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' 1
On Optime). Communication Zules for '].‘eams"/

i

4, Marschak ard D, Wat.ema.ny
1. Generai!:

(members)
1.1, Ve call a team a group of persons/acting for a common goal ard bound

by certain rules. The team problem is one of finding the rules best suited

to achieve the goal. The team concept is related to the more general concept

of organization; but thie will not be discussed in this paper (see 2.7.7) s

1,2, More precisely, corsider a team of n members. At a certain point of time the
i{~th member finds himself in a certain "situation ® or "gtate of information,”

5. @n element of the set Si of all possible states of his infomation. Let Ai

be the set of all poesible actions 2y that the i-th person can undertake

upon receiving the information. A rule for the i-th person, ry establlishes

a correspondence (one-to-one or mary-to~one) between the elenents of Si

apd those of Ai:

(101) I‘it Si"" A inl, seang n

i
The Cartesian prcducts Srsl x 82 XoooX Sn and A-Al x A2 Xo.0oX A represent,

respectively, the set of Joint situations and the set of joint actions of the
team membera. The set R a(rl, tony rn) is the team rule; and (1.1) can be
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rewritten as the mapping of S into 4 ¢

(1.2} R: 3 =243 or
AmR(S) .

1.2, To every combination of a joint situation 8¢5 ard a jelat action
a A corresponds a prospect, oyt a prosability distribution of physical
results. We have

(1.3) Jix 71 (8,A) = 7 (S,R(8))= & (S.R),

say: the prospect deperds con the joint xitustion and on the tean rule; the
funztion ¢ cen be regarded as a “random production function."

The existence of a goal for the teim means thet prospects are completely
crdered. (The case of partial ordering »f prozpecte would, however, deserve a
separate study). ¥e asstme, even more stringently, that the other "Neumann-

there exisis
Morgenstern” axioms (or some variants o those) are satisfied,so that/a ubility
fonction (unique up to linear transformation) exists, te be cenoted by

f\' l-l) W(p) " w [ﬁ‘ (S.’R)] e u(S5R)’u 3

bmd

say. We shall also write

(1.5) v = u(S,R; w)

te emphasize that utility can be regarded as a function on the sets S and R,
and & Junctional of the utility function of prospects.

1. Uncertainty enters our problem twi.ce. First, because the physiral result
of a sitmation and an action is rardem: this is the aspect we have just dealt
with in 1.3. Secord, uncorteinty ariscs inasmuch as one

does not know which sleanent of the set S will actually occur. We shall assume
thatme knows the probability distribution F on set 5. The axioms mentioned

ind 3will imply that the organizer of the team will choose the rule R=R go as %o



maximize the axpectation

(1.6) Eu :‘f u(8,R; w)aF(s) : U(R,F; w),
S

say. An "efficient ruls’ R is thus defined by

(1.7) Max U(R,F; w) = U(R, F; )3

hence R depends only on F, the distribution of situations, and on w, the
utility function of prospecist

(1..8) R=R(F, w),

say.

1.5, Our discussion hag been confined {ard will remain thus confined in +this
paper) to the "statie" or "one-interval® case. In general, a temporal sequence
of situations, actions, situations, actions... should be considered; but we do

not go into this now.

2. An E:_camglg

2.1, Consider a fimm which consists of two partners: one of them specializes

in the market of the fim‘s/é?‘%%léig the other, in the market of the (uniquae)

raw material used by the firm. Let x be the price of the product; let y!

be the price of the raw material. For the purposes of our example, we normal-
ize the price scales as follows:

(2.1) X .

=3 : x_ =] 3
min ! 3

e 0 ¥, .1 1-y'y .

nax
In the notation of Section 1,

" x ¢ {0, 1] corraspomds to s, ¢ 8

. it
y‘—[OQI] nsaésza

The unit square corresponds to S .



2.2. JSuppose each partner can commit the firm ormly in the following way:

upon ais order, the firm purchases one 'mit of raw material fnd at the aamc
time seclls one unit of product. (Ve imcgine the fim to be able %o draw on
an infinite inventory; or consider it a;5 a member cof a cemmodity exchange ).

Let the set Ai of aclicnsg ai open to the i-th partner (L01,2) be:

2. : conmit the firmg

i i
b
(229 a; i phcne the othox puriner, ai & cost 2¢ 1o the Tirmg
a;"' : Jdon't do anything.
Ima team rule R 11k consist of elements rj and r2 where Ty is a
partition of the set 51 =[0,1} inte thize subssts sveh that
1
la®  if z ¢ 8!
Pl 1
at il x & 5n
(p2a) A7 LT 1
Palt if x { 8™
o1 1
AT,
and cimalarly with Ty (respacting y). “ho nroblem consists in selacking the
best mula R - (f-‘l, f‘?} S0 a8 to maxinmizo the expecled value U of the firz's

in 2.5
profit, u. (It will bs seen/that this nerees exactly with the notation of

saction 1.)

2.3, Let the amount added to the firm‘c profit as the result of a commitment {i.e..

¥

of 2etion a! ) o tho pert of awy one of the partners be

I
3

2.3} ¥ - ky ooowd(ley) 3 Ol L



The coefficient k gives the proportion of the raw material price to the
cost of the finished product. If k is amall, the information obtained by
the second partner is "relatively unimportant™ and this faet will presumably
affect the cholce of the rule., In the example worked out.in detail we have
assumed k=l. This is roughly the case of a firm speculating in a single
cormodity, possib}.y bought and s0ld in two different places; so that x=selling

price, and y'=l-ywbuying price includirg transportation. Then the profit on
the camitment is

{2.3a) X+ ¥l

a symmetrical function of x and y.

2., Ve can now proceed %o evaluating the firm’s profit u for all possible

pairs (x,y). By {(2.3a)

(x ¢ siﬂ , ¥ & s% ) implies u = 2(x+y-1)

(x&S;‘,nyZ‘") " =0
(2.4a)

(x (;Si , ¥ C'S;’) " u W x+y-1

(x ¢ S;’ y ¥ 655 ) n u ™ xay-l

There remain the cases when x eS; or y&3) , i.e., the cases when at least

2
one partner takes up the phone. On exchanging information, the two partners
will find it advantogeous that each of them should commit the firm, if

x+y~). »0; the firm's profit is, in this case, 2(xey-l-c). If, on the other
hand. x+y~-1 £0, then they will abstain from commitment, and the firm's profit
profit = -2¢. Thus

(x (:ZS:'I‘_ or y &S;) and {x+y >1) imply u = 2(x+y-1-c)

(2.4b)
(x-is; or yesg) ard (x+y<l) " yu = 2¢ .



To illustrate gecmetrically, suppose the rule R partitions the sets

S1» S, 1into the following subsets, with properties defined in (2.2a):

(2,5) s = [0,); St = lot y Jmex ] 5 = (1~ 1], for i=1,2,

Then the conditions (2.La), (2.Lb) will be represented by Graph I where the

values of usu(x,y) are inserted in the appropriate subsets of the unit square 5@

1l e

¥
1
x+y=1 2(x+y=1)
1- e
~2 (zry=l=c)
-2C
\\
'y - S )
0 XAy
i r— X
c X T X 1

GRAPH I



le wish to enmphasize that the graph gives the function u(x,y; R) for

a possivle rule R, viz., one that (1) partitions the sets Sl” 82 inte intei-

vals, rather than into some other kimds of subsets; (2) associates low values
of x or y with "deoing nothing,™ high velues with ":ommitting," and inter-
nediate values wiih "communicating®; (%) defines the intervals in a doutly-
symmetrical fashion, using a single parametel ©¢, We do not assert at this
place that such a rule will belong to ihe set of optimal ones (in the sensc
to be defined presently). In fact, the optimality of properties (1) and (2),
while appealing to intuition, will not be proved at allj and the question of
{3) i1l be discussed in Saction 3,

2.5. Conditions {2.ha), (2.4b) corres;ond to equations (1,3)=(1.5) of
Section 1, which have degenerated as fcllows: A prospect is, in the present
case, not a distribution but a single rhysical result {a Msure prospect”)
called profit; this is because we have sesumed thau the profit is exactly
determined, given the prices and the team action, loreover, the utility of
profit is assumed to be proportiocnal to it {or linear in it). This justifies
ine use of the same letter u for the prospect, the profit, and the utility
of profit,.

However (cf, subsection 1.4 above}, while we have, in our Exampls. 1o
randomness of the paysical result (given the situation and the action), the
situation itself is random. Let the joint distribution of x,y be F{x,¥);
then the expected ut#}ify is == corresponding Lo equation (1.6) ~

(2,6] o= j. g u{x,y; R; ¢ d?{x.y),
0 .

vhers u(x,y) is defined by (2.ha), (2.L2). U is to be maximized with respect

te R



.5 -

o

2.6. 1In Secticn ¥, the solution of thia oroblem i discussed under 4o

#sgunptions:

(1) that the rule R is defined by four numbers, o¢, —, ./, % each

contained in {0,1] and such that

s

5' = [0, #), Ste [, lecl], 8%= [l-oX, 1)
l 2 3 l E 1 ]

‘ Sg = {0, -/)3 S; = {’{?’ 1-- -/e]: sm = [1- ‘/?I:s 1};
; 2
t Vaa

(2) that x and y are independent and have each a rectangular distri-
vution.

dccordingly, {2.0) becomes
11

(2.8 { i}u(x,y;cx’,CQ B, edan dy = U v, o, S, L o
©
L team rule Rz { o ﬁ?; A Jf) that will maximizo U belongs to the set of

optinal teanm rules., It will deperd on ¢ oanly.
Z.7. The nex' natural extension of the problem would probably lie in the
following directions: (see 2.7.1-2,7-7).

2.7.1., Tho assunption (2) of 2.6 should be replaced by one that would
ztlow corralation betwesen x and y. Buying and selling prices are likely ‘o
Lz correlated; and, even repardless of the particular economic interprovation
of the model, it is interesting to chiecit upon the following intui®iva con-

inctures the gtronger the cerrelation botwoen the situations 54 and s, the less

nzed is there for communication -— i.2., the smaller wilil ba the sebts 3. It
i

ray be mathenatically advantagsous to raplace, for thiz problem, the rectangular
joint

digtributions by a/normal distribution, defined over the set of all resl mmbers

x and vy (with O-meanz and l-variances), and fully described by its correlation

coafficient.



2.7.2. The economic model can be jeneralized to permit variations of
quantitles bought and sold (in the present model they can bs only O or 1).

2.7.3. As mentioned in subsection 2,3, we might make the u~function
{for a given subset of S) non-symmetrical in x,y. This may be interpretsd
as a transition from & team of equal partners to a team involving subordi-
nation. Presumably, when k 1s small, the Mexpert on raw materialsh will
{requently consult the other team member while the latter will mostly act on

his osn: the interval 55 will be small, and the interval Si’_ will be large.

. the
2.7.4> One may prescribe the pattarn offbomminication network™. In the

2-nember team, we can replace our assumbtion of 2-way communication by assuming
that only the first partner has the powar Lo initiate communication; this can
be assymed to consist elther of (1) exchange of information or of (2) one-sided
messagas (ovders) from the first partner. The action a; will now means
"postpone decisior. till the time scheduled for the senior’s call." A new
function u(x,y) wiil replace equations (2.ha), (2.lb).

2.7-5. One can extend the model 4o “he case of n. 2 team members. This
can be combined with the suggesticns made in 2.7.3 and 2,7.4, as follows: the
commitment by any member adds to the fim'’s profit the amount

n
= -3 5 m] Yy
u ifl kox,-1; (0 ¢ ¢ 61 k>0, 2 k=l

and the communication network of the team is described by a matrix [ci .‘j] s Where

Cij is the cost of sending a message from the i=th to the j--th member and can be

saual either to ¢ or &t infindty. The expected utility becomes a function of the

ratrix [cij] and of the rule R, and is to be maximized with respect %o both of

them.



2.7.6, As stated in 1.5, one should proceed to "many-interval” (or
"dynamic") mcdels. The problem of decentralized inventories belongs here,

2.T.7. Finally, one should proceed from the study of tesms to that of
organizations, i.e., groups of n persons whose goals (the n utility
functions) are not identical and the results of whose joint action affect a
n+l-th utlility function, that of the "organization as a whole." This will

superimpose upon ocur problem of best comunication rules the problem of

ishadow prices."
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3. A Method of Solution

Let us denote by {u(x, yy L, A, 4, /5, c)} a five parameter

family of functions defined on.the unit square. We seek that function

which maximizes [see equution (2.8)]

_ f
U (A, "‘(9/39/89 c) = E:/:’; u  dxdy

We restric our parameters as follows:

Yz, A, L0 2 0, cZo.

(3:1)

Our functions {u

(3-2.1)
(3.2.2)
(3:2.3)
(3.2.4)
(3.2.5)

(3:206)

The function u

1
J

are then defined,

u=0 for 0¢x<¢A, 0y &L

1

R

L]

x + y=l for 05x ¢, 1= % y£1

x + yol for l-A4x41, 05 y20

2(x + y=1) for 1-i<x<1, 1o B & y<1

‘2(x + y-1-c) for x + y=120, (x, y) § 2U 3UL

- 2¢ elsewhere.

is thus definad by a choice of ¢ and a partition of

the unit square into 6 regions, Ve will distinguish between four cases:

(3.3)

Y. N S A
7. o«
A -
G
_—
e «



Casa I1

TN
%y ‘b5|
o
“C)
*

%
Xl

Case III /5 < o -
A e X Al L_‘f__._
\
Al /1] 3
o A

—"

‘
5

y
£l ?

Prereirrs

A X
Integrating the funciilon u over the unit sguare and equating the firaet

partials with respect to w , = , 4 ,/§'to zero, we obtain 4 sets of L equa-

tions.



If we aet
(3.3.1) fc(/ﬁ ,/ﬁ s A ) = 2K 4+ iac/Q ~~/ga( + ;_.;/32
—_ - .= j 2 - -2
(3 3?) E,'(‘(/'? ,s/f)o{)“zclﬂ"' ‘EG/Q +%ﬁ *'d/g ek,

vz may write the four four-equation systems as,
(3.4) I 1T
fc(/gzﬁs’*)
fc(d\ :w;('a/g)
gc(/?s‘,ﬂ,ot) o

11 H i
o (@] o
m h o
Qﬁ OA
Xy \OD 1
L
- A
Ny &

Bol ok s s 1) =0 (£ 8, %K)
ITY w
flf o F o) 0 ol 0 &5 )
fc(',ﬂ,c:\-)“O fc(ade'\’/g)
gc(;;o?,ﬁ)*a 5(:(/5: s 24 )
Bl X s Xy 51 =0 gl gsfsa)
Glearly I and 11 are equivalent in the sense that the interchange
& ey &
A > A
cr the interchange _
X > f
b —> I

z{fect a transforration of system T into [T and viee versa.

Similarly ITT and IV are equivalent under the interchanges

e A e &
A=y g R

24

H

]

il



Vie note further that I and II are invariant under the interchange
X > S
X €> 4
and III and IV‘ invariant under the interchange
o > X
L > 8
If we then hac a szolutlon of I, which we will indicate in the firsat
solumn headed I we may write another solution of T and two cerresponding
solutions of IT as below. A similar comment may be made on ITT and IV.

I I il II

x| P 0",5' @
‘ F

o

al

| @

Al 1P {7 P

ﬂ 3] r3 o £

Let us suppose that e =& = £ = 2 (see Section 2, Graph I}. Then our

system of aquations reduces to

qu 2 '
— X O - ™
and oo
(3.6) o= 0 or o = Bc¢.

The second derivative is positive at zerc, negative at 8e, and so zero is a
relative minima, B¢ a relative maxima.

. 5
e , however, is restricted to the interval (0, %). "hen c > 1-]3 , O >0

for 81l admissible of . Hence the largest value of U occurs at o = % When

s = 0, Uf & 0 for 211 = » 0. Hence zero is the sbsolute maximae. 1If = de-

notes our absclute maxima we may write then



£4.7) % - min (%‘-;, 8c).

Tn the two general cases we have nn conclusive result at this time  Vis

rave confined our investipation to Case I. Let us setl

] ¥ 1

R - S /3==c/3, o O K A= B

- - 2 e .
e may bhen divide by o and we see tnat In ef fect we micht have get ¢ = 1

Tor the purposes of this study, and so hanceforth we will replace cf‘!, 151_,

H

o s B by e, o /8 . By equatinz linear terms in (3.l4), (Case I)

Py

we¢ can show that

(-'“.8) (C}’ M,E)a*(“ﬁ ___;1)230,293"“_*/£2 ‘-‘/:—3-20
Tence (“ _ »

- I
f.) o 5'VS J /3 -{/B

Assuming that = t/G we find that either

{3.10.1) of w/@ oy uj.

(310.2)  w=feE, X B

-
L

he first of these has been studied atov:, and examinatlon of the second
~rder conditions shows it %o be & maxima; by examining the second deriva-
iives we can show that (3.10.2) ls a saddile polint.

Assuming a(*/g i §=/§ , or < =8 yields the provious results.
Similarly assuming " =7Z }6 . } = ? « , or more generally the vanishing of
any 2x2 determinant of the variables give the same resulis.

Te make now the change of variable

A w

A
B
A

,-\
b
i
[.J
—
TS

1
o

oy

s

- y



o

and pess to an squivalant system of eguations in « . /3 s ) P A We mzy

oliminats successively and obtain a polynomial :Lrl,a. of degree il,

-

Lhed ) 63/01b‘ - 6&8/,4;1‘3 + ,133;/1,4,15 - 90:‘4.8}4,3':'

- 2171 L + 4 hAnd u.é - 7290 6 + 29L6 u - L 3. Eiel ¢
. /{,{, A J\.../. f ‘,(,C £ _\//_,L; - . /[.4'- E ‘/,-él,/
- B(T-’/‘K_L' * 2 e h‘f/{/‘..,') B

We may factor h(/u,),

h(e) = (ut - 1) SYARY B (00 ),
vhare h*g/,z,) is a polymomial of degree 10 with altemating siens. Thus
all root’s of h.*(/d‘b) are positive or complex and by Gauss® theorem it nay
“e showm To have ne ravional roota.

tur second ovdar conditions show that

(313) = 5

A

The problem is thus reduced %o a determination of the existence and
raluve of roots of h(/u,) betweet %— and 1. The existence of sush roots can

he detsrmined by Sturm's method and this caleulation ie in progress at this
J tj i

time .,



ERRATA for ECONQMICS No. 2029

Page 3, equation (2,1) for y . :0 read Yoan ™ O

Pege 6, Graph I for —2(xy=-l-c} read 2(xty-l-c),

Pzge 3' equation (3,i) II for 8o(/2s /53X )= 0 read

Bl 2, 4, )0, 1
Pare L' A E A 7*-
- wee| 1O TeAd
1 . ” ‘L_E'“du 4 - £ '
Page i equation (3.5) for = to read - %%’_
Page 5! equation (3.10.2) for :,é - 10 o read 5{:2}’ = 16

ot

' .
Page 6 line “en for Gauss' read Gauss's
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