that the optimum plan is likely to

axtend over the entire first seasonal cycle but at the same time is not
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libaly'to axtend beyond this cycie except in the presence of a i‘apidtly
rising overall trend. Furthermore, if it extends beyond the curren® i ile
this extenslion 1s likely to proceed by whole ecycles. We'may finziiy note
that %o the ext#nt that new information will make it necessary to re-pian
in the course of a seascnal cycle, the revised plan itself wiil tend to
extend to the balance of t.l;q givan cycle, (plus, only rerely, complete latey

cycles).



