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The Bconomic Loss Associated With & Non—optimel Situation

by
G@'x?a.rd Debreun

- Let us first define our economic model by
1) the satisfaction functiom of the n consumers
gl (Ai, Bi ... Xi, el e iwl, 2...m
A4, Bi... are the quantitiss of goods, A, B,,.. consumed by the {th
individual,
ki, Yi are the quantities of the different kinds of lzbor X,Y...
gupplied by this indiv.i.&ual.
2) the iarodnction'mmtiom of the m industriee
Fy A9, 89,9, Bl =0
4, ... are the quantities of gocds A, B... consumed by the ¥
industry, |

a3, B3.., are the quantities of goods A, B,... produced by this industry.

3) the initial gquantities K, B which the econory has available,

Let us, secondly, choose as a definition of the optimum, thra Paretian onet
the situation 15 optimal 1f it is impossible ‘to increase cne satisfaction
without meling at least another one decrease,

It is cbvious that an infinity of such situations exists and that any
one of them can be cbtained by choosing arbitrarily the values of 82 83,., S0
and then making s! as great as poasible,

One rscognizeé eanily a typical problem of md.:mum under certain constraintss
it car; be solved by ths.um;l machinery of Lagrangian multipliers and once they



have been partially eliminated there remasin equations such as
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{(a, b...x, y are Lagrangian multiplicrs,)

The outcome is as if a systen of prices a, DyessesXy; ¥s aos Were used
and :if.‘_ » at the same time, cach individual tried to enjoy the maximm
satisfaction possible with his inceme, each industry tried to produce itg
output at the smallest possible total cost and sell it at mwgirwl. COBTy
everybedy considering prices as data. _

A difference (positive or negative) can exist between the expenditvres
apd the labor inceme of any individual; we call it

a4l +bBi ¢ .., =xXi+yY ... i

The individval locks at this difference as independent of his econcmic éu_:’t.ivity.
11

When these conditions are fulfilled the situation is optimum, there is
noc econcmic 1033} vhen the situstion is nnt optimum the system incurs an
esconomic loss to which we now try to give a quantitative form,

let us compare 2 situations (By) and (E) and first the setisfactions of
the 1%0 individual in these 2 situations:

s, .. st o(a, Bt L),

For this purpose let us define the quantity c;' by

. o o
sl (a1 - c‘i » Bi, ...) =8t (a1, By ,...),
thus oi is the quantity (positive or negative) of the good A that we must

subtract from Al in order to reduce (increase) the satisfaction s* to its

former level.,



Though it is illepgltimate Yo add or compare Saﬁisfactionﬁ,it is legitinate
to add the n c;' since they all are quantities of the same good A dependent

only on the indifferonce surfaces, nobt on the cholee of the satisfaction

function,
n 4
¢, = I
A
A .
is the result.

The necessary and sufficient condition for B, Yo be optirmum is that

o, < 0 for all situations E that it is possible to achieve from the initial data,

In effect if ap 20 it ig posgible from the situation E, without disturbing
the productive sector &t all, only by taking frem or giving to certain individuels
certain quantities of the goeod 3, to héve all zatisfastions equal to the satise
i‘ac*.ti'ons in the situation B, and, at the same time, to be left with a positive
quantity of A which can be used to incm&s:a'arw chosen satisfactions,

The second part of the theorem 1s almost self evident,

This property of o, seems to be one of the main requirements of the
definition of the econcmic loss., Wg will base our study on it.

If E, is optimum, there exists, at least mplicitj;#, & system of pricss
which allows us to choose a more satisfactory definition of the loss

a . ad
which is now a value, instead of a quantity of the good A,

The choice of A rather .than of B or C... is of course arbitrary and one
can think of a more elsborate definition such as

1la .oy »bogese =x 05 =¥ Gy o00

P
D being' the number of terms between the brackets.

The tw_o first differentials o_f' the loss have the utmost ioportance for
us, since - the use of the classical development o, = o 9 +%— d2 Ty * e

glves an approximation of the 3*¢ order; they are



-
a,d oy w Zh.d Bc
B .
B, is the total quantity of the zood B consumed directly by consumers,
If By is not optimum, this rrovides a first order approximation

zbved Bc of the social loss (or gain) ascociated with an eccnemic change.
B

If B, 1s optimum this expression equals zero and it is necessery to use
the second differential which, in this case s Gquals

%adzwauégdbdﬁc-»bda%;

This forrmla is much more simple if one makes the supplementary assumpe
tion that in the censidémd change, 2 bd Bl = 0 for all 1i; then there

B
remains only,

14 42 1 2
?aci %cggdbda‘:md B, .

ITX

This ecan be readily applied to the evaluation of the loss asscciated
with a system of taxation.

Iet us supposé that each industry has to pay a tax {poaitigrg ‘or negative)
tA per unit of good & produced and {’A per unit consumed; "B 1.'.9 vss are defined
in the same way,. |

The equilibrimm equation of the ™ industry is now
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It follows from this that,

zdaaAc+ad2m-zd£Adi+thaa
A A -

where i-zi-‘l and 1-2439
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Using this result one finds the expression of the loss:

AW
B
iadzoagzthdAe-dt dA--gz(Zdei) o 4 8t
1B B Ai Ai
and when the supplementary assumption ®* Zb d B = 0 ror 211 in is added
B
%_-adz %z £d§+dt&da
A

In the formuls
?EJ'EAC{;'&'JtaJA

J ‘c.jL » & ty are the taxes per unit of 4, o A, d 4 are the variationsz in
A and A resulting from the introducticn of ’chehm, A and & being the gross
quantities consumed and produced by all the industyies,

The supplementary assumption is esgential, since it can be showm 'that
when it is dropped the quantity -fz:d tAdA edt_&dacanbeposimve,
which seems to make it meaningless for the evaluation of a loss, _

Horeover, although the terns Ji.:.A s by oo. aro immediately known,
the terms d\;, o A ;.. are far from being so,

The simple formula given above appeared W&l times in the econocmic
literature often founded on a controversial bas.is s Y00 simple assumptions,
¢r obscure definltions. Professor Hotelling gave i his papsr ®The Gereral
Welfare in Relation to Problems of Taxation and of Railway and Utility
Rates" (Econcmetrica, July, 1938) a thorough criticism of the former proofs

and one of his own which, hawever, 5111l has some important shortcomings.
Iv

After underlining the effective generality of the model we studied, we
oan indicate some uses of an evaluation of the economic loss,



s

For the lmn !liw pz'obably camnot undersmm ‘the subtle nature of this
hidden loss a mber mMng in 'billions of dollars is the way to dramatize
the issuve; for ﬂ:te emmuﬂ.st an order of magﬂ.m at 1east. can be useful,

A more speeitie issue e ralsed by mdustrm (raﬂrcad transportation,
for example) whem the pohcy of sale at marg;i.ml vogt would lozd to & pere
manent deficit, If a balanced budget is a snpp]mmtn'y comlt.imn (various
reasons csn be imagined) an umescepable lose is inpurved and the best policy
seems to be to minmimze this loss.

| . . ] L J
The concept of lose leads sasily to intricata theory ami the more imtricate
the theory, the greater the need for a clear view of all the assumpiions on |
which it rests, | |



