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EFTICTENT ALLOCATION OF JUISQURQES
by
TJalling C. Koopmans

The problems of welfare aconomics can be brozdly arranged in two groups: the
first group ia concerngd with most efficient allocation of resources in production,
the second with most desirable distributicn of commodities or of incomne. %while
these two problgn araag can be distinguished, they cannot always be separated. They
- hang together particularly through the effect of the reward for human effort on the
quantity and quality of that effort.

There are ways’to Justify the separate study of criteria for officlent allocation
in production. [or instance, we may treat leisurc a# ong of the desived comnodities
resulting from, or rather left un#bsorbéd by, rroduction. %he quostion of the distrie
bution of leisure over individuals is then held over to be studied, alongz with the
distribution of other commoditles, when the second group of provlems is itsken up.
Alternative modes of separatibn of digtribution and production problmma'are avall-
able in more limited situgtions, such as arise in the individual plant; firm, or
sector of industry. For instance, under certain circumstances, it nay bs justified
to regard the amount of labor services that can be rendered by a given labor forge
as a plven quantity, which may be considered fizad even undér moderate variﬁtion in
rewards. Alternatively, labor services may be regardsd as availzble in niven amount
provided the necessary rewards arc held out, and the distribation sroblzm is sub-
ordinated 66 the problem of efficient production, in the sense that threse rewards are
supposed to be implied in produétion declsions.

In the presént paper we conqahtrate entirely on the prcblenm of efficient allo-

cation in production. Much of the literature touching on this topic is concerned



with the evaluation of alternative institutional or administrative forms of organizing
production. This evaluation forms part of the grand debate'on the merits of private
or corporate enternrise versus a planned econoay - a debate touching ugzon the broad
theme of ihe present weetings - and important insijhte about ouf topic can be rsalined
from this debate. Tne famous article by unrico Barone on "The !inistry of Production
in the Collectivist State"l euphasized the idea that an' econciay under centralized
direction, to be efficient, should in most of its operation satisfly the same formal
conditions as are satisfied by the COmpepitive goclety of economlc theory, This idea
has been substantially accepted by all participants in the ensuing debate. The con-
troversy was about methods of satisfying these conditions. Von Hayek2 and Fobbinad
argued that it was impossible to impose these condltions by explicit calculation in
one central office and by centralized administrative direction based on the results
of such calculation. A number of writers including Dickinson,h Lange% and Lerner,6
then took up the "planning" side of the debate, incorporating in their model of a
socialist economy the itheoretical conscquences, thourh not the actual form, of com-
petitive organization. These authors arguecd that, in ordér to attain the objectives
of a2 socialist economy centralized calculation is not necessary. It is sufficient if
all manasers of individual plants or incustri:s respond to a price system applicable

to the whole economy, in a manner pfescribed by the following rules: the ménager of

l. In "Collectivisl Economic Planning," edited by I". von layek, London, 1935, see
Pp. 2L5-290.
2, F. von Hayek, "The Present State of the Debate," l.c. pp. 201-243, esrecially
ope 207-214s

3. L. C. Robbins, The Ureat Depression, London, 1334, see p. 151,

L. . D. Dickinson, "The Ecoromic basis of Socialism,’ Political Quartsrly, Sept-Dec., 1930,

5. O. Lange and F. Tailor, "On the Economic Theory of Socialism,” Minneavolis, 1938.
H

6. A. F. Lerner, The tconomic eof Control, lew Yurk, 19Lé.




any plant should produce any output or output combination at minimum ccat, and the
manager of any plant or industry should arranse for production at such a level as
to equate price and marginal cost.

This all too brief survey shows that there was considerable adaption of earlier
notions of a socialist economy to tho theorist's imave of a competitive enterprise
society, as the discussion went on, To remind us that the real world always offers
a greater variety of problems than our atterpts at theorizing have enviéaged, a new
contribution to the discussion has recently come from outaide acaderic economics.

s %, Tiood, a scientist and administrator, and G. 3. Dantzig, a mathematician, both
of the Department of the Air Force, were faced with the allocation problens of a
widely ramified part of the mllitary establishment. In this problem, the existing
administrative structure provides no alternative to central direction of a complicated
effort involvin~s a large mubor of pgoods and services, all to be ceared to one peneral

objective, In this situation, as they repcrt in twe recent articles in Econometrica,7

they revert to the method discarded by all narticlpants in the debate who came after
Barone: the actual collection of relevant technical information in one center and
the caleulstion of an allocation prosram to scrve as a basis of detailed directives.
They see in the development of electronic computers a new possibility for this nmethod,
unforeseen in earlier vrhases of the discussion.

This interestin~ twm in the discussion shows, it seems to me, that the earlier
discusasions lLiad heen condueted too rmich in broal institutiongl terns encompassing the
entire economy. Tiven in the capitalistic enterprise economy, there are many sectors

vhere the muideposts of a competitive market arc lacking, and explicit analysis of

7. ‘!arshall K. “ood and feorre D. Nantzig, "Promramiin. of Inberdependent Activities:
I Teneral Discussion,” Leononmetrica, Vol. 17, July-lictober, 1949, pp. 193-179; and
feorte N Nantzig, "Progreamin - of Intcrdependent ‘ctivities: IT !athematical lodel®
ibid. pp. 200-211.
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the sllocation problen is needed. Another example may be added to that discussed by
Wood and Dantzig. In determining the best pattern of routing of empty railroad cars,
there are no market tuotations placing differential prices on alternative geographic
locations of cars. Present arrangements only permit this complicated problem to be
nandled by administrative direction,

In nost of the presvent paper we shall therefore leave aside the question of the
institutional arrangements uhder which allocative decisions are wade. ‘o wish to
concentrate on the formal conditions for efficient use of reasources, so as to leave
the door open for later apgzlication within the plant, or to the individual firm, to -
public ¢mterprises or administrative orzans, to an industry, or to the econoryy as a
whole. The main departurc from previous analyses in welfare econoaics is in ihe
adoption of a different model of product.iona8 In this model, we snall not presuppose
that narginal cost is necessarily knowvm quantitatively to the nanacer of tho individe
ual production process, or even definable in termns of technolozical data available to
him. Iueh substitution in production arises through shifts in the axtent to which
alternative processes are used, rather than throush variation in factor combinations
in the individusl plant. The purpose of the present model is to demonmstrate that the
208:1bility of such shifts is sufficient by itsclf to establish the conceptsol mar- |

/ductivity and marginal cost where aprlicable, and a more general concept where _
ginal pro~ For simplicity, we congider a static model only. thege are not applio-

able
Ve shall employ two basic concepts,™ the comuodity and the activity. Zach come

8. This model was first presonted tefore the ladison mecting of the conometric
Society in Aggust 1943, soc "» lethematical edel of Production,” Lconometrica,
Vol. 17, Ye. 1, Jan. 1949, pp. .Th=5., Ii is cioscly relatecd o the model of von
Yewnanrn, see "A lodel of General i.conomic Lquilibriun", Review of iconomic Studies,
Vol. 13 snd 1k, 1945=U47, pp. 1=9, and to that of Dantzig, 1. c.

#  For illustrative applications of these concsphts, see larshall il. L.cod and Ueorge
B. Dantzir, op.cit.; C. Uildreth and £. Teiter, "On the Uhoice of a Crop Rotation
Flan,® and T, C. Loopmans and {. Leiter, "A Zodel of Transportation,” Loto to be ine
cluded in a fortheomin; 'monograph of the Covwles Commission; ses also T. C. Foopnans,
"Opbimal utilization of the transportation sysbon," Proceedinss of the Intornational
Statistizal Confercnce Yeld in tashirgton, I, C., Centomber 6-17, 1947, Vol. 5, 1949,



rmodity is assumed houogensous and perfectly divisible. An activity, if carried out at
a unit level, consists in the.transformation of glven quantities of some comnodities
into given quantities of other comnoditics, per unit of time. It is assumed that the
level of any activity can be any positive multiple of the unit level, and that the
comiodity flows involved are the same multiple of those involved in the unit level
of that activity; Negative flowe roprescat inputs; positive [lows, outputs.

It will be clear that this model ruiss out indivisibilities or increasing re-
turns to scale, and cannot be used in the analysis of any prodvlens in which thaese
phenomena are important elements. Apart from this specialization, the flexibility
of the wodel described needs to be emphasized,. Gases'whcre continuous substitution
within one productive process is possible can be approximated as closzly as desired,
at least for purposes of theory, by introducing a larger number of activities. If
vheat production denends cogtinuously on the quantities of land and labor, one may
seleet a sufficient number of quantitative ratios in which land and labor are com~
bined, and 1ot each of these define a poscible wheate-producing activity. Vith re-
ference to a given isoquant curve in the land-labor-plane, this meuans the sclection

of a number of points on the curve (see diaran). Other points on the lsogquant curve
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can then be apyroximated by combining two adjacent selected activities in suitable
prosortions. A similar device can be gpplied if more than two factors are continuous
substitutes. Thus, waile the model accomcdates cases of continuoqs substitution, it
- is especeially designed to icclude those cases where substitution consists in relative
quantitative shifts botween discrete alternatives, as we see so often in industry.

we shell classify the ruods and services into three catogorics: irimary goods
arc those which flow into production froa nature, or from outside the sector of the
econcay considercd, abt a rate w?ich bﬁ assunobion cannot exceed given availabillty
linitations. Final ncods are thosc produced (tocds which #re desired for‘purposes
of consuaption or delivery outside of the scelor of the econoxy StUdiedog Inter-
nediate goods are those produced goods thich ‘are not wanted in themselves, that 1s,
for any surpose othor then their use as inmuts to further activities of which the
ultimate purpose ig the production of final goods,

To any set of nonnmegative levels of the activities corresponds vhat we shall

call a technolopically feasible set of net output flows of all commodities. he

shall call the set of activity lovels, and 2lso the corresponding set of net com-

' modity flows, economically feasible or briefly feasible, if (a) the net flows of all

final comsodities are nonnegative (because we cannot draw directly on nature to fill
a deficit), if (b) the net flows of all primary 0ods are nonpogsitive (bocause we have
no use for tae surplus) and stay within the availability limitatiors and if (e) the

net fiows of all intermediate goods are zeréﬁz(because both considerations adduced

9, To obtain a cleer separation between primary and final roods, we shall regard
dircet consumption of goods available in nature, such as drinking watsr from a brook,
28 -an activity converting the natural resource "water¥ (input coefiiclent -1) into
the consumption good "drinking water" (output coefficient + 1). Siaflarly, lelsure
is the output of a recreation activity of which the imput is that part of labor which
is not used as input in other actlvities. : :

10. It mircht be thousht that weste products are intermediste goods with positive net
output, However, if their disposal is costless, we can maintain the zero net output
condition by introducing a disposal activity with input coefficient -1, and all other
coeflicients, zero. If disposal tiss up resources, additional input coofficients are
called for, and the zere net cutout requirement is essential.



in parenthesas atove apply}.

| «8 now cone Lo the concept 6f grcdquive efficiency‘upqn which all subsequent
analysig build§ forth. A feasible set of com.odity flows, as woll as any seb of
activity levels giving ?iée to it, is called efficlent if there is no othgr fensible
set of comuedity flcwa/giingfafe al least as large‘éa the corresponding f}cws in the
original get, whilé ét lsast one ié_actually 1§rg@r, Instead of spealing of an effi-
cient set of comadity Tlows, we can alao use the Qynongmo&s exprassion: an efficient
point in ths commod;ﬁy space. In peneral, the notion of tha'qet.of all efficient
pointa corresponds Lo the notden of & ganeral transformation function, discussed by
Lan83}7and others; Rowever, for cartain models, depending on the number of activities
and the values of their tecﬁnoldgical coefficients, the efficient point set will not
possess a sufiiciont number'of‘dimensinns to méke the;notion of a transformation fune=

“tien appiicabic.* Tio efficient point set therefore coﬁstiputés-the move peneral cone
cept of the two.

t.e shall now zive a numbér of conclusions that can be derived by wmathomatical

analysis ¥ from ﬁhe medel tha% has been formlated, whiie'referring to.anotherlpubli_
cationi® for preofs znd nore dstailed explanations. The first conclusion is, that

where the efficient point set 4s indesd ropresenvable by a general transformation

1l. Oscar lange, “The foundd ions of Uelfare Lconomica," Teonometrica, Vol. 10,
July=Cetober, 19&2, . 2150228.

%" This may cere about because the number of activities is too small in relation to
the number of final goods, or because 2 small number of activities jointly hold a
position of fechnicaol superiority over all othaor activities for all conezivable com-
poesitions of demand.

o Ane trp? of wathematical analysis involved is rather different from that found in
most mallicmatical diseusslons of production theory, largely boecaise of the role played
by linear inequalitics such as arise from the nonnegative character of activity levels
and from the availability iimits on orimary goods. The theory of convex ssts, parti-
cularly conves polyhedrel cones, is drawm uoon.. There are many points of contact with

2 rmodel constructed by von Neumann, sce "A Nodel of Jeneral %conomic Equilibrium,?
Review of Xconomic Studies, Vol. XTII (1) 1945-L6. 4n imdortant diffsrence is that in
-von Neumenn's model the efiiciency of allocation comss ocut at the cnd as a by=product :
of an analysis concerned mainly with an existence theorem, while in the present analysis
efficlency of allocation is made the central theze of analysis.
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funetion, ~tt‘uare'are ccnsiant or de¢reasing retums inl the output of any one final
good, with reépécﬁ to the input limit {availability limit) oﬁ any one primary factor
the marginal prddu_ctivit;y of the factor in terms of the f.ina'l gzood does not. inc_rease,
as broduct.i'on' of th_a}:. good “increases, all other cqm‘..":od"_i..?:..:_,__'ﬂ flowg teing held constant.

| Furthef prop_osiﬁioh’s".int:"odﬁce a price concept which is entircly independent of '
the notlon of a market. The only elaménté underlying this.pripe} concept are the
technological data {input-oatput cosfficients of all activities) and the requirement
of efficlency.

The first price proposition seys that for each efiiciend sst of commodity flows

there exists an associated set of prices for all comuedities, with the propertics list-

ed below, To formilate these properties we deiine the concept of the profitability
of an activity as the azgregate value » &b the prices in questicn, of the outputs asso=
ciated with the unit level of that activity, minus tho aggrepate value of the corros-
ponding inputs. The prope’rtiés of the set of prices, associated with the eficient
point, are the followlng:

(1) No activity has a positive profitability.

{2) Any a.ct:ﬁrity cai'ried cut at a positive level to attain the efficient

set of commodity flows has a gero profitability,

(3} The prices on all final and primary goods are nonnogative.

(4} The prices on all primary goods whose net inpui does not reach the avail-

ability limit are zero. |

It will be noted that no statement is made on the sigﬁs ef tho prices of inter-

mediate poods. Indesd, nepative prices will orise for waste sroducts, the disjosal of

12. T. C. oopmans, "A ilathematical ilodel of vroduction,” to be included in a forth-
coming Cowles Commission lionograph.

% These zoods are therefore properly called free goods with referance to the efflei-
ent point in question.



vhich uses up positively pribed goods.

The ‘second. wrice propositiun states that the ca NVErse is dlsc trie. A4 féasible

?boint with which a met of ﬂrices with the listed properties can be asgociated 1s an
ef;zczent point,

_It shogi& be menticnod that the set of rices associatcd_ﬁith'a‘giVCn officient
get of ébmﬁédity flows is ndt.necessariiy ﬁnique;. ] tﬂa.ca&é'where a.gunéral trans~
formation function e#ists, tﬁé_set_of prices’w?ll bg‘un1QQé almost evarywhere'qp the
hypersurface represented_by_fhat‘fﬁnetion. 1f the set of pricas is unique, ratibs‘of
the prices of final and/bf primé;y goods can be interpratod aa“maralnai,rates of sube
stitution between goods. The‘sﬁbétitution in qu@ﬁtion'aris es fron such variaticng in
the activity levels as to. Ieave all com: odlty 1ovis constant exeept thos e‘9f the two
poods botwenn which dubstxtution is considered -~ vwhile m11ntzininr efficienczy in the
activity canbination before and after var -*ion. Thcse raics of subatitution are

applicable to finite (as distihct from infinitesinal) variations in the fnm“odity

£lows involved, but often only within finite linibs of variation, This comes about be-
representing the transformation function

cause the hypersurface/consists of suctions of hyperplanes Joined at their intersections.
At those intersactiona‘mnrginal rates of aubstitutian'ara renerally diff@rent for in-
creasez and for deercases 1n the net outpab of any one of tho two comr-odities in ques=
tion. 1In this case iore than one set of aswociated prices (to be precise:  sn infinity
of etu of prices) aatiafics the requireusnis stated. 4t the sbne time the sinloun
nurber of activities engeged in Yo atiain such an efflcient peint is at 1225t one less
than it is for any efiicient pbint.permitting a unicue. set of prices.

It may be rostated that the price conceot cstabliéhed deoes not in any way pro-
suépose-the existence of a market or'oi‘exchangeéIgiicemmudiﬁiéﬁ‘betwmen J2ifferent

owners. The price concept is found to be g@mathematical congcquance qf an efficient
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cholice qf activity levels, In the Laportant case in which the activitics engaped

in are éufficianﬁ in nuber snd variety to lead to a uniqué sblution‘of the condi~
tion (2) that thoir profitabili‘hies be iero, the ,Jrilcas have already been inté:%i‘éted
as technolopical ratey of subﬁtitupion under efvicient allocatione An additional
interpretation, not linited in its anplicability, i‘;; derﬁred from the folloving third

price propesition. - | | j

let us consider a miven efficient set of contodlity flows, and let us add to the
technolo&y a numhe} of exchanoe Activities, definedpbﬁ'geahs of an associoted set of
prices, as follmws: ‘e snall imazine that, through contacts with- anothor @CONOMY 4
any comaodiby can be excﬁanged arainst any othwr:gqmuoditymat a pripe ratic commuted
from the ni&en associated st of oprices. ihen our yropecition suys that'after the
ouertunity te engage iﬁ these exchan e activit;as has been vrovided, the_original
sot of comodity flows is still.éfficicnﬁ. That 1s, there is no way to increase the
net Youtput® of any finﬁl good, without dmcrca#e in the net toutut” of sone other
final g;dod, by using btie new possibility of exchanpge, possibly in combination with
variations in tha levels of the other (productive) activities;* Becaune of this yroe

mosition a sal of priccs associated with an olficient point can also bo called a

corresonding set of effinieﬁcy ariccs.

Lith {the help of these forﬁal propositlions, we shall now consider; althourh
atill iﬁ a ratier abstractufashion;Asome institutional arrangamants under whick
efficien® aliocation may be attained. The propositions.atated, and in particular
the profitability proéertiea (1) :mci (2) ol the efficria;nc,y prices, strongly 5.*4::;:95?,
meciranicms for a.t-tainina‘ ef!‘iciené;r by decentralilzaﬁi'on of docisions concerning
activity levels, ncchanisns which are similar to those referred to above. Let us
assume that a sét of pomnegative prices on final comoditics is sreccribed, either

a&ninistratively by some cenbtral authority, or as market prices roeflecting a balande

¥ The proposition further says that if tho exchange activitios are based on some set of
pricos which is not associated with the given officient point, then that point does not
remain afficient alter the exchange activities become available. . :
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of prefersnces of consumers weightad by the income distribution. These may be called

steering nrices in that through their variation it is possible to stésr the allocation

of resources to the production of alternative efficient sets of comaodity flows. Let

the level of cach activity and the prices of srimary and intermediate 00ds be detere
' No activity ylelding a negative profit ie to be enzaged in.

mined by a bidding process ggvernﬁa gy the tollowing es:/Any activity yielding a

zero profit is to be maintalned at a constant lavel. Any activity yielding a nosie

tive profit is to be expanded, if nocessary by bidding wp prices of its inmutlcOmnodim
ties. Behavior accordinz to these rules could aither be induced by aduinistrative
authority bindingy the action of managers of individual activities, or it could resili
from a competitive market structure where cachi activity is engoged in by nany inde-
pendent entreprencurs. The sceond arice proposition now imglieslthat efficiency, once
attained in such an administrative or marict structure, is muintaincd (rvovided tacre
is no chanze in technology).

Thesc rulcs are not yet equivalent to those stated by Lange, Lerncr and others,
The latier rules apyly to plant managera who control more than one activity in our
sense of the term, and thus coubine in one decision unit sevegal, posuibly‘many, of
our fictitious activity manangers., However, thoe Lange-Lerner medel is clozely appioach=
ed in the following allocation model: Define as a process # set of activities con-
trolled by bne manager. Define as a composition of a process the sct of activity
levels selected by its manager. Now, the attainmont of efficiency in the economy as
8 vhole has gs prerequisites (A) the attair;ment of effielency by eash srocess Danager

within the set of activities controlied by him, and in particular, {B) tie selection

of such an efficient activity compesition by each process manager that an asaociated
set of efficiency prices exists whieh is the saze for all managers., wlfficiency for
the economy as a whole, once attained, will be maintained 1f esch nanacer behaves

according to the following rules: Chooze ondy from thosc acic of'activity'levelé that



sorrespond to an efficient point within your process. If for all such points the
profit on the entire process is gero, discontinue all activity. If you aredna point
' ~at-the-given-prices
of nomegative profit on the process, attempt to raise™ your profit/by varying the
composition of the process, If you are in a point of zero nrofit, and there 48 no
increase in profit possible by variation of activity levels, continue all activities-
at the same level, If your attempt to ratse profit-ate-given-prices leads to & riss
in p:ices”bf certain input commodities, determine yowr further action in the light of
the new price situation.

The reader will realize that behavior according to these rules is equivalent, in
its outcoms, to profit maximization under perfect competition.

Comparing the reswlts of the above analysis with the earller discussions referred
to above, it appears that in one sense we have made more limited assumtions. 'Te
have ruled outrindivisibilities and increasing returns to scale. A2 & result of that
lirdtation we‘hare obtained a stronper propqsition. The rules on the ailocation-
mechanisn stated have been found to be not only necessary, but also sulficlent for an
efficient use of resocurces,

In ancther respect we have gone further than previous discussions. The production
function of the individual plant, and marginal cost, have beenrtaken‘previoualy as data,
supposedly knomn to the plant manager. In our analysis al} thst 12 presumed knom to
the individual manager or (whers so assumed) to a centraiﬁauthority are the technical
coefficients characteristic.of individual activities. Ths marginal ccat or rate of
substitution concept, where applicable, is derived ffom these wnderlying data, and
where these concepts are not applicable, a somewhat more general analysiz ia found to

remain applicable.

2 I{ the profitability is initially positive, this can always be done by proportional
increasas in the levels of all activities in the process.



