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1. This paper givee sorn additiomsto Cowles Camrdssion Discussion Paper 293, whichare
LGaong thamelws only loosely connected., The notations arc the sare as in tio paper
referred to, aicept for g vhich is replaced by q, and the sign of ) which is reversed
in order to have lagrange constraints as additional terms. The notations and basic
equations arc repcated briefly to nake the following understandz_xble, independent of
Cowles Corrission Discusslon Paper 293,

ve consider an area A with a boundary B, all functions being continuous {and
even to the second order differentiable) oncs therein.

xl’ X, are Cartesian pointeccordinates,

k=k(xl, zz) the local cost of transpartation of the unit of a
commodity C for tho unit distance,
v =v(xl, x2) the transportation veetor ficld represonting dircetion and
| quantity of c:iprents tlrough each point (31, x2) of A,
q:q{xl, x,) the amcunt of C to be brought to or froo (21, x,), according
totlic oign of q. For brevity, q is called "production -

program,t

(1) Acknowledgerent ic made to Profassor T. C. Loopruno whose papers LPC 401 (Cowles
Cam’desion Discussion lapor 214), LIC 410, 4114 and Chapter XIV of Activity
Analysis of Production anc illocation, (1951), have largely been drawn om.
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Seze results of Cowles Com .ission Disenssion laper 293 are:
1:1 If the production progran is given and the transportation cost function k(xl, %)

is irdependent from back rovements of carriew equipment, then the transportation

veztor field is known by

(1) iy ¥ = q= 0

s v _

(%) kS terad A =0 or cquivalently(?)

(2a) curl k& !}E! =0 and a certain boundary enndition, e.g., v=0 on 3,

1.2 Under competitive conditions and aftor exclusion of unconnceted sub=arsas (to or
from vhich no © 15 shipped) the pararcter A can, after proper choico of. an intesrational
coastant, bte identificd with the local priec of G.

For (1) we have tlen
{1a} div v ~ q(xl, %59 )\(xlp X)) =0,

1.3 Uguations (la), (2) can be o xtendad to scveral commoditics:

(lb\i div Vi - qi(xlp ﬁ; Al‘ ?\211 bungy ;\n):O

N v
(@) k <& 4prac 2 =0
1w, ¢ i
A
2. The first rcrarlt aims at o1 alternctive forrmlation of the rinimm problern under..

lying Coulcs Corvdcolon [iceussion laper 293, vhick 1as to find v, subject to
Al 9« 920, a0 a3 to minimize thc transportation cost-~total

(3} XK= :‘ k v i, dx2 or in lagrangian notatien

e t”
(3a) ;J,k tvi 5 A(q -~ div v)j dxy ax, o
Cons:der (3a) for a solution v of (1), (2). Dy partial integration of A div v

anz nas
f-

)‘ % Tl Ngq ~ Adiv v; dxy d22= );(k v + Agq) dll ‘-bﬁz

[ -

(
- i X2v) ds+ Jra.d\.av
q‘)( )n ,.! g I al &2
)
(2) (2a) roveals morz overtly that (2) inposca a real condition on v and does not
merely inbtroducce an additional variable 7.
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where the oubseript n denotes the vector cormponent normal to tho boundary, taken
rositive to theo interior of A, and ds ic the linc olement on B. The comtour integral
vanishes becausc of the boundary condition v =0 on B, With (2) and (1) it follows
then easily that

(4) K .-_jj Aq d:r1 dx2 for a solution v.

Since for amy aonstant ¢

Yo qdﬁdxzrcﬂqd"ldxz

and this integral was shown to be zero in Cowles Cocmiscion Diseussion Faper 293

(3)

the integral (4) is invariant against addition of a eonstant to Ny (which has to be
allowed for, since A is only determined up to an arbitrary integrational censtant
by (2)).

To extremise jj Py | d.xl d:-2 with respect to A has a definite meaning only after
the adrissible set of A has boon opecified. From tlic results in Cowles Comwisvion
Discussion Taper 293 wo should oxpect thut a reasonable "potential function A is
to be tiic gradient function of a vector ficld, and related also to the trnnsport.-at.ion

cost, Ve way preseribe for A that it fulfills an oquation

g 1 -I- d A =0
(£) ;c‘!l'i'sm

whera ¥ can Lo ary vector ficld, Ve also will noed a boundary condition tut leave it

open yeb, Ar  exirerdim of fj Aq dxl d.x2 is thon found by variation with rospect
to A of |

Y
(La) I =ﬂ[4’)q +u ¢ {k |§‘ t grad h)_-} ct:z,:L dx2
where u is a veetor of lagrange paramcters, scalarly rultipliod with the veetor sum
in the bLracket,
The Duler cquation of this is

(&) Q-~divu 20

(2) ESquation 9, I'age 5, Cowles Cowm:ission Tiscussion raper 293,
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Integrating in I partially and introducing (6) we Lave

(Lb) I-= Jj[)\q-f-kuo T -r\divuj d:2+ ’g(u?\) ds =

' b ¢
Sjku Tl d:l d::2+ ‘é(u)\)n ds .
Here the econtour integral will depend on tho boundary conditionafor 2. If we choose

then oo as to give this intogral a fixed value, e.g8., 28ro, we are reduced to extreidsing

the first integral. It suggests itoelf to choose tho unit vector ‘.!.' so as to point
' Y
everywhere in the direction of u. Ve Lave, in fact, to operate on Y, sinco Y 1g the

only variable deponding on A. (Dy roans of iquation (5)), Put then

(7 Yozexon where o( 18 a positive scalar function in x5 32 .

. I o i xu
1= ffku 3 @5 o= ffru S8 60 ek v ay o
From (6), and (5) and {7) it is scen that u satisfies equation (1) and (2). u is
identical with the flowevector v. And thoreforo '

(8) Bar. Jia = ((x|u = mnf{x dx
e Jra e ey ffemiog e, = mnffuiviox o
subject to k I§|1-gx'ad?\=-0 with div u = g =0 subject to div v = q =0

. =

kg terada=0

it the boginning of tlids section it has boen shovm, that

@ o ra- e ] o a2 e o
vith k I;}ﬂ-grnd N0

And from Cowlos Commicsion Diocussion Paper 293 = equation (2) of this paper - it is
kaoun, that the loft hand of (9) is equal to

(10) ning[k\v\f?\(q-divv-)] dx, dx,

liow 4t 40 trivial that Min SS[kiw + »(q-div v)] de, i, £

Min 55[1: V) + Mq-—divv)] ax) ax,

gubjoct to
q-~divyz O
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The left side is, according to (10), (9), equal to [/} q &x, &, , the right eide,
beeause cf (8), equal to

e, [fra ey o .

subjeet to l:‘%’-l-gmdﬁ:.-o

Hence ,U hqdxy dxy £ I:;:r. /fﬂq dxy dx,

subject to k &i-l-grad A=0
or, with (8),

(11) I.;infjh vy dx, dx, - I:a;ff?,quidgz

subject to dlv v « q=0 subjeet to ké{-l'gmd A=0
In roviewing tho course of arguncnts one sees tliat I-%x ff AQ axy dxz is in fact
uniquoly detersinod tlxouph the choice of \%
rrenthic fact that Y=o u maxiniges I relative to all oxtrordties iteculd ~ot «lready

in (4a), dirocted to muximization of I.

be concluded, thot it results in o moximm. It wight for instance only yicld a

lax dn I,
A

Vhat is, aport from 2 mathematically (porhaps) not unintoresting duality in vectore
fiow ond price functions, gained by ecuation (11)? This, it may be ventured, is the
faet that the problen of finding the optirum utilization 61’ a transportation gysten
(vith certain restrictions as to its transportation cost structurc) can be forrulated
in terus of the locational potential A alonoe, without rakdng reforence to tlc rosulting
transportation voc{,or ~ field, That includes a ganeralization of thic notion of tlc
locational potential. It was found posaible to defino a potential function as the
gradient potential of any (curlefree) vector field, the vector of widch nay only have
a length indieating thic local transportation cost -%he altemative set-up of tlo
problem is, to conclude: To find aron; the class of (two times differentiable)

functiens )\(xl, 12) gatisfying tho condition
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201 grad A+ Xk l%i: 0 for suitabloe Y,
4
2.2 ?(u 7‘):: ds = 0 forall - withdivu-q=0,

suwch a ) that raxdmizes [f Aq dx, dx,, the weighed sun of the locational potential,

3. The 'equiva:l.ence

(L) }}Aqd:ldxzsjjchmldxzmtm caso of golution ) , v supplies
an interpretation of the tom /\(q - div v) in intogral (3a). Call, for the morent,
q-~divv s r, ris of the sams charaster %s q or div v, a "scurce denoity",

Jj)}r dx, dx, reprosents, ukeff)nq d:& 'kz, a transportation cost-sum., These
coste are duo to tho necessity, to ramove the surplus (or deficiencies), that an un~
restricted v~field would cause ovoryvhiero, For tho cargoes delivered, div v that is,
would not, in the general coaso, mateh with the quantitiss q, imposed by the production
program. The differonce is just equal to r, and tho coot of its abolisinment

jfﬂrchcldxz:ff(q-divv).dﬁdtz .

iquation (4) also providon us with a means to take accourt of such cost factors
in tronsportation that arise frem required shipronts of empty carrier equipment.

If the production program is given for each commodity and each point, then this
cost factor does not influence the direct ways of shipment. Tho back transportation
of enpty carriers con be set up separately, since with the quantities of production
the required @antitioe of ampty carriors in each polnt are also piven, lle have tlwo
sane problem as for t he tranaportation of any othor commwdity, and equations (1), (2)
ougrest tic: solution. Lot k,;. i=1, ...., n, denote the direct transportation cost
for t he unit of commodity i, and kn-ﬂ. the same for the ﬁnit. of ompty earrior equirment.,
The total cost integral is thoen, with due consideration of tho side conditions:

n+l
(12) Sﬁig Ky |vyl+ 2gley - divv,) e ax,
/ . |
where 9., it equal to div{f:-l - %, v,) and t; stands for the amount of carrier equip-

ment requirced to transport the unit of cormodity i. (12) is formally identical with
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equation (18) in Cowles Comission Discussion Paper 293. Tids solves the case of a
given production progrem.,
In the case of a variable (prico-depsndent) progrem wo nots tle following:
Frem tho now imterpretation of k (direct shipment coste) it is cloar that the
inter-local price-differonces of cotmodity 4 are no lomgor equal to tho inter-local
)Y 4 ~ difforences, since those arc based on tho direct trensportation cost k, alonc,

1
o tho total cost of empty shirments is, by aid of (4) oqual to f ) dx, where

nsl clrJ.+1
a n
e =div v, 4 = div ;Ei t:l. = - 5_1'.1 div = - h t’i qy o
It follows that a unit of i shippod from (or to -- according to the sign of qi) a
point (=), x,) causes an indircct (empty ohipment) cost of - >‘m1 t;, provided that

the integration constant in 7\‘ « togothoer with those in 7\1, 1sl, .+ss, 0, have been
properly chosen; that is, such that fj qi hl hz-ao for i=1, ..., n.

tith 7\1 = 7\1 - ti A nq &8 local price-functionsand

qi=q‘1(x1’ x; }\ldtl Ahf-l' ¢aey hiﬁti hnﬂ' -‘-o, )D“tn hnfl)

we have then a systeu of equations, corresponding to (20) of Cowlos Commission
Discussion laper 293, wideh takes proper account of the cost arising from necessitated
eemty carrier moveronts,

Ls Instead of assuming the local oxcess production q(:l, :2_) 40 be piven and fixed
all ovor A, a8 wa3 donc in tho First Sectlon of Cowlon Comaission Discussion Paper 293,
suppose now that jv |, tiic transportation capacity be limited at any point to the

extent that its full use can be taken for granted in any optimal system,
It is obvious that cquation
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mst hold also in this case, although their interpretation is to be differcnt. For

the oconcmy of shortest somections ao empmséed in (1), (2) mst be maintained,
Instead of k, however, |v} is the givon fumtion and k 4s variable. Due to this
change, there are no bmndaxy conditions existing, lionoe (1), (2) constitute neceesary,
but insufficient, conditions, Tho solution is a fandly of "efffoiert? k ard A functions.
It is conceivablo to impose another optimum condition om the baindary. This would lead
to a variation problem, #xich can hauever not bo formalatod before the system (1), (2)
has becn solved in terms of an arbitrary boundary constreint, a problem that we do not
pursue here, |

5o There 1s a casc of some gonerality in vhich the solution of tho oquation system
(1), (2) 1o woll known. That is when transportation costs are strictly proportienal

to traffic density with a coeffieciont independent of tho loecality, |

(13) k(xl, X, V.4 v)=e lv] .

For then

(1) k ¥ +grad A = ¢ v+ grad )

(2) ddvveqzdivegrad = q
=cQ A=q=0

the ¢ quation system roduces to the Poloson equation
(1) A A= ZTP/f =0

with /(.{:-2—?_-;- .

Its solution is knowm to be —
neffroeV (- 5% (m- S2 . (8, 54 8 a5,
thore /‘Il, hence q;, can be quite arbitrary, tut may not contain A iteelf, It

should be noted that for kix,, X,) = const., a solution of sirdlar simplicity does
not adist,

The locational potential is in this caso also a potantial function in the mathe-

matical acnse of the trord.



