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1. There will be no nead here to discuss either the importance or the
necessity for the construction of models whenever we desirve to treat
gome rea} prubiem mathemstically or otherwiss. The function of the model
is to ropresent in idealized form those features of reallty which are
deener =sszential for the problen in guesticn. The model, of course, be~
comer nseless if the "realitles" are not capable cof identification. In
econonics, as well as in the most varied of other [ields, a large and
1mportant class of probleme may be reduced to the investigation of sys-
tses chenging over time. The sppropriate medel in any instance may be
eithar *woll~determined” or “stat.istiﬂ.cal‘sn in the former the system ia
uniquely determined for any time, ©, if the stabe of the system is known
at ona particular time, %,. It is clear that such “causal" nprocessea
are applicable in a limited number of fields, e.g., classical mechanics,
but is inappropriate in others wherein Jt ie irpossible or excessively
difficult.to apply. In economic problems we may well regard a wellede-
termined system as fundanentally impossible. In these cases the appro-
priate model is statistical. In seneral, there have been two statisiical
gpprosches employed in economic preblems - the empirical and the a priori,
The former has had some success, bat is rather ic be condemned. Ve will
hers be concerned with the a priori method, i.e., with models for which
the Incwledge of certein initial conditions dees not uniquely deierminq

the state of the system for all ¢, tut rather a certain probability of



the possible states.

2. By a stochastic or random process is meant a pfocess In which enter one
or more random vnr;ables possessing a probability distribution depending on
one continuous]§'varying parameter which may be taken, e.z., #s time. The
main advantage of this definition is that mathematically the probabilities
of the distribution may be found as solutions of some differential equations,
ordinary or partial, along with the initlgl conditions. In the general de-
velopment of the theory of stochastic processes two differcent types of
phenoumena that may be characterized by random processes have been distine
guighed. The continuocus process is characterized by small, incessantly
occuring, random changes, e.g., Brownlan movement. The discontinuous pro-
cess is characterized by random changes occuring at discrete moments and
with finite values. A mixed type might also be defined, but has not had,
as yet, any practical application. It will be supposed that the appro-
prists stochastic type in economic applications is discontinuous.

A stochastic process is termed stochastieally definlte if the influence
of past history is entirely expressed by the initial conditlons, i.e., the
probaﬁility distribution of the system will be determined for ali times ¢
(> t) if the state is known at the time t,. We shall, in what Follows,
glways assume that the random process is stochastically definite. ‘hether
such processes are sufficiéntly general for economic analysis ramuins to be
investigated.

3. The probability scheme. The theory of stochastic processes is daeveloped
on the basis of the modern axicmstic theory of probabillity, fundancntally
due to Kolmoporoff. The label of an event is defined as the point set S in

fuclidean n-space, R, n€ W, and all scts are taken as Borel sets. The
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probability of an event in the label set S is defined as an arbitrary real
set function P(S), the probability function. P(S) satisfies certain well-
Imown axioms, eugo s those due to Cramer.,

Denote the stochastic variables by § 1? 5 pseses the value taken by
the random variables by Xy Xyseoss and the distribution parameter by t,

If for some value t, the variable of a one-dimensional process takes a value

lying inside a domain S of the given Guclidean space, the event 5 {(t)e s

has occured. Since the prolubility of this event has f;enerally been condi-

tioned by past history, the conditional probability of an event g (t) € s,

relative to the hypothesis thdt the varisble takes the value x at the moment

tos g (t,) = x, is uniquely defined by a conditiocnal pf.f. of the type
P(S,t5 x,t,) = Pr(§ (1)€ sl & (t,) = x)

Vhere the variable has a given initial value, we may dofine the absolute
probability of the event 3 {t) & S, and the absolute pr.f.

P(s,t) = Pr( £ (t) € 5)

In this pr.f. is defined for ¢ = t,» and for a stocha.aticall:f definite
process, we have from the peneral composition rule that the absolute pr.f.
of the random variable % (t) is for every t 2 t, given by

P(5,t) = {P(s,t; 5, t,) d P(X,t,)
where the intepral is a Lebeague-Stielt’ss integral taken over the entire
space R, and the differential is referrved to the set X. S denotes a »oint
corresponding to X.

From the definition of the set function P(8,b; x,t;) which analyti-
aally completely describes a stochastic definite process it folleows that
certain properties must exist for all £ 2 ¢,. BLvery funciion P(A,t;x,to)
satisfying these conditions, together with anothor assumption on measur

gbility, may be regarded as a conditional pr.f. defining a stochastically
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definite process. These conditions are called the furdamental conditions.

For the analytical ﬁreatment of the discontinmuous process two additional
functions will be defined, the density functioen p(x,t} and the transitional
provability function {S3x,t}. If the variable 5 (t) takes the value x at
the moment t, the dens;i_.ty function p{x;t) 1s an asymptotic expreséion of the
probability of ‘s random Ghange in $hé interval t +& t. The transition pf.f.
T {5;x,t) is the conditional probability of the event §(t+ At) &5, re~
Jative to the hypothesis that a random change of £he variable from x has
taken place during A t.

From these definitions, again, it follows that certain properties must
exist for all t 2 to' These conditiona, together with the adjoined condi-
tion of uniform boundedness, constitute the fundamental conditions for a
dissonbinuous stochastical process. From these conditions we may deduce
certain equations to be called the fundamental equations _which are integro-
difcerential in form. Feller's itheorem covers the existence of a unique
solution of the fundamental equations such that the solution constitutes a
conditionzl fr.f. characterizing & stochastically definite process of the
discontimoua type. |

By an extension of these notions we may defina stochastic process
called MHarkoff chains, wherein the set functlons characterizing such a
crocess 1s reduced to a point functlion. Similarly, we may define the so-
called slementary random process as a speclal application of thg Markoff
theory. Time homogeneous, space homogenous, and completely homogeneocus
processes may be defined. In all of these cases the fundanental condi-
tions have beeﬁ generalized to scrve in applications to fields other than

economics, for vhich they do not appear to be everywhere ap.aropriate.



0f major importance in economic analysis, the thcory of one-dimensional
stochastic processes, which have beenlconsidered thus far,may be generalized
to the multi-dimensional case.

The application of any of the stochastic orocesses which have been con~
gidered here to economlc analysis stlll constitutes are area of'uncertainty.
Considerable research is still required; both in economics and mathematics,
to develop more general conditions on the stochastically definite process,
and to extend our technical knowledge concerning the theory of random equations
and the theory of randoam distribations. However, the role of a stochastic
précess of the type considered may be easily visualimed in econonmic problems.
As a very peneral illustrative case we night approach an economic problem.
mathematically by the construction of equations in finite or infinitesimal
differences, with coefficients which are random variatles. These are thus
random equations which emnbody the a prierl hypotheses cdnceming the machinery
of the economic processes under consideration. The solution of a system of
stochastic equatlons cannot give a unique system of values of the 5 J-{t),
(3=1, 2,.., n), for each moment t, § J(O) being Iixed. Kather we have a
probability distribution which in general depends on the values £ J(O),..,
3 j(tal) , Waich the varizbles f? J(t) had at the previous momonts. The
appropriate fr.f. 3s derived accordings to the method cutlined above. tore
concrete examples of stochastic processes 'in econonics may be, of course,
given.

Tt will be noted that the processes devéloped here are apnropriate to
the testing of hypotheses by scme statistical procedure; .., that of

Heyman-Pzarson.



