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This paper outlines parts of a study which ia concernied with govern-
mental strategies to influence entrepreneural decision.

We deal with a simplified economic situation in which the goverﬁment
and a single firm are the acting units. The firmr is assumed to choose its
investments among various assets, subject to a borrowing limit, in such a
way as to maximize expected net profits. Tﬁe_ government is supposed to tax
the firms profits, subject to some conditlons on the tax schedule, speci-
fying, say, &) that a fixed tax revenue is obtained, b) that the firm is
induced to follow a certain investment policy, viz. expand investment in
risky assets.

1. %e define the foliowing concepts:
l.sl.° The set A of admissible assets is the set of vectors a, a = (al, sany am)
such that 0% & and a restriction k{a) = O is satisfied. _

1.2, The prdbability density function of a {gross) income~vector

Y = (Yl s enos Yn) for a given asset vector a is a continuously differenti-
able function f = ¥ (a,¥).

le3o The set of aimissible tax funciions, denoted by T - u(Y), is the set
of real valued, sectionally continuous, sectionally smooth functions of T
with u satis{ying bthe fg]loﬂng condi tiong;



-2 -

1.3.1. u is defined on the interval of the reale £<Y < s with
finite, properly chosen £ and s,

1.3.2. lul#|¥land 1s monotonically nondecreasing u' & 0.

1.3.3. The tax revenue £ [Y - u(Y)] equals a given number c.
l.b. uwof 1.3 méy be properly called net profit. We suppose entrepraneurs!
strategy to be the maximization of the expected value v = v{a) of net profit
on the admissible set of a.
1.5. With any admissible function u we associate a value a' of the first
component of the asset vector a in the following fashion: a' is the mini-~
murn of components a, on the (closed) set bf vectors a* for which v attains
the absolute maximum, that is v(a#) 2 v(a), all admissible a. In other
words, a' is the léaat amount of asset & induqed by a tax function ¥ - u.
1.6. The present purpose may then be defined as to find such functions u
that will maximize the asset a' associated with them. However it will
tarn out, that we have to content ourselves with criteria
that enable the finding of such functions while the precise nature of these
functions remains undetermined. In another class of cases it appears not
even possible to prove the existence of a positive a' assoclated with a
suitable function u. Pinally there are cases in which there exists no posi-
tive a' associated with an sdmissible u. It seems then that in terms of
this general approach, the set of all problem solutions u cannot be completely
specified. In order to obtain/gggggg%igiant conditionson u, recourse must
be had to'more specific models.

2. ¥e shall.iimit tho subsequent consideration to the case of 2 assetis
only, a risky and a safe one, say plant and bonds, respectively. As will be
indicated in the final section this does not involve a sipgnificant loss of

sararslity. since “he argusents may be asasily extended.
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The following notations are being used from hers on:

a the asset 1, formerly a,, with risky returns (plant) measured in units
of price {$).

b the safe asset 2.

k the borrowing 1imit, giving rise to a constraint a + b = k.

Z the gross return from asset 1.

2 the expected value of Z.

the gross return, equal to the expected gross return, from asset 2.

the linear productivity of asset 2.

WA

the probability distribution of returns Z from assets a such that

¥ (a,2)dZ denotes the probability of getting a gross return Z from

the amount a of asset 1.

I  the aggrogate gross return from both assets.

My its expected value.

u = u(Y) the net profit-after-taxes.

v = v(a,b) the expected net profit from an investment of a,b in assets 1,2.

both Y and 2

,{Z , 8 the infimun and supremum of which may without loss of economic
generality be assumed finlte.

c the tax revenve level.

From these definitions the following identities are immediate:

(1) ¥ =aqb = qlk-a)

(2) 2= fz f(a,2)dz

(3) ¥ =2 + q{ke=n)
B 8
() s~ [ 2 P20+ ad - [ v ez
8-qb B
= [ % Pla, -gb)ax » Jz Y \P(a, T-gb)ay

L—qb
the latter by the definitions of ¥/ -
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- ]
() v(a,b) = j
)

8 a3
© | Gra-g [ pa-o
.se ‘&

A1) Pla,T-qb)dT = j’ u(Zeqb) P (8,2)dz
Yy

(0 L’%{ldz P(s) - $(£) =0
The economic laws of returns are expressed in

Qvéngz s 0 D%ngbz -q>0

32 v(a,b
9
9) Jda

3. Note first, that in general- not any asset holding a# is inducible

£0.

by some properly chosen tax. For it may happen, that m!ia*, k-a#) ¢ 0. Then
by assumption 1.3.2 ‘f u'p dz g[ Y Y dZ and hence v(a%, k-a#) < 0. And a
tax may not induce entrepreneurs to bear a permanent loss rather than to
close down. Subsequently we assume that mI(a*, k-a*) 2 0. Since entre-
preneurs are assumed to maximize profits (assumption 1l.L) any tax pertaining

to an investment of a® (< k) must satisfy a necessary condition.

= 03 if a® = k we have instead ‘—‘ﬂ!‘#

augit

(10) dvia, k-a

> 0.
ask

with (3)

8 -
a-‘-fl- L u(Y) P(a,1-q(k-a))dY = L u(Y) L.%.ﬂ +q _D_‘g_ 4Y = 0.

It is useful tn have this criterium in a slightly modified form. By partial
integration of the brackets one obta.ins

& = u(e) L [-}f- ﬁ[_g;fé%g -E'é%ﬂ]

By (6), (7) the first term vanishas and we have

8
(11) dVI k-a J u! L\ .y_ 3~P]d‘hdz I ul F(a’z)dzno
£
wnemwehaveput)’ \‘( l-%—?—-m;-Jdt.
L



-3 -

The necessary cordition for a net profit function u to induce an investment
of a = a¥* is thmws that
° =0 if ave k
w'(z) p(a,2)d2 .
4

20 ifan = k
Clearly this condition is independent of the absolute value of u'. For with

(11.a)

ut also o¢ u'{= > 0) will satisfy it. The following conelderations will be
entirely based on equations (11).

4. In this section we suppose that the absolute maximum of gross re-
turns my is obtained under a positive investment 2y in asset 1. We shall
show that equations {11) contains a device for finding e tax function that
will increase investment in asset 1 beyond that point, and that this tax
¥ill not necessarily be a degressive one (with u" 2 0).

Assume then that

duy(a, k-a)
da

=0 . a?O

(12) ‘
| a=a,

From (9) it follows that

K=
13) ‘l";r‘m__’{ 20
D2 as 8,

In terms of P (a,%) equation (12), (13) mean that
8

> \( P(a,Z)dz
50 4£

.a=a0

=0

O0za4

8
(1b) Sﬁ Pla,2)4z

with F(a,B) = P(a,8) = 0. Hence 1f not P 5 0, a trivial case which we
may exclude, there is a Z with %%— » 0. Yonsider the partition of the
interval (.4,s] into a nonempty set E, of intervals with -%-ZP— 30 and the

set E, of intervals with -%-fz— £ 0.

Choose um > Q on El and w < O on E2.

inequality due to Tschebyscheff (cf. Goursat, A Course of Analysis, vol. 1,

For the followingz we need an
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p. 257); 4f 120, ' 2 0O then Jdt Satﬁdt zfatdtj‘ﬁdt. Thus

j ut f’ 4z + I u'f dz > 0. Hemel%' >0, If u! is chosen puf fi~
B By a3,
ciently close to-a function ¥ ¥, ¥ = const. then the sufficient conditions
(14) remain unviolated, by continuity, and the tax function expanding in-
vestment beyond 8, 18 constructed. Sipca the Tschebyscheff inmequality is
reversible — if «'% 0, 4'20 thenjdt §48a 2 [4as j' B dt
it is seen that the construction suggested is an efficisnt one in the sense
that, other things being equal, a different choice of u" on the intervals
considered would yield a smaller value of g .

This method may still apply beyond the point where the sufficient

condition av 2 0 ceasés to hold, but 1t does not carry beyond &
S Al

with @ (a,2)¢ 0 fdentically in Z. As further mentioned below (Section é)
we do not have sufficient conditions to decide on the existence of an
absolute maximum of v beyond that point.-~The construction of u in this
section will not generally yield a degressive tax (with u" é‘ 0). There
are examples, where a degressive tax will even dscrease risky investments,
as the following case shows:

As before suppose .J: f (ao,z)dz =0 ’ f (£) = fls)=0.

Let E, with ¢ ' > O be the interval 2¢Z2enm
and E, with £'<0  the interval m& 2 %8,
Choose u" = 0 on Eyj u" » 0, but not u" ¥ 0 on E,, 80 that u" 2 0 everywhere. |
Now r . A utez Ezfdz
J u')”dz-u'(m) Lde, .fu'fdz'i. J <ut(m) ff’dz
! - "2 g~ E
o] 2
because J de $0and u'(m) 2 ut(2): 2 ¢ E, .
E
2

Hence [‘ u'f’d?a(u'(m) de.Z-O ’ g{-

E-‘ U Eq a"ao

< 0



and Y - u degressive.
S, In this section we make the weaker assumption that there is a 2,
L c2cs such that P(O,z) »0. This is certainly implied by the assumpiion

of 4. For ;:—Y-

8 8
- & p(0,2)dz 2 f j/(ao,z)dz = 0 secures the exis~

/)

tence of some 2 with p(0,Z) > O.

By continuity of P it follows that there exists a vwhole environment
0% a = ax such that P(a,2)>0 on an interval qu %% L2,

Choose u'>0 on E and u! = 0 (or rather sufficlently close to zero

8
Deut < £ ) otherwise. Clearly [ ut P (a,2)dZ> 0 4in O« aga¥ and the
/
necessary and sufficient conditions for v(a#,k-a#) to be the absolute maxi-

mum on 02 a € a* are satisfied. Hence there is at least one tax function
pogsible that induces a positive investment in asset 1. Obviously these
considerations do not carry far. That may be sald in addition is contalned
in the next section.

6. 1f P(0,2)< O for all Z 257 s 8, then our approach does not offer
sufficient conditions for the existence of a tax function associated with a
positive investment a#. Note however that if there is any tax function at all
pertaining to a positive essat a%, then u must satisfy the necessary condi-
tions for & relative maximum of V. j w pdZe0 ut20. Hence, if
f (a,2)% 0 for all a > 3, then there is no u posaible for any a2 a.

Of course the condition of L is not satisfied in the present case since

Y
EY

s .
= j y(o,z)dz < 0. Hence there would be no investment in asset 1
0 %

at 21l in sbsence of taxation or under a proportional tax.
7. Assume that a function u has been found that yields an investment
a# in the first asset. Under what conditions does it also comply with the

postulate 1.3.3 to yleld a given revenue?
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Obviously € (Y - u) = m, = V. Now with v all functions o v(e¢ > 0) will
satisfy the necessary and sufficient conditions based on equation (11). Thus
if and only if c < ny there 1s a sufficiently gnallc& with ¢ = Dy = AV,
my > is therefore the only effective limit to the tax revenue. But this is

a restriction on the admissible set of a rather than on u. This restriction

reads explicitly J: L s [_ o¥(a,z

a
8. With regard to the taxation of losses we may distinguish 3 cases.

q—?ﬁf—| dt a2 2 c.

B8.1. HNo loss carry-over. Then all results apply evidently.

8.2. <{omplete carry-over. No tax may be collected as long a= losses are not
yet made up. h‘;&en the first gain enters it may be distributed over the loss
period ard the z%verage be taxed. Then the domain of u is éntirely positive
and f(a,z) is éont.inuous in Z = 0. Obviously the previous considerations
are applicable.

8.3. Partial carry-over. Again there may be no taxation if a loss is being
made. Losses may be deducted from profits in a limited period of subsequent
years =~ then final losses are still possibls, the domain of Z contains
negative values. But Z = 0 becomes a singularity since the ne% profit zero
. {~-if losses are deducted from eubsequent gains-—-) attains a positive (non-
infinitesimal) probability.

J Y d#(a,2) = I Y ~f{a,2)dz + ‘-fo 0. Hence J Yz < 1 and

S P dz ¥ 0. The partial integration leading to (11) cannot be made.
It appears difficult to bulid this cass into the framework so far presented.

9. In concluding lst us briefly sketch the extension of previcus con-
siderations to the case of several (risky) assets, and of a more general
constraint.

Let the dlstribution of returns be given by
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\‘P - \P(!l’ !23 “"In'\‘l’ 8y ---san)
and a constraint ba imposed on the assets of the general form

k(a.l, .o a,ﬂn) =0  with éLak' >°, i " 1’ ssey N

An interior maximm of v is characterized by

llS)Ot-—-- IJT fu'ﬁd! ALy veey dY, +/\1j
II jT—dII,..., dan\%-n—i-'foraui.
If a, 1s a corner point, thonj[[u '%%d!l' ...,dxn-oAg-%i—’.'o

M 3k
and possibly Jj.j u . dIl, seey cn'n + As-;;_io for some 1.

Hance-ﬂ XS ju-%—% df,, oo, AT £ lé*%l‘_%i ﬂ..j“%%d‘r“

\ -~
or JJ S L) -5-:; 2 -%—El- dl,, «eep X, 2 0,

Through the tranaformtion Y = 1§1 L s L= Ty eee L1,

?(11,..,':)-'1“-(!,!2,. 1)
weobtainff J‘u('!)[ :1 %:zk]d!l, ceuy "Q

1-2, LA ALY ] n-

=1

Again since the —%—-:— ars constants with respect to Y, I.t and
1

J\[ Y‘(ﬂl, sevy ﬂn'l mdv(s’ﬂ,--o,a)- Y(.g’j, orn’g) e 0
the first term, obtained by partial integration, vanishes

j’ dy js ° [ 1]ady dY n(s)‘r ’ [ Jaxday dy,
“ ’ I..’ ol , ...,
/2 LL 2 n J 2 n

s y .
- f unm&mS { 1dYdr, ..., &
/) ' i

AL
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o , 3k _Q_‘E K : 5
u (Y) L ‘J. J.L ['aal s .aai ;‘1 S'al-—". dy dr2,o N dYn

-f: ul(Y) p(Y) dt 20
and the corsiderations of Sections 3 through 7 can be employed with little
trouble. It also ls easily verified that for n = 2 and the particular distri-
bution ‘{J‘(al b Y, I,) = ¥(a,Y) « 4 (a.b) where o is the Kronecker function

2 . '
with j S (qh)dz I 0 4£ 2 "qob s the previous canse 1- again obtained.
/] \1 £ 7 2qb



