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Towsrds A Theory of Financial Beha.viox"l

| by llarry Markowite

Part I

Part one of this paper discusses the plans &nd goel of a projeot which the
writer iﬁtem‘ls to uﬁ;iertabeo Pa.!;t two of this papor takes the first amall steps
toward the attaimment of this goal. |

The writer is attunpting_ to formulate a set of equations whoss' purpose is
to describe the behavior of finencial institutions (partioularly Commercial Banks
and Insurance Cm:rpaniu).ah Thesé equations are to be fitted to and tested by
the relevant date., PFresent benking theory and experience mggost some properties
of such & set of equationa. They -mgg;est verisbles whioh should enter these
equations; the signs of some derivutivos; zome homogeriety properties. They do
not suggest, however, the Form of these equations, or the distribution of the

"unexplained residual.”

1. My thanks to Professor Harschak, Cerl Christ, and various other psople (in end
' out of the Cowles Commission). Discussions with them about this paper end its
contents have been most helpful. Heedless to say, my mistaekes are my owmn.

2. Previous studies with simllar purposes inoclude: '
A. J. Brom, "The Liquidity Profermce Schedulos of "he London Clearing Benke,"

Oxford Economlo Papers Ootober 1538,
nbergen, Business Jycles in the U.SiA. 1919-19"‘7 Cthter 111 B.




Ll

It seomed to the writer thet there were two -alternative methods by means of
which a set of aqua.tions..to' Be fitted and fested by data, could be obtamedr: a)
Such & set could be "arbitrerily" seleocted, pd'haps p:i the basis of simplicity,
fr&m'tmlinﬁnita possﬂ:le si_ats df equations which mect the sugpested properties;
‘or b) the behavior equations oﬁuid ﬁa. deduced from more fundamentel po#tulates.
Ths second alternctive weas .chosm. Speeificully, the‘.bahavior equations to be
fitted will be derived £i'0m a sef of ussumptions which may be charsacterized es
desoribing a retional 1nd1vidﬁa1 who likes profits and d:lsllikes risks, and who
acts on the basis oi‘ sabjeotive probebllity ‘!:teaii.:l.e,i‘a.:L

Our assumptions must be nerrow enough to have interesting wrl.ﬁ.able conse-
quences. It is too much to hope that these consequences will be consistent with
observations in all _:'_'ekpects.' But we must stert somewhero; and the -;vriter feols
that tbﬁ fitting and fbestihg of e@atidns derived from such assumptions will be
more useful and iﬁoﬁatiw then the fitting of "arbitrarily” selected equations.
| ~ Our basic set .of aésumptiona will include assumptions concerning 1) the
opporﬁmitieé, 2) the beliefs, and 3) the behavior of the individnal given his
opportunities and beliefs,

1) o will egsume thst the individuel acts at disorete time points
ti...,—lao,l_..o., At tj,mrg-r ".: he mst choose velues of variables xht,...,xn.t subject
to .oonstrainta cl't'"".cihc't' Y 6 moy -;ake tha.fém of squalities, inequelities

or other restrictions on the vector (Kl AL X t)° Given the values of

(Xl_ t.....xn‘t)*(X)t for € <. 1; and given the values of certain "other things”

(7{‘1 -t.-..;YR t)n(‘i)t for t € 1, then the oppertunities available at time t=g:

1. The general implicttions of such assumptions, and thec!.r relation to other
assumptions which oould be made, has been discuased by Professor Marsohak, for
example, sae
"Role of Ltquidi'by under ﬂwaqﬂate -and .anomplete Information” Cowles Commission
Papers, New Series No. :m. _
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{1,845, C  goeesC ) depend upon the choices (K)1 and upon events (Y)z. The
2 |

1.2 .

opportunities aveilable at ¢=3, given the conditions at %=1, depaend upon (x)l. (Y) 0

(x]a. (Y)S. -And £0 On.

Tﬁe opportunities evailable to (say) a Commercial Benk differ from those of en
Insurence Compsny which, in turn, differ from those of (say) en Investment Company.
The M™institutional assumptions”, from which we derive the behavior a_quat:i.ons of such
different institutions, must differ accordingly.

2) We will assume thet the individual's beliefs concerning the veriables Ii .

eonsigte of & subjective probebility demsity distribution

P (saves(¥)_0 (N)gs (Dpaeees M)y, Wgs )yese)

where (T;-.f)t is a vaoctor of verisbles, ohserveble at time t, which "influence” the Y's.
To glve our model empirical content, we will have to meke narrow assumptions con-

PLY W "
cerning ( it’ et)
3) It will be assumed that there are desired variubles Dl”"'Dq" If the Y's

were known with certainty, the X's would be chosen so as to maximize U= U(Dl.....Dq).

Di is, in general, & function of X°s and Y's. (The C's, we have said, are also

functions of X's and Y's)., Thus Di may be, for oxample, dividends paid out et

time t (an X), or "value” of the enterprise at time t (a C),

VWhen the Y's ers not thought of as certain, then Us U( :F(Dl.---.Dq) )3 where ¥

is the subjective probabllity distribution of (Dl.....Dq). A strategy S5 prescribes,

for every t, a function X t- [t (Ylt. th’-.-' Rta Ylt-loooo.YR 'b"'l....; wlt‘....“st-a'.").

Send P (Y,W) determine F (D). We assume that the individual choosss & strategy S,

which maximizes U,

When q=1 we will Gasume that
U (;g @) )=u (£ (™))



i El p)= B, (p)
v, ®)5 7, ()
where E is expected valuej V is van&.;ce; end where the inequality holds in at least
cne instenocs. _ In other words, expected D is considered desirsble; voriance of D
(risk) is considered undesirable. This can be generalized to 8>1.0 |
It sooms expedient to begin by thinking through a system in whioh assumptions
of type 2) and 3) are cambined with simple assumptions of type 1), The writer has
started with a model desoribing the behavior of an investor in seouritiea. Market
iuporfeotions and operating oosts have been assumed w. Sach a simplified model
has two useasr &) It reises, in s simple oontext, problems whose solutions will be
useful when we deal ﬂth more oompliocated models which take into account the oppor-
tunities fooing a Commercisl Bank or Insurence Company. b) The conolusions of this
simple model could be spplied (perhsps after taking costa of trensaotions into
acccunt) to individial investors or Investment Compard es.
In part I1 we set up the premises and take the first steps toward deriving
the verifiable implicetions of this model of investment behaviors

1. Ancther assumption which the writer would be willing to make oconcerning U 1s that

. D
'} (:1‘1 M) )>U (:.»"2 (D) ) af /;_Fl(n) dD?-"/Dch(D) aD where = applies
for all values of D, and > applies for at least somo walues of D, This assump-
tion has not been useful in our snalysis eo far, |
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Part II

1) For notational eimplicity let us assume that ewery ssourity ocan be disting-

uished by two oriteria: the issuer and the length of time before maturity. Let si.‘lt

stand for the phrase "seocurities, issued by 1, with } time-periods to go before
maturity, available to the investor at time t." For stooks, j=0e . At time t+1, 81

becomes S « Lot Q be the "quantity" of 8 held the investor, This
1 egelotnd 13 Manbity” of Sig MM Y

is defined to be

a) The musber of shares held, if j= oo

b) The maturity value, Af J& oo,
Let 'Pfljt' be the "price” of 81 5 This refers to
’z-)rico per share, if J moa
/ .
™} price per dollar of maturity value
« Gollar value at time ¢ , ifr jLow=,
9 Jollar value at maturity

Yo will assume, in effeat, that there are no costs 1nv61vod in buying or sellling, that
the price at which a particular security could be bought by the investor 1a egual to the

pr:loé at which it could be sold by him, and is given independently of hies decisions.

C b
mi,‘]‘bo

dividend per share, if j s oo

smount of ooupon payment, if J{ oo,
e E?Iﬁ'ﬁuot '

©, g4 belonge to the party that holds S 4 from t=1 to t. The "profit” cbtained from

holding 8, , from ¢ to t+l is

‘n:jt = qidt (?1 oj-l ool ¥ ci -J-l obel -Pijt )



T, .- e, [P0 |

it 1% Jej=letsl 1
i3t

let X = (P | ' | '

m SAPTRL e T gt 1@ the amount of funds which the individusl holds at time

: - ' (P+C) .
t in the form of sccurities S,,. Let Y =/ 1.J-1:%#1 _ 1| bo the yleld of 5§ ° .
. j _ ijt P._jt . ) ij‘b
’ 1%

It will be gonvenient from x_mwlron to replece (1-3) by (h). Total profit from holding
securitles from t to t+l is J| =2 X _ Y .
: , . t h ht ht
The smount of essets tied up in securities from ¢ to t+l iz A, = }1{ Aot
2) i-'ife asgume thut at time t=1, the beliefs of the investor concaming Yht oan be
expressed as a joint probability density dlstribution
P (o--.Y laonnlY ’ Y l‘"'OY i 0“&” -0"';"‘-“{;0"'_)'

nel 1.2 ht 1.1

a) We will assume that (EY I 1.4= 1’“"1’1-1:-5 1ees) W1 bl l---sv”.j t A ea) =

Y;:t =" e}h (.flit"l'.‘.‘ ‘ﬁl‘t-l’...) :@h @tao .‘Zﬁf) ‘Vhe?o _i.’ wo will assmeg is of =

known form and is 'Il'ne'_ia'z_"' in m_y‘unlmm pai-ametera- ‘USI‘...., °§.. For example, perhaps
Yg‘t .o(o +o(1 Yh.tul . "‘.3 Yh.taz + RAg (na'd.on 1noomo)

h) We will assume that the distribution

P (Y lt » th Y_g'.b..'.. ,Yn_t | zlt.-o-n st) 13 the same for ﬂll t. In
particular we will use below the assumption thet 0"' £ (}~ : is the same for =ll t,

‘st Yit

'Raughly speaking we assume that while the subjectlive expected yield of various securi-

ties may change through time, their pettern of "riskineas” will remain the same’,

1. Of course, in applying such a model to ectual time series we would heve to take into
. account events (such &8 chenges in Federul Reseérve support policy) which had eignifi-
osnt pffects on the U~ ‘s and ¢X"s. Ve could fit our derlved equetions only to
date from perlods of time during which the G 's and A's secmed about oonstant,

Or we oould generalize our theory to let the ¢~ 's end o 's be variubles.
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3) One assumption we could meke as to the investor's behavior is thut, given his
beliefs, his opportunities and ‘the smount of funds to be invested in securlt.tesl. he
_ allocates his funds so as to mb E(T ) large, but l:eopO'(‘”;) amell. In other words

he aots to maxinize Ut "\ (Et V)where 5%'3(17—1;)'?" 2 %%_>0. au<°.

| e
Alfe will argue later that this assumption is perheps/ roalistio, but its implications
will be useful in deriving those of other Lohevior casumptions.

Let F be an allooatio:;“of funds emong securities, We define F,to be a step-wigs

affiolent allocation st tims ¢, if thers does not exist sn allocation F such that
1y 2 3
(stl B . P a¥) (Ftl E o B, W)

T Ba s W)= (V| B o B0 W
where the inequality holds in &t least one case, The word "step-wise”™ is used bhecause

1’; only refers to the profit made by holding securities from ¢ to tel, The word

"officlent” is used in the ususl sense where E and -V are desired “commodities", If

Ut- U‘I: (Et' Vt) then the allocation of funds will always be step-wise efficient. The

assumption of étep—wiae efficiency, plus the assumptions as to opportunitiee and beliefs
stated in Part IT 1) and 2) imply relationships between decisions (X), and obsgervable
varisbles (v\tﬂnch cen be expressed as an incomplete set of similtaneous equations. These
equations are linear in their persmeters, und if we make the usual (but dublous) assump-
tiona as %o how random disturbances eater cur oquations, we oan estimate these purumeters
by the Limited Information Method®. Note, the assamption of step-wise efficiency not

only mekes no assumption oconserning LR A (Et’ Vt).

1. WNe can assume thet the quantity of funds allocated to seourities deponds upon what
oan be done with such funds Af they are so allocated. In thut oase tho equations
whioch show what ocan be cbtuained ~- given the amount of funds devoted to securities --
are an inoomplete subset of & set of equations which explain the amount of funds
devoted to securities as well as its allocatlon among securities.

2. This assumes that other economic relations permit the identification of these
equations. '
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exoept as to its derivetives; it also does not assume that this function necessarily
remsing constant through time.

e will now derive some implicutions of step-wise afficiency.

Ve have the following definitions:

Agsots devoted to securities:

1)) A=}

fe1 ™
Fxpeoted profita:

- o
0 Eef RN
Varianoce of profits:

_2

5 v -1?{ X, a—hh.z‘?;u xhxla'u
We will add the restrictions:
4) tho hal,...,n.

A necessary condition for an allocation of funds to be officient is that no other
allooation with the same A and E has & smaller V, A necessury oondition for V to have a

relative minimum (A and E held oonstant, ignoring restriotions 4) for & moment) is thut

_scgr (wz )\' (E—& Xh Tho) * 2)\2 (A-ﬁ Kh)} a0 for 1=l,,«.n
1

where 2 >\1, 2 )\2 sre Lagrengian miltipliers

Explicitly: 6 ' Q, .

(AT A ) e
&

m Ty 2% X T 2)‘1 Y, + 2)\2 20 4el,....0

¥e can express the above equations and the two additional (constraint) equetions

1) and 2) as follows:



( o 1) [ )
n T o 0 4 1) X 0
Joy Oz o Ty ';. 1 x, 0
i 3 x| ~1lo
5 | Tz *** (Tan ’a n
Y ¥ .. ¥ 9 o A E
1 2 n 1
\.1 1 I X 1 O 01 \Aal kAJ

We restriot X,to be non-negative. If the minimum V (given A end E) is obtained by
an allocation (X veeeX') with X >0 helic...n, then V rust have et this point a
relative minimum over the space of xh % 0 h=l,...n. Then (x‘;..,...x;) satisgfies

equations §). If {say) x; = 03 x’2'>o.....x;>o. then V may not have a relative minimim'

over the space of J&:% 0 tut must have a relative minimm over the space:

X,= 03 ’&5 O h = 2,,e4sn¢ This means thet (x;.....x;) may not satisfy 5), but will

satisfy & set of equations whioh ignore &la

[ - () \
O Gy - T % 1) X, (o
G.an . “ee O-;l !: p xn - 1]
Y, . . o, 0 0 41 E
1 |




Similer resilts hold if say K= O or more than one X = 0.
This implies that: if there are n+q securities, §; .....qu. in which the individ-
uel ocould invest, and if he invests in only n of them, say S;,.e.,5,, then the positive

smounts invested are related to their varienoces, covariances and expected ylelds es in
equation 5)1. For, by our assumptions, the individual chooses an efficient allocation;

an efficient nllooution must have the least V, given A and E; V mist have a relative

minimum at the point (X;....J;. Qyooee .0) over the .ﬂ“

thO hal Leeey B X‘C-O ' l- nﬁl.f... n+qj
and equetion 5) is a necessary ocondition for such a minimum.
Ve may assume that the matrix in equation 5) has an inverse; otherwise the indi-

vidual could not "solve for" x;. ' Solving for 6) we get

0\
(xl‘ (0; G-l.nY; 13-1/0\ i 0

o - LN N - L4 a

[ eve - L] o .

o WG Tt on] [ob |
. Y 0
n
1
n

MoLE o e 0 R E
1 cae 0 0 A A
g (1 J ") \ ")
From 8) we get |
7) BeC (Yy) ¢ AC (1)

Xy ~ l . I
where C ( ) stands for "co-faotor of".
From 7) we get
5 | n
(zx M) (2d, %) ¢4 2 ,7;:1‘{:1:.;. Y

§) x.- o
1
hag Ine % %

1. 5) also aspplies if we allow xh< 0. This would be & "ghort sale".



. " ™ gare sums of products of ('s. Te will show this explioitly for
Jth'otih.x' ng wer PRy

!lf. The argument is similer for.C (!:) end C (11). ’ll' is & sum of terms, each term

being & producst of elements of the metrix. Fach row and column of the matrix is repre-
sented onoce and only onoe in each product. Each non-gero product rron,r‘lmtt have an

clement Y: from the row containing only ¥Y°*s and zeroa, and it mist have an element YZ

from the colwm ocontaining only Y°'s aund zeros. Combining terms, we get & 'quadrat:lo in

Y0, with sunms of products of J"*s for coefficients. 8) may also be written

8a) oy ) L (¥°) + A (¥°)

P (¥°)

X

where L1 (Y°) is linear in Y;:n P (Y°) and Qi(Y°) ere quedratic in Y}o‘. This is

equivalent to
9) X, P () =~ Ex 0) 5, (?") + 4:q (%) de=lsecems

Yo - .o -
If we substitute N ¢h (vlt.. 'vSt) seo 11 2)a we get u set of equations

10) gi(vlt..oogy ] Ht‘ooo .xnt) = Q- 1-1,o'¢.n which are linear in their

parameters and contain only obgservable variables. This suggeats estimation by the
Iimited Information Mhod. Before attoﬁqrbing such estimation we would have to think
through two points: ‘

a) Our equations, ag they now stand, do not admit random wuriation in behavior.
Such random veriation exists; otherwise "estimation" would be unnéco:aary. What
assumptions are reasonable as to how such rendom elements enter our equations?

b) The parameters of 10) are not unrelated, An efficient method of estimetion
would teke this into account.

Another point to think through is this: Suppose we had estimates of the parameters

of 10). Could we identify the T 's and ©A's of which these perameters ame functions?
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The 7 ‘s and o *s would not add to the information in 10)}; but they might be
interesting for some purposes,

The following ocbjection oan be raised ageinst the assumption of step-wise efficient
allocutions Is the unit of time equel to o juurter or a yosr? Certainly the investor
aocts more frequently then that. Is tho unit of time equal to & month, ;reek or day?
Certainly the investor does not, in general, act this week for the rewards to be had
next week,

lfnother assumption -- more reulistlc in some ceses «~ is thut a manu jer of the
invested fundas tokes &8 zven the value of assets as of {say) Jenuery 1, He roinvésta
earnings until, and tries to meximize the value of assets as of (say) June 31,
Similarly for the period July 1 to Doocmbor 31. Or, in general, there exist m and t

such that the individusl acts at time t, whero t « (A«l) me t<t, +2m, 80 s to

mximisze U, = U, (Eto oA, vtoﬂm)’ vhere A is en integer, E and V refer to expectation

and variance of A - assets us of to +an, before dividends sre paid. It cun be

)

shown (see footnote) that if ¥, " independent of Y . for all t, £ tz(rmtaatia

1 2

assumption) then the above agsumption implies step-wise affiotent allocutiond,

1. At time ¢, + Anm-1 = -1, given A L’ the investor's allocation will be sten-wise
efficient 50 as to maximise U (E1c sV, )a Let

g
o
'Y r 1
(0-11 o.m 1
. ave . . . P .G
ans - . " a Les %, .
| . eee . ° . where rg ol £ .r EI—-——-; vl.f_l" .vs.f.-l
sns fo ) 1'5"1
0-111 G;n n mn
9
Iq. ewe .l'n [ ] b




I ocennot present the implicutions when Yht is not independent of Yh

I oan, I Yelieve, present & method for finding thees implications:

to +m ?\-1 - f -1, the investor will act in & step-wise officient manner. it time

1

2

At time

ht / LR N o
T CTin

LR

[ R R J o

o © C e s »

G—ln veo G—m
0
0

\

(V& l Aj‘*l ) = (xl'""xn'kl' )\2) 4

o,

Since E, ¥ > 0, Z1s negative. Since Er, " lf-"_l is glven independeatly of r .

» Af-l."'

0‘\
o -
0
A
1
x| »(a ‘ 1 gy
xn ( PR 1 n. Af.l)r i
N
\M2)
2
f-1 F. o fa
¢ (1,)
. Vl2o

ASeez ¥ 1<»:>.

and therefore independently of A 1’ we hﬁve

i £yl ag - Fet o Bl xEal

Sinoe "> 0,8EL0, this cannot be minimum unless the distribution of
wvariance for the given expected value.

is no longer arbitrary.

Note that the choice orSAH

A similer argument holds for § ~2, § -3,.... € -m.

-1

has mnimum

-1

(=]

= O s &

o)

”~ -
]
5\ -
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-2, riven any achiovable E {4 4)+ given that the individuals sotfon at t= < =) will
be cﬁep-mise effiocient, and given the distribution

r{, My | Tiopgreens Voug g} then v (5) depends on

-

(X}, fugoeres X e (x);_z is chosen so as to minimize V. A ailmilor argumont spnlies

to $+3, Fodyeres Fom. Vo will pet § al X G (v veasV
’ ’ » m 5@ n gener ht-a ( Lteo ' S’t‘a).

It obviously oannot be claimed that we have exhausted the assumptions which mipght
reasonably be mede coneeming the investor's utility function. As we extend our
remilts we mast remamber: It is not enough to huve genersl or "reesonable" prenises;
wo mist be able to derive empiriocally verifiable - contradictable - conclusions,
Otherwise ~ while our aymbols may fit together elegantly - they have no meaning es

economic theory,
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The symbol‘V has been given two meaningse This mast ceuse confusion, as the
particular meaning used ie not slways olear from context. With apologies for this

oversight, the writer suggests the following chunges:
L J v [ X N J v
Pps 6) for ﬂh ( ey %)

z L X X ] z
reed ff (2 seeeiB)

3180; add (Z .O;opz ) - (Y pass} ¥ oot)
1t 5% l.t-l l.t=1

pe 7) 1lines 9 and 10) read

(Et 1?1, P, zt) > (Et Foo Py Zt)

vi|irP,pP,2)<(v {F,P, 2
AL ERELALIEAR

line 17 for (Q » Tead (z)t

ps 9 1line 65) afberx;% 0

insert h=l,...,n
ps 11 1lines 12 md 13) ochange V's to Z's

. t . for V eve sV
ps 12 footnote) 1 }-1.’ Ve $u1

read < ....,Z
1e £ Se fal
p. 14 line 3) gor V vesesV

1. ;-2 Se §-g

A ene Z .
read Iif‘-l. » Se §-1




