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I. Qeneral Comments on Decentralized Decision-Making.

1. Coneider, as in Oowles Commission Discussion Paper, Econocmics
2034, an organization, consisting of n members, 31, ..., n. Fach
member obsarves the valuve of a wariable Xy and controls a parameter of
action a,. The organization has a common goal, to inaximize the function

v(&l, revy iin' xl’ rvey %),
given the values (::1, veey xn),'by selecting suitable values of (al,.,,, an).
2. Evidently, if these vaiues were fixed centrally, they would be

found by maximizing

$
v (xl, couy xn) =81’??:.:,an-17(al, vess anizl, cees X ).

The value v' is reached whan (al, . an) is determined according %o
some function

(‘1, LY an> - f(xl, “ovy In) (Rula Xc)o

3, In a dacentralized case, each member has to fix the value of his
&y, lmowing his x,, according to some rule a, = :t‘i('xi), that is glven by
the management of the organization. EKnowing the joint probability distri-
bution of (xl, cess In), the management could select the rule

4
[31 = fl(x.l); 8y = £2(12)§ vee 3 By ® fn(xn)] (Rule ¥ ™)

go as to maximize the expectation E(V).
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Let this happen when ¥V = V-L;i‘l(x.l) fh(xn)t, Ly eosy X 1 m v,
Since. the set of all rules of type }{d is a subset of the set of all rules
of type ¥°, V' -v, and E(V') § K(V').

L. As a device in decentralising, the management could give sach
member & bomus function V,(a,l x,) such that the i-th member will maximize
Vi, given x,. The optimal cholce of V, (fmm the point of view of the
management) is to chooss it such that &, = :L(xi) maximizes V, .

Denote the profit, that is reached by the organization under this
system (rule ¥ b) by Y,m. Obviously,

v'ev'  anam(v") £ E(V"),
where the equality sign holds for some Xb.

5. The team rule could also provide for a kind of sequentisl decision-
meking in the following way: If x, € Zij, fi(xi) means that member i should
initiate communication with member j, after which the (ai‘ aj) are determined
according to a new funotlion

(3, as) - fi;j(xj xj).

This rcould also be represented by bonus functions vid(ail x, IJ) and
v ﬁ(ajlxi zd) » to be used after cammunication has taken place. For some
bonus functions, v''o- Vn, and for all the others, v V.

In general, there is a gystem of bomus functions

ane v

3. 23) that give the same profit as a sysiem

(V3 Yy oor Wp 9105 Yy,
of rules {f; £, ... £, £,, ¢ 13 *** $y23 ces)s

6. 4n uample, on which the reasoning above could be applied, is
givjen in CCDP 2034, Sections II and ITI. In Section II, the f£irm of two
partners has a set of rules (.fl £, 1‘12) and 3in Seotion III, a set of
bonus functions. A joint distribution of (xl xz) is introduced, and the

expected profit ic shown to be lower if the bonus functions are used



then if the rules are used.

The rea.sdning above suggests that there shonuld be some other bonus
i‘unctibna, that give the same profit as the rules in Section IT.

7. The same general reasoning could slso be applied to the problem
of decentralized decisions on inventory movements in en organization,
guch as a chain store eystem. 7The management could

a) charge the retail stores a "cost-of-ordering," and mske this cos.t.
such a functiﬁn of the orders as to maximize prafits for the gysten as a
whole when the retail stores maximize their profits,

b) construct a rule, according to which the retail stores have to
Bend in their orders, even if soms other ordering policy should appear
more profitable to them.

¢) collect infarwmation at the center on the demand and inventory
sitvation in the various retail stores and let the central management
allocsts the inventories.

The problem of how a'retail stare (with given demand, etec.) should ad-
Just to a given "cost-of-ordering function™ has been studied, and solved
for cefta.’m types of such functions. Thus, we can find the distribution
fﬁnction for the demand at the wholesale level. This distribution will heve
as paranpeters the parameters in the "coat~of~ordering function," and it will
determing costa at the wholessale lsvel.

The bomus function for each retail store is determined by it "costeof-
ordering function" and existing accounting rules. Thus » ¥e are equipped to
find the "cost-of-ordering functions' that maximize profits for the organi-
zation as a whole. Except in special cases, this is not the most general
class of bonus functions, and we should thus expect that there are rules of
ordering {case b), that give higher profit than the best "cost—~of-ordering-
function" with optinal adjustment to it by the stores {casa a),
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II. Comments on Mavrschak's Exampie.
M

Note: The notations are taken from CCDP 203,

1. Consider a partitioning of the intervals 0

into subsete x7, o7, 1, x, X3y X3. Denote the set of (%, %,) such that
x € x and X, € x) by (x X)), and introduce similar notations (xf ),
(xg xg), q, xg_), +++y 8tc. Denote the subset of (xg xg),
by (x{ ::g)" ang the subset where
(I—f Igf, (x§ xg)-,_etc.

j‘ The expected profit of the rimm is

< <, < <
”“Il“la.ndO"12=1

whers zl+x2 > 1,
X)+x, < 1 by (xf xg)", and similarly

e - [ CCR R | e o, a,
4 i A

-

wiere &) = (x x3) U (aF x2)
dpm (] 5
by = (U By Ry (xf U (D).

This can ve rearranged into:

ily Axy4x,-1)ex, dx, - }j; S ¢ dx, dx, + {f (x+x)-1)ax, i,
2

3

- H‘ (x4 xp-L)dny ax, + 2 “‘ (xzp-Liexy ax, - 2 ff (1)r2p-L)ex, o,

B
where Bl-the set for which 0_<xl<-1, 041241 1andxl+x2>lo
By =4,

5y - 627U e
B, ~ (& )" U (af x2)*
B, - () x3)"
B = (x x3)"
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The first integral is independent of the partitioning, end will be disre-
garded in the following. If the length of xP is (1-a) and of xb 1s (1-b),
then the sscond integrel is o(i~ab).

2. It can’ further be shown that if Px, 1s an artitrary partitioning

of. 0 ¢ X, <1, and px; - (xlo*; x{*; xlq*) is & partiticning of 0 < x <1
, o ‘
that maximiges profite for pgz, and 1if x, € x.j._* and zj‘é- xlq“ y then
L t
n>x. o
. 0 ) . q "
3. Denote: max x;(x; € x) = x ; min nx € o) = x
. 1 n
me(:ee::;)-xag minxz(x,dexg)-xz.
The two points (xi :;) and (xlﬂ x;) can be located in ;elation to the line
xlﬁé = 1 in three ways; illnstrated by cases I, IT and II on Chart 1.
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Cane II Case IiI
Chart 1.

In Caze I, By is eapty and in Case III, B, is empty. In Case II, both B,
and 36 are enpty. ‘ ‘

Cases I and III have not yet been investigated coapletely, but prelimi-
nary considerations suggest that Cases T or ITT could 1ot represent optimal
partitionings. The following discussion will be confined to Case II.

b. The problem 1s now to maximize
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jﬁl (xz+zl-1)dzl dx, - I-.r (xl+‘:2-l)dm. dx, ¢ ceab @ - L,
3

Assume that xl xl ;2 and x2 are intervals (but not :c“f snd xg). The case when
x: and x} are not intervals has not yet been investigated completely, but pre-
liminary considerationg suggest thas they are intervals in an optimal situatica.

An example of a czse when J-.'.g and xg are intervals is given in Chart 2.

B3 1s shadowsd 77, and Bh is stxadcwad‘i\\\‘\ .

5. Lemma. Ifax is the set of (zl xz) such that
x.’l.>::1,x2>»ll.-x:L okandx.l 12 1< 0, then
” (x93 = 2oy oy = - 3 . (Gnars ).
Note that the integral does not depend upon x:.
Also,iqu"is the zet of (xlxa) such that
LT, KelaD X amdx rxy 0,
I P J1.3
Ji‘(xfxg 1)dx, ax, = Z o~
6. Denotethaleng‘bhaofx;byal,ofx%byae,ofxgbyha, and of

g ' -
x,{_,byhl. It.isaeenthatal+a2 aandb1+b2

L can now be written

J 5 - (yxpliemy axy ¢ j j ("1*"2"1)"”1 dxp + S L T (mxprilan ax,

)" (x] =3 (£ x3)
J I (xl+x2—1)dx1 dx, - o{a; +a,)(b,+b,)
("1 %)

Assume first that the diagonal X, +X, * 1 cuts two sides, which form -
right angles, in one of the shaded rectanglee (Chart 4). The sum of ths
integrals over the shaded areas in Chart 4 1is (dl ag defined in Chart 4)

g Wapdy=a))? + & = (3y-0))% - (04))°]  mhere 05 ¢ S a.
This expression is minimwm for 4 = 3. |
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7. From Chart 2 it is obwvious that dl does not affect the integral
over (ﬁq x;) and vice versa. It is further cbviocus that # situation, in
which the diagonal does not cut both (x{ xJ) and (x3 x3) cannot be opti-
mal, Thus, we are left with the case when the diagonal cufs parallell
sides of both (zi xg) and (xg xg) (Chart 5).

Asoume that by : & . The sum of the integrals over (x; zg) is now
(4, as defined in Chart 5),

3 ((by-ap)? - (by=ay-d1)? ¢ (a0a")3 - 03] 0% a) Sby -ay

michisninimunrordl'i;l—. The minimum value is

75 (agoby)3 = (0,20,
A similar analysis can be carried through for the rectangle (x.} xg)o

8. If, for-instance, bl 2 8 and 3, ?bz, ws oan write

L= Jrl0ays0)% + (ay0,) - (003 - (8, = 5)%] = ola;+a,) (bysb,).
Tt is then assumed that the rectangle (x) zgy'ﬁi’e a, and by and
the rectangle (':r.‘lq IZ) with sides a, and b, are located optimally in re-
lation to the d:lagomlxl-'-xz-l « O,
If L is differentiated with raspect to 4, a, b, and b,, and the
first derivatives put equal to sero, the following equaticns are obtained:
(ay0)? + (0 -a))% = Bo(by+b,) b
(ay95,)% = (a,=b,)% = Bo(by+b,)

(ay20y)% - (o-a))% = Bolaysa,)
(a2+b2)2 + (52“"2)2 - Bo(al+a2)

—J
The only root of that system, for which a1 a, by b, are all poeitive

is
.ll-bl-ﬂe-ba'hCo
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An investigation of the second-order dariva_tivvas, which has not yet
been carried out, would be needed in order to establish that this root
glveé a4 minimvm,

Sinceofr:'al‘ﬂ%, cﬁ%. Ifc)%, it does not pay to phone.

9. The solution in CCDP 2029, where it was assumed from the beginning
that yma, - bl = bz, is a speclal case of the sclution obtained here.
It is obtained when the sets (zg xg) and (xg xg) ara moved to the comers
(031} emd (1;0) resppciively. But in general, they could be located any-
whero along the diagonal (Chart 6). x;_ and x;_ on Chart 6 could be given
any values such that Of;x]'_ =1 - 8¢ andx{ + hc‘-'-r.;f-'l - Lo,
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