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A socisl welfeare function is a rule which gives “comnunity preferences"
as 2 Junction of "individual preferencez"., Our election system, for 2xzampla,
gives a "community cholce'of candidates as a function of voters’ cheices.
Renmesh Arrowfihas shown that if (1) individual preferences are sxmrezsed as
raakings of various albternatives, end il (2) we require ce rtain seperently
innocuons‘propertiea (desoribed later) of asy "acceptable” soclal welfere
function, then ‘faCCezeptab}.e" veltare funchions ch) not axisy, No wellare func-
tion has the properiies which, it would saem at first sight, we would require
of, e.g., a reasonadble votdng system.

oL fLord _Hildreth[}?jhas shown one +ay of avoiding the Arrow paradod.

In th: Hildreth system the individual praeferences are to bLe expressed, nob

ps raakings, but as numerical utilities. Hildreth suggests that in particular

von Neumann - the
thase numerical utilities might be thel utilitied!g:?g%aeigmg.?g ff

action in the face of risk, The present writers feel thet the Hildrath
results do not completely remo;ve the sting from the Arrow veradox. In rany
impor-ant practicai situations we only knaw individusls! rapiings, Za on
elect.on, for exampie, we usvally lnow only which candideta la wnosth preferved

by each voter. We might reasonably aslt cach mter to rark 223 c:ndidaies.

AR A e, Saeeeie Na T

1. The authors ere indebted to Clifferd Mildreth ana Ja‘.‘tta:;n*;'emp‘letcn for value
abie discussions,
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But i1t seems unreasonable to ask what are the ratios or differences among
the voters! preferences; or to require each voter to state what probabillty
combination of, e.g., his first and third preferences would be just as
desirable to him as his second faverite candidate.

In this paper we consider eoclal welfare functions vhich,as in Arrov's
syatem, give "soclal rankiﬁgs" as a function of individual rankings, In
the first part of this paper we argue that the Arrow postulates are not as
plausible as they, at first, appear. The Arrow ppstulatea can be modified
somevhat to meet our objections, but then many social welfare funciions
satisfy the modified postulates, |

Tn the second part of this paper we consider which of the many‘funo~
tions, not rejected by the modified postulates, seems most reasonable,

The Arfow conditions, to be satisfied by any "acceptable" Social
Welfere Function may be pérapﬁrazed as follows (ef. {1] ):

Condition 1. The social welfare function is defined for a suffi-

clently wide raﬁge of individual erderings (ranidngs)

Condition 2, If aiternativg (a) rises or remains still in the ordering

of every individual-and no other change tskes place in those orderings

' then alternative (a) rises, or at least does not fall, in the social
ordering.

A social welfare function gives a social choice {or set of choices) for
every set of avallable alternatives. We may consider'bhn."chqice function®
associéted.with’a.given social welfare function, and we may consider how this
choice-function'changés as voter's preferences change or as changes take place
in the considered (tho not necesearily available) candidates, Arrow requires:

Condition 3. (Indepandence of irrclevant slternatives) If each voter

ranks each aﬁailable candidate exactly the same in one situation as he

does in another, then- -no matter what be true aboul the rankings of
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the other candidates or the number of non-aveilable candidates which

have been considered- =the choice among the aveilable candidates is

the same in both situations.

Condition L. The Social welfare function must not be "imposed";

i.e., 1t must not be given independently o:! individual preferences.

Condition 5, The social welfare function nust not be dictatorial; 1. e.,

it must not be identical with the preferences of one individual-- ir-

respective of all other individuals' preferences.

Arrow has shown that no social weltare function satisfies the above,
apparently reasonable, conditions,

We will consider an exammple of welfare function vhich, like all wel-
fare functions, contrsdicts the Arrow conditions. This example will be use-
ful later when we consider the plausibility of the Arrow conditions.

Consider the welfare- funetion which preseribes: for each "candidate"
sum the ranks given it by the various "wotera"; one candidate is preferred
to another if his iwm of ranks is less than that of the other. Thus if we
have three candidates a, b and o, and thay are ranked by two voters A and B

as ip table 1, then b is preferred to a and a is preferred to c.

candidsale
voter 8 b ° a b
A 1l 2 3 A 1 2
B 3 1 2 B 2 1
S b3 ls >3] 3
L -amreees
Table 1 Table 2

But if ¢ had not been there, the rankings would have been ax in table 2; =
and b would be asccially indifferent. This contradicts condition 3, the

independeﬁce of irrelevant alternatives.
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We will £irst present our objections to the Arrow conditions informelly
and intuitively. We will then state our position more formally.

Suppose you intended to serve refreshments to two friends. You could
gerve them either coffee or tea bui nbt both, M. A preferred coffee, Mr.
B preferred tea; it seems c].ea:r-that a symmetrie ("democratic!") welfare
function would rank coffee and tea equally. Suppose you had other information
concerning the preferences of A and B. While A prefers coffee to tea, he
preferrs tea to cocoa and cocoa 0 milkf.. B on tha other hand not only prefers
tea to coffee, he prefers cocoa to coffes, milk to coffee, tomato juice to
coffes; he would rather drink water than coffee; while tea was preferred to
cocoa, milk, tomato juice awd wabtor. Given this added
information it seems plausidle to serve tea rather than coffee; for it doesn't
make *much difference” to A and mskes quite a bit of difference to Bo

In terms of the example of tables one and two, if we had the information
in table one then this information should have been used even when only a and
b are available, If we had only initlally the information in table two (i.e.,
the preferences of A and B for a and b) and then had been given the informa-
tion of table one {i.e., the preferences of A and B for a, b and ¢) we might
wish o use the fact that it seems to make "more difference” to B than to A,
Thus the "irrelevant alternative" is not necessarily 1rre].evant,.1

St411 looking at the problem intuitively, it may be objected that al-
though B prefers ¢ more than a but less than b, while A prefers ¢ more than
b tut less than' a, still, B may f‘eel less "difference"” between a and b t.haz_n

does A, ‘Thie argument might be put forth no matter how many objects were

- . - -

1,

_ . Klso, T.J, Savage [3] points out
in & different context "when the new act is admitted the group may well
change 4ts choics to arrive at a compromise with some members who prefer
the new possibility, without actuslly adopting the new poseibility itself"
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found preferred by B to b but not to a. We can avoid some of the consequences
of this argument if we assume that each individual has only a finite mmber

of indifference levels or "levels of discretion”. That is, for some N, once
we find N stétea or candidates noné of which are indifferent in the indivi-
dual's preferences, then every other state or candidate is indifferent to one
of these. This assutption is not unreasonsble; we can not expect individuals

3 or 106 or 10° levels of discretion.l

to have more than 10

Let us state our position more formally: Suppose that there avre M
voters, l,a..yds..0,M. Fach has a finite number of "levels of discretion’,
1, 25 soey Li' Level one is best; Li: worst, The number Li of levels may
differ from person t¢ person, B

Suppose we are considering two candidates (1 and 2) and suppose further
- for a moment - that we know the level st which each voter 1 ranks 1 and
23 i.e.; we lnow 115 1120 Oiven the matrixz 1

13

will rank the candidates 1 and 2, If 111< 112 snd if candidate 2 fall in

the opinion of voter 1 (i.e., 112 increaszes) everything else remaining the

s & soclisl welfare function

sams, wWe would require that candidate 2 should not ﬁiae in the socisal order-

ing., This does not contradiet the Arrow requirements, We would also admit
the following

Resolution 1, a social welfare function shall not bs rejected as unreascanable

on the sole grounds that candidate 3° falls in the social ordering, whem, for
some 3 » 1°, 1i°3° increases - the other lij remaining the same.
Typically wo will not know the exact levels 113, or even the number of

levels L. ALl we will know is the rankings aiJ of n candidates by m voters.

1. Ve reaslise that contimuity assumptions sre often made, but these, we feel,
sre made for reasons of mathematical convenience rather than out of the

conviction that the individusl has a non-countable---or even demmersble- .-
‘mmber of "discretion levels",



-6~
This information may be expressed by a matrix A =(a, ge  (We assune that
each voter has ranked all of the n candidates). Our previous discussicn
Justifies

Resolution 2, a social welfare function shall not be rejected on the scle

grounds that it chenges the ordering of jl and 32 aé the state of informstion
changes,

The condition that the welfare function should be independent of ir-
relevant alternatives may be preserBd somewhat; it seems reasonable to re-

quire
Resolution 3, for a given state of information the welfare function should

order the "candidates" independently of their sveilability.

Welfare Functiona

If we modify the Arrow conditions to satisfy our three “resolutions”,
then we have a set of conditions zatisfied by meny welfsre functlons. We
will now consider which functions are "most plausible", We will follow Arrow
in the use of the axiomatic approach; that is, we will lay down conditions
be required of any welfare function, and them will seek those welfare functions
which satisfy these conditions, Our conditions will be somewhat cifferent
from those of Arrow.

Our first three conditions, we feel, are sslf-explanatory. They are:

Conditlon 1 For any given state of inrormaﬁion (given by a matrix

A :(aij) of orderings) the social welf#re function gives s simple

ordsring of alternatives, independently of their availability. I.e.,

%3

the-agcial welfare function orders the vectors a2d o

n3

Condition 2  (Pareto optimality) If nobody prefers 32 to 3 and
: 1



somebody prefers Jl to 3, then J is sociali:; preferred to J,. T.0o;
" d.

3

for some i, then {aidle:.f {ai 3 f

i " .
f 8131 . 9‘132 for all i sand aijl" 2;
~/

aidz
Loilamwon 3 \Univercal Applicability) Our social welfere function
ig defined for a)l states of information, I.o., the ordering is defined
for all matrices (aij) of posltive integers.
The next condition needs some explanation and justification. It says,
roughly, that if a constant. c. is added to every entry in the ihh row of
the matrix A this does not change the social ranking of the candidates
(solumns), Intuitively, if voter i has, say, 80 levels of discretion it
makes no difference whether we give him an alternative from his 2nd discretion
lavel instead of hls lst, or his 80th diécretibn-levul instead of his 79th.
It mskes the same "difference" to him,™ In other words
Condifiqgmg_ Suppose voter i has exhibited :, levels of discretion.
The socigl ordering smong candidates 1 and 2 remains unchanged if we
replade

ail and ai

integer such that 1€ aij+ c Lk

0 bty aiifc and a12+'c respectively. ¢ must be an

, for a1l

Ir. mome cases the folldwing condition ¢ cesirable.
Londition 5  (Symmetry) The social ordéring is unchanged if the rows
of A are interchanged.
If we insist on cpnditiona 1 to 5 then one and only one social welfare
function is acceptable, This prescribes that {ai ‘11] }%:}. j?} if and only if

3 a >Za .
i ijl i 132

L. The aasumption that we can multiply by a constant would give us an
analogue of the Hildreth sccial welfare function. This would say that
it makes no difference whether we give him his 2nd discretion level
rather then his 1lst, or his 80th diseretion level instead of his 40th,

In our context, cur assumption seems more plausidle. If instead of ranks
ay 4 ve took 213, then we would have the Hildreth analogue, Using lo-
garithms the lildreth case reduces to the additivity condition. Hence,
our results hzve a dusl character.



If we require only conditions 1-~3 any monotonic ordering function
defines & socizl walfare function and these are the only acceptebls ones,
The above results will be demonatrated in the next section of this paper.

The authors also conjecture that if only cohditd.ona 1-ly are required,
than a simple class of welfeare functions is acceptable., A welfare function

is a member of this acceptable ¢lass if and only if there exlsts a set of

weights w, such that {a. > Vit and only 1£Z w a >E w 4
1 \1313 {132} TET R 13, 1 1 132

Proofa;

acceptable
Iet there be m voters, A/ social welfare function iz then a weak

ordering of the points {ai} in a subset of m dimensional Euclidian space
such that
1) Pareto optimality : If ai" aL for all values of i, except i

t [}
then LaiB { %(ai preferred to ai) when aio';- ai').,

2) Symmeiry: IL {b when there exists a one to one mapping of

the indices 132} such that a, = b

) 1t {a,)>b,| ”w“’s}“( RRAE

Theorem 1: A, The ordering relation dei‘ined by {ai\ = {bi\ if

- accepteble '

Zai “Zbi, {ai]?{ E ir Za 7Zb iz Jaocia.l welfare function.
acceptabla

B, It ia the only/ soclal welfsre function,

Proof: -A ig trivial since conditions 1, 2, 3a, are aasily verified.
B iz more difficult. (
a)
Let us first congider the casd where Zai Zb Woe must show that

any soc."t.al welfare function must necessarily prescribe i\ {bi j + let us

1
1

add { % &b -8 ) K to the two vectors. We then have ai+ ci

i-1 l{:'?(b Vab b
g - = - g ol L
2;“ (b” as) big T gt 2 P8,

2 b e 4 = Oa
i-1 EULCTLRR S
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Hencs, by (3a) we need only consider the case where ailm bi 1 and a :bde
- o
when Za =2b ., H (2 -\:_-b .
. bi ence by (2), {ai X i} _

Let us now consider the case when JSa, ?Z:bi. We must show that
sny soclal welfare function must necessarily prescribe {ad’ {bil o Let
us consider a wector g\cﬂ such that 2 ¢ ::Z(a - b\, ¢ =0 fora <b

i i 1 3 i i
and, c1+ by s

a,, otherwise. Then &bi-" 05} 2 %i} s by the preceding result, and

{bi + ci}) {bi} by (1), Henga, {aﬂ?'{bd .

In the proof of Theorem 1, we added, using (3a), constants to the
vectors {aﬂ and &bi\! in proving the first case (a). It is interesting
o note that we need not postulate the edstence of any numbers a, bi graater
than those observed.

We prove this fact by means of mathematical induction on n, the number.
of voters. For m=2, it is clear since the constants added are such that the
resulting va_dtors contain only the numers 0, and bl. - al, which may be taken as
non-negative, Let us assume the result is true for vectors lnm - 1 spaca,
and let us chocse two vectors satisfying case (2) in m space, Rearrange

‘ / 8o that
these vectors’'a, - bm > 0, Now consider the vectors

{A.L, Bpererd 2,am~1} and {bl’bz’""bm-z’bm—l- Gam-bm)}
which satisfy case (a) in m-l space. By the induction hypothes.s, we asgume
that constan_ta may be added to these vectors such that none of the reswlting
nutbers are greater then t.l'.:ose appearing in the two vectors and, a fortiori
in tke vectors &ai% » {bi}, In the original vectors b, ;, and a, are
transformed into a - b , and b is transfored into 0, Hence the result is
proven,

The preceding argument suffices to show also that the constants added

need never be such so as to obitain negative numbers.
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I the original subset in the m apace is restricted, furthermore,
by the conditdon that a; should be non-negative integers (ranld.ﬁgs) the results
still hold sinece, in that case, all constants added in the proof of Theorem 1}
were also integers. Suppose condition (3a) 1s changed to read

3b) The ai are determined except for arbitrary scale factore; e.g.

ai} bi},al ‘T th"{oi 1 )

Then by replacing 8; by aiaex. and using Theorem 1 in the x gpace
ve obtain

Theorem 2: A When (3a) is replaced by (3b) then the ordering relation
acceptabl,
definedby{ {bku Ta, = Vv, {“ { 11: Ta, 7“1: is o soctel

welfare function. B.It is the on poresd ifare funetion [when (3a) is

replaced by (Bb)] o
From Theorenmy 1. and 2 we have

Theorem 3: When (3a) is replaced by

3c) The a, are determined except for arbitrary linear transformations;

{ nly it
®.8., if {ai}>Lbi! if 4 n‘i{ 4t da }7’ {cif dibiX’ then nc social welfare function
is possible, \

Hence, theso results give us some insight into the "Posaibility Theorenm"
of Arrow.

Suppose now that a social welfare function is not required to satisly

conditions (2) and (3a), Then we have

Theorem 4z A If (2) and (3a) are not required, the ordering relaiion

dotined by {a,)={v,) 2 2 {a)]= IBbI}] fay) {b k 17 ¢ [{ai]> r[[biﬂ

aceepinble
is o social welfare function, when £ 13 monotonic; i.e. for ©4,> 0 and

z0. .'- + > I l
Ci.. Og r'\.Lbi ci}l, b o {bj]} °
acaceptable

B, These are the only soci welfare functions ( if (2)
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snd (3a) are not required),

Proof: A ls trivial. Now for B. Suppose we are glven 2 social welfare
function (1.e, an ordering of the points, in a subset of m space), By
ordering we may define a real vslue function g“ aiﬂ which has the property
that g [{"i}] - gIL{biU if and only 1if {ai}:{bi}and g[ {ai]?g[{bi}J if and
only ir {§1}7{?1!° Since the social welfare function satisfies (1) g is

monotonic,



Refarencea

[1] Arrou, K. J., “Social Choice and Individual Values", John Wiley and
Sons, Wew York (1951), Chap. 3.

[2] Hildreth, C, Cowles Commission Uisenssion Paper, Economics No, 2002, p. 1.

[3} Savage, L. J» '"The Theory of Statistical Decisiond, Journal of the

American Stabisticel Aassociation, ¥olume L6, No. 253, p. 6h.



