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I The Setting of the Problem,

Tol Purposes In the last two years, as part of the ressarch program
on the Project ecn "Expectations and Business Fluctuations", we have conducted a
number of interviews with selected manufacturing firms for the purpose of ex—
ploring the nature, goals aﬁd methods of their forward planning and the relation
between anticipations and economic decisions, .In the course of these cagse studies
it was generally found that, at least prima facie, observed behaviour did not agree
with the behaviour suggested by much of the:axisting theory based on the assumption
of "rational behaviour", In the present note we intend to explore the rational
of certain aspects of the cbserved behaviour, To the extent that observed bew
haviour can be broadly‘reconciled with "rational behaviour", such an exploration

might suggest modifications or refinements of our existing thecries,

I.2 The Hicksian Theory of Entrepreneurial Planning and Cbserved

Behaviour,
We mey usefully start cut with & brief swmary of the essential features

of the analysis of plamning under certainty, as elaborated by such authors as Hicks,

Mosak and Langee
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At any given poin'b of time the firm is supposed to act so as to
achieve certain goals over a certalin span of time called the herizon, These
goals are agsumed to be the maximization of a certain funetion whose arguments
are the future history of scme or of all the varisbles with which the firm deals,
Lot us, for the seke of clarity, suppese that there are K such varisbles in
aevery one of the T peri.oda which compose the horizone The values of these K
variables in the tIR future interval will be denoted Wx, kzl, 2 eces Ke
These K variables will be i-*ef‘erred to as the components of the b-t’—h move, We
shall assune that the activity of the firm in the s period, or s meve, is
fully described by the value of these K variables,

The goal of the firm is then supposed to be the maximization of a
function

8] Gp (X1 oo e X oenXp oneXn)e
The function G=0:w:‘lll-b§ referred to hereafter for brevity as the Pay—off
Function as of the initial peink of time €, In the Hicksian approach, this
pay=off function reduces to the sum of* discounted net receipts over the horizon,

Nawy, to quote H:l;ci;s: in Value and Capltal (page 193), "The rdecisicn?

that confronts any marticular entrepreneur st any date"" (=eogeyour point 0) "may
be regarded as the establishment of a production plen" » ie8ey the determination
of the specific values of the KT variables which will maximize the pay—off
function, The firm, howswer, is not in a position to choose just any set of
values of these varigbles because these variables are themselves subject to
various types of conatiratnts which can be broadlyr classified as demand con-
straints, supply constraints, and transformation constraints,

In order to reach its "decision! the £irm must, therefore, have anti-
cipations as to the values of the pmramsters of the future constraints, We

ghall call these anticipatied valnes the "expected parameters" of future
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constraints, In the Hicksiin andlysis, the demand and supply constraints
degenerate into onswparamster constraints stating that the purchase or selling
price i'g equal to a cartgin constiint which is completely out of the firm's con—
trol or, as we shall say, fully determined by the "envircnment!, Thus, the
expected parameters of demand and supply constraints reduce to expected future
pricess This is, of course, a speoial cases In general, we may say that the
campenents of the pay~off funotion are subject to various kinds of constraints ’
the parameters of which are cutside the control of the firm, being determined,
elther by initial conditions (i.ee, by the history preceding 0, including the
values of Xy, for t E®0) ory by future moves of the environmente

The pﬁoblem of maximizing the pay-off function subject to these ex=
pected constraints can be logically rqduced to the problem of solving a system
of simultanecus equaticnse At point O the firm is supposed to solve this system
somehow, and to come up with a solution which will cersist of a specific value
for each of the KT variables of the pay-off functione These values, which we
will denote by %y have the property of yielding the greatest velue of the pay-
off function smong all velues that are "achisvible" in view of the constraints,
(There may,, of course, be more than one solutien,: but this may be ignored for
the moment,;as it is Irrelevent to ocur argﬂx‘nent.)"‘ The firm proceeds then to
implement this solution with respect to the K components of the first move, ises,
to set x‘lk""'%.k o> The remaining part of the solution or "decision®, Kipeo
t > 1, represents the plan for- future operationse*

Thus, ,at’ point @:the firm is supposed ‘to reach a "decision" not anly
with respect to its first mové 5:but also with respect to every component of
every future move over the horizonj although, rof -all these moves, only the first
move can be impleémented ‘ctrrently; and in order ‘to reach this "dscision" it must

have expectatiens about'the parsmeters of every future constraint,
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This conclusion leaves with us an uneasy feeling, for introspection
and casual observation strongly suggest that £irms and other econamic agents
seldom, if ever, behave this way, The infarmation we have secured so far
through our interviews and case studies suggests thahﬂ% by and large, do
set up plans with respect to various phases of their operations on the basis of
anticipated demand, supply, and production conditionag névertheless » the horizon
of the plans and of the anticipations may well be different for diffei-ent phases
of the operations and for different types of anﬁiéipationa. Furthermare, one
phencmenon’ that has been found to occur rather frequently &s that the length of
the harizon, for at least certain types of énticipétims and plans, is a
periodic function of time, 'It.:ls longest at a certain point (or points) of the
year (in cne of the industries, for instance, it reached a length of approxi~
mately 16 months at this point)s thereafter the terminal date of the horizon
remains unchanged 86 that the lengbh of the harizon gradually shrinks bo a
minimum (about 4 months in the above instance) at which point it grows again,
suddenly, to its maximun length, The ocourrence of this behaviour appears to
be associated with seasonality in the demand for the output (er in the supply
of some egsential input); in fact, when sales exhibit more than cne seasonal
peak 'bheré tends to be as many points within a year at which the length 6f the
horizon suddenly expands, .

It was also frequently stressed by the respondents that their plan did
not repres/ent a decision a8 to the actual level of future activity; in fact on
ocoasicns the respendents almest geensd to claim that the plan had no implica=
tionas at all with respect to future operations,

Cne possible explanation as to why we do not ﬁnd in reality the type
of planning suggested by the Hickslan analyaia is that firms do not Operat.e under
canditions of certainty, However, this explanatien, whi.or{ i3 undoubtedly

relevant, does not seem to be sufficient or even necessary to account for all
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of the phencmena we have mentioned aarligr. A re-examination of the role of
expectations and -plq:}_s in the economy of the firm suggests that ithese rhencmena
can be accounted for, at -least partly, without giving explj._c;t recoénition to
the effect of uncertaeinty provided we recognize that the formation of reliable
estimates about the pasrametars of future constraints and the setting up of do—
‘tailed plans can be done. only at a cost, 1.3. s nly by allocating scarce ree
‘gources' to this-taslk,

Specifically, we shall argue that even if the firm were in a position
to estimate with. complete acouracy the parameters of future constraints by de=
" voting enough. of dts resourges to this task, it may be sufficient to form anti-
cipations and make plans with respect to only certain aaﬁecfs .of thé future; and
that, in fact, the anticipations that need be ;or_med_@d the move# that may use-
fully be ‘planned mey be but g emall subset of ‘.gll‘fqt.ure paran;e'bers and moves
which will finally determine the outcoms,of the entire "game™, |

- The argument that, we shall develop mere rigorously below involves,
essentially, the following. stusiderationsy |
- (a) What the firm must really worry ebout at point 0, is not
‘the establishment of the hest productien plan, as Hicics nggests ,‘ but the
sclutimn for the best first mave, ises, the determination of %, and its
implementation, obtained by, setting x, =% 4 For, c}gqu, the first move is
the only cne that . gan, and must, be implemented jlnquec}iate]‘.y.

(b) . Ig';o;}de_;', to determine the value i_u‘ of the K companents of
the first-move which, together with the optimum value of t}qe cqmj)onents of'
future.-moyes; ‘Will maximize the pay-off function, it may not alt‘all be necessary
to have information on all the parameters of future constrainte or to plan all
campenents of all future moves, |

(¢) If information en san,e‘parﬁmgte;'js is not necessary in
det‘erm:l.ninlg:_';i’]k,‘rt.h@ 1t will not be necessary, at point 9, f;o devote resocurces
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to secure such infarmatien,

(d) Finally, if we add the reasonable essumption that informa-
tion about conditions at a future point of time will increase as we approach |
that point, and that the cost of ascertaining such future conditions decreases
in time, then rational behaviour will actually involve not devoting scarce re~
gources at i:oint zero to ascertaining parameters which are irrelevant at this
point of time,

The notion that the problem of the firm at point 0 i3 not that of
. deciding on a single valued plen, is essentially not a new ones It has al-
ready been pointed out more or less explicitly by various authors that as soon
. 88 we recognize the existence of uncertainty about the possible valus of the
parameters of future constraints it is, in general, not desirable for the firm
to "decide" on 2 single valued plan except with respect to the firat move
_itse].t‘.y Marschak, in pé.rticular; states explici‘bl};z_/that the firm must decide
the first move but, as for the fﬁt)ure, it should decide not amy speeific move
.but ‘rath.er a "étrat‘eér" ’ i.e. s a rule for choosing future actions in response
to later information, What we are concerned with in this note, however, is to
éxplore certain ¢onsequences. of the f act that at point O only the first move is
to be decided,

Y .Ses, for instances  Ae: Ge. Hart, “Anticipations, Uncertainty and Dynamic Plan-
ning", August Ms:Kelley, New York, 1951t and "Risk, ‘Uncertainty and The Un~
prefitability of Compounding Probabilitias™ in Studies in Mathematical Econemies
and Econometrics in memory of Henry Schultz, 1942,

Hy Markowits, "On The Certainty Bquivalence and Risk Discount Hypothesish,
Conles Commission-discussicn ppper: Economics, No, 295,

Je Marschaks “ftbie of | I.-iqi'idity" under Complete and Incoinplét-e Information®,
American Economic Review, Vole XXXIX No. 3 (lay, 1949}, ppe 182-195,

Ge Ti’ntner: "The Theory of Cholice Under Subjectiire Risk and Uncertainty",
Econometrica Vola 9, July~October, 1941, ppe 29830k,
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II Irrelevant Puture Parameters and Future Moves,

ITol The nature of the pay-off function and the constraints. As in

the previous aection, walcan assume that the firm acts so as to maximize a
function which involves all of its future moves x,,s The value of this functien
(outcome of the game) will depend, howsever, not only on its own moves but also
on certaln paramcters which the firm does not control. We may usefully divide
paramsters into two groups; (1) those that are fully determined, and known as of
point O, theae may be labeled "initial conditions" and will be denocted by 3003
and (ii) those which will be determined by future moves of the environment; these
will be denoted_as qnp where the subscript Jt; 1y 2, eeos T characterizes the
point of tine st which the environment's move will take places The pay=off
functicn to he maximized can then be written as

% (o %00 o) °
This function ic-to be maximized with respect to Xy Subject however to certain
constraintss In the Hicksian model the only constraints are transformation
ccnsﬁraints, acc they are describcd by a 8ingle transformation function, This
seems highly unrealistic even for the transformation constraintss Furthermore
we need not assume peffect competition in the buying and selling market and we
must therefore give explicit recognition to demand and suppiy constraints,
Under these conditions 1% appears that the restrictlions on the xyx's can be

dcacribed usefully by a set of "déted# constraints, i.e-, by o se% of-vonstraints

relating to specific 1ntsrvg1§ of time, Each of the constraints relating to the
firct peried will involve subsets of the variables Xy and certcin parameters,
We shal; denotc‘these parameters by the symbols a%l ard a%l o The first sub~
seript ipdicatcs whether thic parameter is slready determined at the beginning
of peried 1 (subccfipﬁ.O)_o;_whether it will be determined within peried 1
(subacripﬁ 1); fhe second subscript indicates the date of the (earliest) con-

straint in which this parameter enters, With complete generality we can thexn
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describe the first peried -constraints by a.set of functions:

?ol fl:j (xlk,"agl, &h) =0 J = ly eeey Jy
when J, denotes the number of first period constraints, Of course not all the
1o ‘%1’ and ag_'l need appear in every one of the 'constra.{nta., Similarly, scome
of Xy may appear in the constraints but not explicitly in Gpe Sams of these
moves may denocte "intermediate products" or moves which do not appear as such in
the pay~off function but are nonetheless relevant to the final ocutcome thr‘ough
the fact that they appear in certain constraints,

Some of the constraints (2,1) will typically take the form of in-
equalities rather than equalities; this fact will play an important role in
some later developments of our argument,

Let us consider now the seccnd period constraints; these will, in
general, involve the second period moves Xy and certain parameters 362, ‘&23
a%z (and, possibly, scme of the parameters aél'-and a‘i]:l)° 'In addition, howover,
they will generally inv;olva at least some of the ccmponents of the first move
X+ 0 Hory, generally, the specific limitations within vhich the Xp can be
chosen will depend on moves made (or not made) in tho first pericd, Thus, the
form of the Marshallisn demand schedules for the second period, migh% depend
among other things on prices charged in the first pericd, first period advere
tising outlays, etc. Sﬁm:i.larly the conditions under which second period inputs
can be transformed into output might depend ¢n sych first period actians ae
changes in production facilitlee and production of parts or components, The
second period constraints can thus be deacrlbed,by‘a et cf funcltions:

i .
(2\,2) fZJ (xzk, x::.k" 8%19 B.g:l,q 85929 3%2, &%2) =0 j al, °°°’J2°

Similarly the congstraints for any cther period s will be deseribad
by a eat of functions
.fs;j (xtk’ a:ﬁ':) =0

8 = lyooe,Ts J- - l,ér,o,J.g;
t, ¥ = lyoecysB; 2,‘: 01,600 Ce
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The date of a constraint is thus characterized by the largest t subseript of
any of the varisbles x,, sppearing in the constraint, We might note in pass-
ing that the Hicksian assumption that all the limitations on the choice of the
Xep can; be expressed by a single "produoction function' relation, amounts to
assuming that %i_:l B 0 for every fs:) except le’ lege, that there exists a
single constraint ::l.th date Te It implies that all varisbles Xy LT, can
be chosen with complete freedom, en assumption very hard to defend on realisti¢
grounds,

Note that while we wre giving explicit recognition to the effect of
every move within the homizon on later corsiraints s the effect on these con=
straints ¢f moves pmceéd:lng rerisd 1 is incorporsted in the parameters aét.
The reason, of course, is that as of the decisicn point 0, these moves ars
by-gones and therefore as mmch outside the firm's caitrol ag all other moves of
the environment, If %the .;9.23 conguraint for the second poriod were looked at
from the decisian point 1, (iee., at the end of period 1),then it might be
written as:

£33 (Kpys b1p5 B35) = 0
The parameters bi?a b%g howaver will be uniquely related to the quantities Xk
and & (020, 15 7 s dy 2 )5 and sinilarly the function £45 W11 be re-
lated to f2je This relation must be such that the cong®raint impossd on X4 by
f2 j for the given valiss of X7y and aé,t.is “éantical with the seous’sreint Impcsed
o Xo4 by fgj;} Thus the alfect of the pasaugs of tiue on ary Iuaivece constraint
is that a growing rwmber of variabiss ear ering Into the cimshmaint is trans—
formed into cmvatants 2ud fresdon of chotge is narvriwved Jewn,

Tao econditionz under whicn certain pararerers of Hibure constraints
and certain Isier noves are ivrelevant at point 0; may be stated in different
%asy It will be useful Yo axamiie sevaral albernative forrmlations since this
will help tno ving o0t *he cpavzliiore). mearmins i Birrelavancee

- - .-
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IT,? n're;evance: 88 a partitioning of the pay-off function, A
first useful formulation can be arrived at along the following lines, Each of
the constraints ft.,j implies that one of the Xik'® can be expressed as a function
of the remaining variables (components of moves) in the constraint, The entire
get of constraints, say F in number (F g é. Jy ), implies that F of the com-
ponents x;, can be expressed as functions of the remaining TK «~ F components,
Accordingly, the problem of maximizing Gy subjeet to the system of constraints
can he reduced to the problem of maximizing unconditionally same new function,
Gg of these remaining variables; this function, G will iavolve in addition to
these variables the parameters of the original function Gy as well as the
parametapg of the various constraints, ILet us dencte by Zepam = 19240005Rs3
Ry = E~Jgy the firat? 8econd sy last of the componernts, Xyys of the i move
which have not been eliminated by this processy The function to be maximized
unconditionally can then be written as:

(IT4201) 6§ a 08 (24 aby) o

We will say that there exist irrelevant paramsters of future con—
straints and irrelevant compenents of future moves with respect to the planning
point 0 if the function G satisfies the following two conditicns;

Condition I G can be expressed identically as the sum of two funo-—

tins:

in such a way that GS’I depends on;
(1) all the componex’s of the first move Z1p} T ds ooy Ri
(11) only a proper subset .of components of later moves, Zim,

¥ b ¥*
G % g7 ¥ Gorp

V=2 0eey Ty
(141) only a proper subset of %he paramsiers aﬂi’f for 2)0, T> 1
Ir G'%" 3l G’jﬂ- are differentiabls “he conditions listed sc far imply that threre
I . _

exist values of t and r for t ¥ 2  such that
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- *
(a) %G.'u 20 while D¢ %o
Ly ‘.
and values of 1, T=>1, Z>0 such that
*
(b) gGOI 2 0 while 08 - 2
ai
T a
We will denote by Yy, , k = 1, eces Ky, the subset of the Ry variables Zy,

which enter into Ggl’ for given t, These variables may or may not appear also

in ngr ‘The subset of the variables Zi,, tZ>1, entering into ng but not
into Gl will be dencted by

Y{k, k :’:1, 2’ [ 2X 3] K_é

We will similarly dencte by bh

(K = By = Kydo

121, oes, Ijp, the subset of the Igr
paramsters aﬁt for given.ﬁ end T which appear in GOI‘ These parameters may
also appear in GOIIo Finally we will denocte by bﬂ'(’ 121 2 aeny

7= Ipr- I)rs the subset of j'c which sppearaGayy bub not in Gaye
Making use of this notation we can restate conditien I thus

y #* PR S .
1 Go (Zype Yoo Tper P> Ppr ) 8

* 1 PR ' / i 17
Gor (Zyrs T2 Ppp I ¥ Gory (Z1rs Tyes Teieo gy 9 By Do

In arder t¢ stabte our second condition we will need the following
additional notationss

(1) Let 2‘1:., ‘f'bk denote the values of the variables entering into
GgI which maximize Ggp so that

* i r * i
6o (e Yoo ¥y ) =001 == Go1 (Zars T By, )

(11) If, in GgiI, we replace Z,, Ytic by 'Elr-’ Ytk’ then GSII becomes
a function of Yy, onlys Denote then by Y, the value of the variables Y/ which

nexiniza GS'II subject to the eonditicns Zh. ;-,;"Z']I,' l'tk _-;hf.bko
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Then # . L o 1 i/
Oorr (Z1rs Ty Yirs B0 » By ) Gfpp >,

i/

G* Y ] A‘.-‘ d o i |
01r ,(er’ Yiier Tyed v 2 By )

: ag Al =,
(111) Finally let 23,5 Yy, Yip» dencto the valuss of the variatiles
which maximize Gg, glven the parameters b v 2 bé"r' p 14esy such that

¥ N Y N, 4 17, o
% (x> Yoo Yoo Ry 0 Gy ) 2 G 22

+* : : /0 i i/
% (ars T Yued Yo s By )
Qur second ¢ondition is then:s
Condition I

ol Nr ~ige s
%.= Cor'¥ Cort °.
In other words, the $wo functious GSI and GSII which satisfy condition I should

be such that the maximum of GgI plus the "oconditional' maximum of G;II should

add up to the unconditional maximum of the original function Gg e

#*
oI

* then condition IT should hold for every one of'the solutiens, In this case, of

If the problem of maximizing G should not vield a unique solution,

" course, the naximization of G‘g must itsel? admit of more than onme solution,
Suppose that gonditionsI end IT hold simultaneously, and the soluticn

Y,

e 18 uniqué, then,’ necessarily:

=

Yoo ¥ 7
Zp = Yy ed Ty =T e

3

If the maximization of Gg ddes not have a uﬁique _éolut.ion 1t must still be true
that every aolutioﬁ Elrl }Jtrk to the maximization of G"O"Inmat correspond to ane of
the possible solutions té the makimizatim of -Gg. Since f.he consideration of
mltiple sclutions length'ens"_th'e" argument without changing the coriclusionyin
what rolims we will more'thisjadditim;l complexitys

If the ‘pay~off function G¥ can be expressedas the sum of two functimns
satisfying conditions I and II we will say that Gy partitions. Such a partition-

/
Ang will be calléad non~trivial if the se'b-bg',,r and I{k are non-emptys In



13 -
what follows the ward partitioning will be used to denote non~trivial partition-
ing,

We are now ready to state the implications of partitioning, We have
indicated ‘that the decision pichlem of the firm at point 0, might be regarded as
that of determining the best value of the componenss Zp, which, by definition,
is represented by E&r° But, if Gg partitions, the valuefélr coincides with ilr;
atid fir, can be fcuud by maximizing Ggl, without regard ?o GEII . It follows
that the parameters bj; and the components Yfk which appear in GS but no{:GgI,
ave irrelevant with réspect to the decision problem at point O, We can therefare
say that if Gg pariliong there will exist, at point 0, irrelevant parameters,
namely the pavameters E?;a and Irrelevant components of future movesynamely the
components Y%L”

Svppese that there 1z a cost attached to estimating, at point O,
parameters of fubture consiraints, Then, especially if this coet is higher than
the cost of estimating these parameters later, rational decision-making will
not call for devoting scarce resources o the estimation of irrelevant paramebters,
Similarly 4t will not call. for debermining the best value of irrelevamt fubure
moves if there are costs attached to doing thisy Hence, if partiticning exists,
we might expect to find anticipations and plans relating to only some aspects of
future conditions and future operations,

The problem we must face next is that of examining whether there exist
gignificant examples of functions which partitien, especially among those

funclions which occur in economic analysise

IIT  Examples of Pertitiorning When ‘the Functions Involved are Con—

tinuous and Differentiable,

III.1 BSegmen!lzhion of the pay~off funetion and conztraints, A very

slmple exarpls o. partivioning is represented by the cae in which the funcilon

Go to be maximized consists of a sum of functions. say:
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G = i:,‘01 + 6302 veess F K’OT
such that each ;i:ot involres cnly components with date t3 and when each of the
Jy conétraints for perdnd % fnvolves only coponents dated e The flrst con-
ditisn implies that ths enieone of Lthe entire gmn  cen be repiregented as the
sun of the outcemas for succenuire parieds, This aitvaiion ie not too un-
realistic with restect v economic problems; for irctarce, the Hicksian pay-
off functlon represonting the sum of discointed net recelpts beiongs to this
class, The gecond condiilon implies that ons pericd!'s actions in no way re-
goricy or modlly ihe chuises open In every successive perlods Under these con-
ditions the fuuction G, determined by Gy and the constraints, will itself
roprosent the sum of functicns, say Gg = 5.3_31 v s c (1?;',1‘, such Lhat the
funcilion ({r}gh will invelwe cuy a subset Z"t.r of the perind t variablss, xy, -

In this case we have immedietaly
. T T e
Hor o A% ¥ o
Cog m @01 s Nce = h ‘{)o’o ¢

-

It fallows that all paramebers aveept those of :._J,".l. and of the first pariod
censtralnts and all compenentc axcept “huse »f the first move are irrclavant
at point 0,

It is wseful to exemine what partitioning fmplies with recpect to
the standard method of maxinmizing a differentigble function, which consists in

solving the system of equations

PeLON

(IIIalil) m’%’:': C * I‘ : l’ 2, 0.', R-t; t‘ - l’ 2, LE RN Tl

8ince the function &’;]

derivatives slsc mmst fvvolve only these variables,

involres mly the first period variables Zp,, its

Hence the syctem % ejuanvlonsg

oyt ™~
A G. N
‘-,8—79--— SR ANl . rms 3 determined sub-system of
4 g &
J 1 .

(ITT.1.1) congleting »f By ~omations in thes R 1 KRV 21 the solution of
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which will yield E;r‘ Thus the partitioning of the pay-off function corres-
ponds to a partitioning of the system of equations (Ill.1.1).

It 1s probably Impossible to find an exact economic counterpart te
this analyticsl example, A reasonable approximation might be found in the case
of a firm dealing in‘a non-storable commodity, which mst be produced (or pur~
chased) and disposed of within the same "period", and employing very little
fiscal capital. For such a form decisions within each period would tend to
depend exclusively on actual and anticipated conditions within this period.

And knowledge about conditions in future periods would be of little value since
such knowledge would not lead to current decisionsdifferent from those taken

in its absence: To be sure, an anticipation of drastic changes might call for
some special actions nowi and under such conditions it might be worth while to
devote resources to increase whatever rudimentary knowledge about future
periods might alrgédy be availables But generally the relevant expectations
and planning horizon would tend to be guite short,

Before proceeding to other examples we may noto that the analytical
example we have Just given can bo considerably generalized,

Clearly a sufficient condition for G; to partition is that:

(a) Gg can be written as the sum of twe functions G, and Gyyy
such that all the cempcnents Zy, appear in Gy, and every other component
appears either in Gyp or in Gopy but not in both,

() Any constraint in which a component entering in Gpp appears
invelves no components appearing in GOIi {or more precisely no components enter-
ing in any constraint in which.a cswbonent of Gopp appears).

‘Neté finally that if conditien (b) holds, then partitioning will
cccur even f 7. veprassats ‘We product rather than the sum. of Gpy and Gzt

Ter than
T v
3t Com o ¥

‘ . o _‘l,* . +odma + 1 z *
G = jor * Uprp o "en ({01 15 obtained from Ggyp.end the
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T
constraints;. and similarly for NOII' Therefdre the system of equations ob-
tained by differentiatlng Go mth respect to the variables appearing in

CB‘I, say Z{, Will bs of the form

{1 "\T\
(IIIs1.2) o} .. 0Cor

— ¥ XY gk oz o
A 'Ez‘b:r. v 011
gince ?
o~k
JotT
e = 0
N - = 3
”Ztr

each of these equations involves both zt/r and the variables apoearing only in
- N Ta

_.\* . o .
(l-OII, say z'tr‘ However since 1‘ 011 is generally non-gers; a necessary and
suf ficient condition for (I1Il.l. 2) to be satisfied is that:
(111.1.27) ’aéOI 0
-:.\:.-......-. - 3
02y

a system of equations each of wnich involves only Zér" Hence Gg can be par-

titioned as Gg - GEI @ ng

M *

ITT.2  Other analytical exerples. So far we have examined situa-
tions in which Gg con be expressed as a sumwgfms having no variables
in common. This is, however, not a necessary condition for partiticning,

Suppose the function G"O" to be maximized unconditionally has the
forms |

(IIT.240)  Gf = 0(x17,%)5,Xp1,%p5/,b,¢,8,8,1,8,h,m) = axyq &

b"‘.le t °5‘12 - d"iz oe(xyp + Xpy) = F(%Xp0 + 30702 &
2 - 5.
gy F hxq1 + %) - mlxy 4 *22)" -
Here, Xy; and x12 denote all the components of the first’ move which have to be
determined 'meediately, x21 and x22 denote the components of the second (and

only other) move wh:i.oh need not' be determined until the beginning cf the second
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period. The symbols &, « « », m represent parameters and will be assumed to
satisfy certaln inequalities necessary to insure the fulfillment of second

order maximum conditions,

The first order maximum conditions yield the equations:

(IIT.2.1) =28
I

a=2bXyy 4+ h-2u(X1y ¥ Xpp) = 0

(IrT.2,2) 3G
-555:1.2 C"adxl2 + e—2f(x12 4 le)

, 20 oo
(II1.2,3) %57 ° 6-20(x), + Xpq) -+ 28Xpy = O

(III.2.4) '%%EE = h-2m(xy + Xpp) = O
In principle, in.order to find §11 and ;12 it is necessary to solve this sys-~
tem of U simultaneous equations, Note however, that, because of equation
(III.20k), the last two terms of (III.2,1) drop out so that this equation re-
duces to:
(III'B._EL/ ) asox)y = O,

and no 1onger_1nvolves xzé. Since x,, does also not wppear in equations
(IT1.2.2) and (III.2,3) these equations together with (IIT.2,1” ) form a
determinate subrsystem of threes eguations in the "three unknowns, xll’ X s Xp1s
which is sufficlent to determine X,; and Xjpe

1t follows that the maximizing value of X4 and x,, does not depend
on the parameters h and m which appear exclusively in (IIT.2,L)s Thus,
the decision problem at point zero can be solved without knowledge of these
parameters and without regard to x22. The only tdecisioh” that need be made
at point zero about X,, is that the optimum value will Ee chosen for this
variable, at the time when such a choice has to Be made, namely at the be-
ginning of tﬁe secoﬁd period:. This optimum value is of comrse the vaine satis-

fying (IIT.2.4).given the valué of the variable X34 which, by that time, will
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have become a constant; it is only at this point that knowledge of the para-
meters of (III,2.L4) will be required,
The abﬁve resultslsuggest that x,, and the parameters of (III,2.4)
are "irrelevant" at point O, If this is the case we shouid bs able to show
that the funptién G of equation (ITI.Z,0) partitions, This is indeed the case.,

G can be expressed as the sum of the functions
_ ' 2
(III.E' 5) GI (xll,xlz,le; a,b,c,d,e,f) - 83[11 -~ bXIl + cxlz -

2 ‘
o toelxyp + xp1) - Txpp +251)° 4 g,

and
(I11.2.6) 17 VX119 Xppd hym) = h(xyq ¥ Xy5) =
m(x;l + 322)2 ‘e
Furthermore, it is easy to verify that the maximization of Gp with respsct to
xll’ X2 and leﬁang-the;maximization of GII with respec; to X5 afver e
placing X4 by i;l yields a solution which is identical with the solution of
equations (IIIs2,1) to (III.2.k),
Thus the functions G, and G, defined by equations (III.2.5) and
(1IT.2.6) saéisfy all the necessary conditicns to be a partitioning of the
function G; and therefore also the parametsrs h and m; and the component X50
which appear in G but not in Gy, are irrelevant according to our eariier
definition.
Suppose the parameter g of the function Gg defined by equation
(I1I.2.0) has the value,zero,land consider what -effect this will have on the
system (III.2,1) to (IIT.244)e It will be seen that, because of the new form
of equation (III:2.3), equation (II1I.2,2) can be reduced to |
(11L2.27) e-2dx, , = O,
an equation which n¢ 1nﬁg¢r ALY Koy~ FBouabiors (IfTo2.1) and (TII:E:QI)

now contain all cf the first period veriables, and c¢aly “hese varianlss. Henee,
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the solution of these two equations is sufficient for determining the maximiz-
ing value of the first period variables, and the variables and parameters of
the second period, which appear in equations (III.2.3) and (III,EJH),are

irrelevant, In fact, the function G can be written as the sum of two functions:

2 2
C1 (xll’ X123 a,b,c,d) = axjy = bxyq + Xy = d}(12
2
-G-II (xll’x12’le’x22; e,f,h,m) - e(xl2 4 x21) - f(ﬁz + x21) +
2
h(xll "' x22) e m(xll + 122)

which satisfy both required conditions to be a partitioning of the function G.

The above result ir :icates that the relevance of certain parameters
may depend on the value of one or more other "sirategic" paramsters. It
follows, that the estimation of such strategic parameters is certainly
warranted, while the estimation of the remaining parameters may or may not be
warranted depending on the value of the first parameters, This suggestz that
both the amount of detail in expectations and the time period covered by these
expectations may vary from point tc point depending on the nature of certain
other expectations,

We will not attempt to make a general statement about the class of
continuous and differentiable functions which have the property of partitioning
in the sense of our definition. In the example we have just discussed, the
partitionihg of the function G can be traced to the following property:
equation (IIIe2,0) can be written as:

0y = SOk ¥ ly) 4 Ug) + Klmyyagy)
where _

(xpy) =Xy - b"12.1 ; “ z0

}/(xll.!xzz) - h(xll ¥ x22) h m(xll + X22)2 ¥

and /" bag *he following essential property:



(IIT 2.7) 0 = 0¥
20 = of

X3y T CXgy
| * "(.
The first order maximum ccnditions 3 Go . 0 .F")" o ;
= - . = 0 Lecome
11 %22
0
(1IL.2.8) ,2221 ¥ Vixy) 20 5

(III.2.9) /;1\’@ ¥ ,_)( - 0
CE -
But, because of (III.2.7)Jequation (174.2.9) enables us to replace the term

30  of (IIT.2.8) which generally involves Xp,, by the constant -X. Thus
M |

the value of x,4 maximizing Gg is independent of X55 asd of the parameters of
the function}ﬁ-,'a result that can be traced to the property (I11.2,7) of the
function -’ , The expression_ﬁf(xll,xee) ¥ %5, Will be components of the
function Ggype

I£ seems possible to find many economic instances which have the
same analyticél-structure as the examples just given, i.e., instances in which
later actions can be adjﬁs;ed with no loss of efficlency to earlier ones,what-
ever these might have been, so that these earlier actions may be chosen with-
out regard to the later ones, This will be illustrated by two very simple
exanples.

- Consider, first, a two-period problem with xy and x, denoting
production in. the first and second period, respectivelys Suppose, that all
sales will occur in the secénd pefiod. Let the demand conditions be
represented by a demgna function P = P(Z,), where Zy = X3 + x, denotes sales,
Suppose, finally, that total cost depends only on total production and is
independent of i*ts Ai-tribution over time, say:

C= C(x1 ¥ xej. In this case the function G¥ can be writhen as:

o¥ = (xy + xz) P(xl + x:) - C(x; + x5), and the first order
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conditions beccme:
De* et

s
_oxl- _axz - (xl-l-x2) P#P—C:O.

These are;two equations which are not independent. Thersfore the maximizing
values of x; and X, are not determined although their sum %o iss In fact Eé
is that value of 22 which satisfies the equation:
2,M(2%,) § P - ¢/(2y) - O.

The maximizing value of X, may be stated as Eé Q‘Eé - X3, but for x; any
value (provided it is less than Eé) may be chosens = Thus, precise knowledge of
second period demand conditions will not be required for first period decision,
Such knowledge will be required only in the second period in order to set price
and to determine second period production so as to make up any balance EQ - %)

First period moves, however, need not be indetefminate, as showm by
the following modification of the previous example, Suppoée that two com-
modities x1; and x,, are prodiced in the first period, and that X1, is demanded
oenly in the first periods. ILet Xy and Xy have joint costs represented by the

expressions
b 2
CrlxusXyp) =89 %y +ay x5 + 7 (xyy - X1p) "
Suppose, further, that the first commodity can also be produced in the second
period at constant marginal cost, that iss
Let the demand conditioné be deseribed by
Pa1 = Ppy (23 Pip = Ppp (212) s

where
Z12 = X1, denotes first period sales of the second commodity,

and
221.£5; X + x,; denotes second period sales of the first commodity.
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The pay-off function now becomes:

b 2
7 (5 - xpp)
which is to be maximized subject to the constraints Just listed, Since it is

clear that the maximization of (IIT,2,10) requires 212 = Xy05 Zpy = X1 4 Xz,

the function G¥ can be obtained by substituting the x's for the 2's in (IIL2.20)

The first order maximum conditions then yield the equaiions:

(I11.2,11)  2c*
'axll

1"

y .
le + (xll + x21) P21 - 3.0 - b(X]_l - xlz): ]

(IIL.2.12) ag*
Sy

P12 + x12 P12 - al + b(x_ll - x12) - 0

(IIL.2.13) 3g* e
S Pop + (xq9 + X51) El 8y = 0

Because of (II+.2.13),equation (ITI.2.11) reduces to:

(111.2,113 8 -85 - b (%97 - x12) = 0,
an equation which does not involve Xp;+ The simultaneous solution of (177.2.217)
and (III,2,12) will yield the maximizing solution (generally unique) for the
first period productions, 3211, 3512, .and sales 212 - ;12. This solution is
obtained without regard to X1 and without reference to second period demand
conditions; the only second period information required is the marginal cost,
ap, of producing the first commodity in the second period, Knowledge of the
demand function Py will be required only in the second period for setting the
price P21 and for choosing '5521, which will be the value of Xy that satisfies
equation (IIJZ.Z.lB );given the value of x,, determined by the first period
1/

decision.~

As in previous examples, the function G* can be written as the sum

of the following functions which satisfy both conditions for partitionings

Y/ It can be verified that the second order maximum conditions will be satis-
fied procided b > 0 and the demand functions have negative slopes,
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61 = %12 Prp (%) = (s - %) X1 - g (% = xpp)°
Or1 = (o + %)) By (%yy # %) - 3 (x13 +x,)
- The function Pp) and the move x,, which appear only in Gyp are thus
irrelevant in terms of ocur earlier definition,

IV An Alternative Definition of Irrelevance,

The examples of the previous sections. suggest the following alter-
native definition of irrelevance. The maximization of the function G* can be
logically reduced to the solution of a system of simultaneous relations in-
volving all components of all future moves and all parameters of future con-
straints. However, at point zero the firm needs to be concerned only with the
solution of ﬁhis system for the K components of the firs’ move, since these
are the only cnes on which it can and must act currently,

Suppose ‘the system of simultaneous relations partitions in such a
way that the solution for the first move can be gotten by solving a certain
subset of the entire 'set of relations, then this subset is the only system
which needs to be solved at point zero. We mgy then say that all those
parameters and components of future moves which do not appear in this subset
of relations are irrelevant at point zero, Conversely, those which do appear
in this subset may be called "relevant!,

It should be noted that the implications of relevance are somewhat
different for parameters, as distinguished from future moves, Consider the
maximiziﬁg solution fer the components of the first move, ﬁ&k. Each of these
?&k will be a funotion of the parameters of the problem but since irrelevant

parameters do not appear in the sub-system that needs to be solved in determin-
ing ageinﬁﬁik, these ﬁak will not depend on irrelevant parameters, it is for
this reason that it is not worthwhile devoting resources to the estim;tion of
such parameters,

The impiicatians of relevants are somewhat different with respect to

future moves. If the firm has to decide only on the first move then it appears

unmegasgsary to make sxplicit plans, Jag,, te salve explicitly for ary futnra
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move whether relevant or irrelevant; in this sense all components except those
of the first move apnear ielevant. Whlle it ia true that relevant future
moves appear in the sub-system that has to be solved to determine the first
move, it is always possible to sclve this system explicitly for just some of
the unknowns and not for the remeining ones, Even 80, there remains a very
significant difference between the role of relevant and irrelevant futurse
moves.

In the first place, it is well known that once a system has been
solved for some of its unknowns the remaining ones can be frequently obtained
at a low marginal cost;' In the second place, all the information necessary to
solve for thé relevant components should be available since it is required in
the solution for the first move., Finally, the most economical way of solving
for the fifst move may.involve solving first for certain other components even
if they are not the on§$ of prima:y interest,

To solve for.the irrelevant moves, on the other hénd, would require
solving é different sub-system and, furthermore, in order to provide the sclu-
tion it would be necessary to sacuré information on future parameters which are
of no value for the first period decision, Hendg plans with respect to irrele-
vant moves would appear definitely unwarranted.

But would it be worthwhlle to compute plans for relevant components
except in so far as they are a bi—product of the solution for the first move?
To answer thlS question 1et us first look at the possible role and significance
of these plans, They are certainly ﬁot final decisions as to the actual level
of future cgmponents. Such decisions will be made at the proper time, namely
at the time at which they must actually be ;mplemanted; and when that time comes
the actual level of these components will not be determined by the level
planned ét an earliér‘point of time, but by the ievel which appears best in the

light of infdrmation available at the later point of time, It seems, there-

fore, more accurate to think of plans not as decisions about future asticis,
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but as the bestljudgment that cangbe nade at point O as to what the best value
of these components is eventually going to be; and this judgment is made for
the purpose of deciding the first move and not for the purpose of deciding
future ﬁ;ves;

If we stick to our assumption that all relevant parameters are
estimated at point zero and that to these estimates a subjective probability
of 1 is attached, then the planned value of any relevant component would also
be expected, with a probgbiiity of 1, to turn out to be the best move when the
time comes, It would then be worthwhile to incur the marginal expenditure
necessary to make the ﬁlan explicit if this is cheaper than solving the problem
again at a laﬁer point. Even if we drop the aséﬁmption.of subjective certainty
then the marginal expenditure might still be worthwhile because of the probabil-
ity that at least part ofrﬁhe plan will eventually be worth implementing, That
is to say, although part of the plan may be discarded, the salvage value of the
whole may still be greater than the cost of making it explicit, We will not
pursue this line further, however, because the explicit recognition of un-

certainty introduces a number of problems that need to be considered separately,

V  Non-Negativity of Variables as a Source of Pariitioning.

In many problems arising in economics the conditions of the problem
are such that certain variables such as production, ihventories, sales, cannot
be negative, The non-negative character of these variables seems t®m be an
important source of partitioning as it may be sufficient to sever the links
between the nearer and the further future, This point will be illustrated by
two examples. |

Let X5 Xo5 Zl’ Z, denote, respectively, production énd sales in
each of two periods, and let the demand conditions in.each period be described
b tha darand functions:
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Suppose that production occurs at comitant marginal cost, though the marginal
cost may be different in the two periods. Then the total nogc® c¢f any Hrogram
X1s X, can be deécribeé byg
(V.l)v C (xl{ xz) =C1 % ¥Cx, ¢+ a
We assume that the firm wants to maximize the;profit functions
G = Z1 Pl (Zl) 4 Za ?2 (22) =0y X ~Crxp ~ a
subject to the constraints:
'ATRTY, xl, X, = 0
xi—zlzhlzp_o; Xy $hy =2 =hy ==0
where hl and h% represent inventories at the end of each period, "e will not
go thrdugh'tha details of the solution which is rather tedious in view of the
nature of the cpnstréints. It can be shown, however, that the solution is =s
follows: |
(1) if 0y == Gy thens
(I.1) Z, :JE;, where Ei is the root of the equation

4 r .
HZ'_{[Zl Py (zlﬂ = 0y
) -t ~7 ~ LY
(Ie3) _ Zz Eé, where 22 is the root of the equation
a
a'ZEL 2, P, (3)] =
~ ~ ~ ~t ~
(Ih) Xy = Zp3 hy =035 Py = Pp (Zp)
(1II) If 0 & Cp, then :

(IT.1) Zq = %y, where 7, is given by (I.l)

(II.2) 22 = E;, where E; is given by the root of the equation
d
Iz, (%% (3)] =6

. ~ ~ ~/ ~ ~4
OT3) X =2y 4% hzoX -7 2.3 % By O
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Thus, in case (II); sales and prices in both periods should bs set at the level

which equates marginal reverue with firsttgpriod marginal costsi and a1’ pro-

duction should occur in the first period only. The first-period decision
therefore'fequires at least some knowledge of éecond—period cost conditions,
and full knowledge of second-period demand conditions. But suppose that costs
in the second period are expected to be lower than in the first period, a case
included under (I), If we disregarded the fact that inventories cannot be
negative, then the solution would be symmetrical to that for case (II); in

each period price should be set at the point where marginhl revenue equals

second-period marginal cost (which would therefore have to be known exactly at
point 0}, and all prdduction should océur in the second period only. But this
would imply negative end-inventories for the first period (hy =JE£), i,e,,
selling commodities that have not yet been produced and which will only be pro-
duced in the second periods " When we take into a&count the inventory constraint,
the best feasible plan consists in producing in the first period exclusively on
the basis of first-period demand and cost conditions. Thus, as a result of “he
inventory constraint, we get a partitioning of the pgy-off function,~8econd-
period demand condifions and the Specific level of costs are irrelevant at
point zero.

If we make the problem more realistic by assuming that there are
costs attached to carrying iﬁ?éniorieé,an&%we denote by the cost of carrying
one unit for one period; then in order for partitioning to occur it is enough
that Cy> C, :;O& ']"./ In other words partitioning will occur even if second-
period costs are expebted to be higher than the first-period costs provided

Qgy -C _
the difference is 1883 than storage costs,

The above example, incidentally, illustrates again how the relevance
of certain future parameters may ltself depend on the value of certain other

parameters, in this case second period costs. It also shows that expectations

74 This result follcws because dnder 'these sssumbiof erm X ; '
= T 5 - tlons a term O\hq is added t
the right hand side of (V.1), See Appendix,ségiiun 1 e oa vo
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about a future pericd ray change suibstan'ia iy withoub héving a7y effect on
current actiohs;

_ Qur last example will be discussed very briefly here as it is trezted
more fuliy in the appendix to this paper. In this example the parameters of
future constraints are the quantities demanded in each future period, which
Quantities are assumed independent of the actions of the firm, It is assumed
that the firm wants to meet this demand and the problem of maximizing the
pay-off function reduces to that of minimizing the cost of meeting the given
demands In the appendix we give a general analytical sclution to this problem
of minimizing a certain function of T variables subject to linear inequalities,
and examiﬁe the effect of the cons‘bra_ints on the relevant expectation and plan-
ning horizon at point zero.

First we analyze the problem disregarding storage costs; and our
results can be stated spproximately as follows (see Appendix, section 2.3):
if there is any point in the horizon, say t', beyond which average sales are
expected to be not larger than average sales up to ¥ s then the specific level
of sales in each of the pericdds following t is irrelevant for the first period
decision; and all moves beyond t are also irrelevant,

Consideration of storage costs tends to shrink very much further the
horizon of relevant expectations and plans., Our results, by and large, indicate
that sales in the further future can only be relevant if they #re expected to
exceed substantially sales in the nearer future; and the further the futures,
the more must be this excess (see Appendix, section 3s2). Thus, the presence of
significant storage osts tends to cut down the length of the relevant horizon.

Finslly, we consider a situation in which sales are subject to
seasonal variation (see Appendix, section L), We find that, at any point with-
in a given seasonal cycle, the relevant planning and expectation horizen will
terd *o exfiond up tg‘the peak of the given cycle or shortly beyond it ot a1

further seasenal srolex vid] normzlly tend to be irrelevant egpeciaily ir
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storage costs (incldding-detérioration, obsolescence, etc,) are signifirant,
This result cheéks with certain characteristics of observed planning and ex-
pectation horizons ndted at the beginning of this paper, e.ge, the length of
the horizon is a periodic function of time, linked with the seasonal cycle,

We may note, once more, that while the relevant horizon for the
production plgn may terminate with the end of the current season, the length
of the relevant expectation horizon may itself depend on certain strategic
expectations, Suppose that expectations for the current season are such that
in order to meet expected demand, or in order teo meet it at lower costs, it
would be necessary to add to or improve productive capacity, Then, in order
to reach an optimal decision on this matter, it may becomse necessary to estimate
demand and technological conditions over a much longer horizon (although this
estimate may require much less detail than would be necessary in planning pro-
duction), If, on the gbher hand, current expectations do not warrant any
action with respect to productive facilities, then the hérizon of relevant

expectations may itself not extend beyond the current season,



