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LPC: )0} a nusher of guestions sre raised ebout certain elementsyy propsrties
of convox polyhedral cones, e discussion of which seems to be of economic
interagt, Abstracted from context these ¢ aestions may seem digconunccied,
This paper, therofore, is not intended to contain a logical dovelepment of a
theory of convex polyhedral cones, but only to discuss certain spscific points
as thay appear nscessary.

The conss treated here will lie in pome Hedimengional BEuclidean epase eV,
A half-line through the origin O may be spocified by giving any point other
than O which lies upoa it. This point, and hemce the half-linc, may be
represented as a column vector with N components. If every component of the
vactor he mitiplied by the pame positive real numboer, the half line which
this veotor represents is unchanpged. Vhen, therefore, a colum veobor is used
to rerresent a half-line, that vector mpy be considered as not different from
eny of its positive multiples, Likewise, the vector may be congidered as
determinod uniquely if determined up to a positive multiple,

¥hen a finite number of half-lines through the origin are given in EN,
their convex hull is a polyhedral cone. This cone mey be represented by a
matrix by representing each half-line by a colum vector and setting the
veotors side by side. Conversely.‘ any l-rowed matrix corresponds % a cone in
E N » the cone being the oconvex hull of the half-lines represented by its
colurma. If A is the matrix, the oone iz the set of all points y such that

y=Ax with x®0 (i.e., all somponents of x non-negative) and will be denoted
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by (A). Yhen we have ocopsion $o eomsidor the seb of all peints y such that
y=4Ax with x>0 (1,9., all somponents of x strictly positive) it will be
demsted by JA( »

if some column of A is a positive lincsr combination of the others,
{A) and the cone determined by A with that cclum dsloted are idenSicel. Lot
the colums of A be ordered arbitrarily. Delete the first column if it is a
positive lincar combination of sny of the remaining ones, and proceed 50, each
time delsting o column if i% 18 a positivo linesr sombination of those that

remain. In this woy we arrive ab a new matrix, oslled a frame of A and dencted

Ap such that (&) = (&) , Fo colum of 4 is & positive lirear combination of
any of the others., In ponsral AF depends on the manner in shich the colums of
A are ordered. Suppose, however, that (&) lies (excert for the origin)
entirely on ono side of e hyperplans through the origin. Both A end (&) arae
thon called pointed, and in this case one may assert the fdllowing:

Theorem 1: the frame of a pointed metrix is uniqus,

Froof: Thet (A) 1lies entirely on one side of a hyperplane through the
origin (1.¢., is pointod in the ordinary gonse) may be oxprossed so: thers is
a vector p such that pA<0 (i.s., all components Btricf.ly negative), The
vecter p is a normal to the hyperplane. From this it follows thet if x is
8 vector whose components ars all non-nepative and of which at least one is
positive (denoted x20), then Ax # 0. For if Ax =0 then pAx = 0, which ig
impossible since we muat have pAx <O.

Suppose now that AF = (ag) and EF = (Eg'c) are both frames of A. (The
subsoript is taker to index the rows, the suporscript the colums.) Any frame
of A has the property that every colurm of A is reprosentable as a positive
linear oombination of colums of the frame, In partioular, the colums of
AF my be expressed in terms of thoss of EF and vice verse. Thers must then

exiat two matrices, B = (bﬁ) and B = (g:) such that bgi 0 for all m and n,
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where éi‘l 1s the Xrsuazcker deltz. How it is asserted that we mus% actually have

S(SL=-181k)=0 allm and 1
n
For suppose weo give the index 1 gome fixed velue 1lg o Then

%( é %lo - 33 bgio) i & colurm vector with components indexed by me

If this vector be donoted by ;c, then equation(l) readss Ei;-x =0, Sinoce alil
the b's end b's are positive or zero, all componenis of x with one possible
exception ars negative or zero. The excopbtion is the l,'th component, where
the Kronecker delta makes its contribution. If this component is positive,
then the egquation Kp x =0 gives the 1.'th colum of EF as g positilve linesr
combination of some of the other columns of Ay . This is imposaible from the
way ;*F was constructed, . Therefora, this component is zero or negative, whenae
all components are zero or negative. If thsy are not all zero, the eguation
EF o X0 1is impossible, for it was assumed thet A was pointed, and hence

K'F » Which determines the same cone, is pointed also. So all componénts of

x are zero, and as the index l, was arbltrary, the assertion is proved:
g(cfy]ﬁ-bﬁb%)=0 or %bgbﬁ"‘é%!

By interchanging the roles of B and B » Wo pot likewlse
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;{- b:Si = d%‘ from which it follows that B and B are in fact
square, BE = BB =1 , the identity matrix, and B and B sre both non~-gingular,
Consider now the matrix § = (5 )e It must be that for any fixed value

ro of r there is at least one value s, of s such that 'Bi!:gw, for otherwise

B is singular., It must also bo the case that bgﬁ bgg =0 1f rm £ £.e For

r._s s
S0 o
S tpbr = & rm o All the terms in the summation are non-negative,
r

I there were actually a positive term present, the sum would have to be
8
positive, but é:; =03f rm#Fsc . Since B2 >0, it follows that

: o
r -
by’ =0 if ru#s, .

Still, for soms m we must have bigl.'w»o; er B wuld ba singulsr, whonoe
b;:,:r 0. This, howaver, proves the theorem, for it ishows that any column of
;‘F is a positive multiple of exactly ove soluma of Ap o and clecrly tho same
holde with Ay end A, inverchengod,

Therefore, if a meteix A i fointed, one may refer %o "tho frame of AW "
which will be dsnoted AF IS

If a convex cone C ic not nointed, it must sontzein o whole lincar
subspace of EHs In this cesc i% will be oalled linesl. 7 A is an Terowed
matrix and (A) is liresl, then & will be gallsd lincal as well., Sinca C is
convex there ig & largest Jinear subspace of EN gontained in ¢ whicﬁ contains
all other linear subgpaces of E;N also contained in C. This space will be
called the linoelity space of {, Its dimonsion will be
called the lineality of C end will be denoted byX(C). Ve mey define the
lineality space and the lineality of A by setting t_hem equal to those of (A).
With this conecept it is possible to give a eriterion telling when a colum
veotor belonpgs to the frame of & pointed wetrix,

Theorsm 23 Given a pointed neirix A, a necessary and sufficisnt condition

that a colum wvsobtor a belong o ths oome 4o of A de thet tha potrixz Laa :ﬂ
o . '-.‘

b
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have linsality 1. (The matrix [=a A]4s the matrix vhose first colum is
-2, rompining columns the colums of A.)

Proofs The necessity will be proved first. Suppose then thet & is a
oolumn vector of Aps  Then f_—a A] is certainly lineal, PFor if x is a vector
whese {irst two components are ecual and popitive and all other eomponents
zero, then xZ0 and E—u AJ::: =0 If |-a &J wore pointed ‘this would be
imposgsible ns ghown in the proof of theorem 1,

Llet the components of a vector x bo denoted by x, If ths only veotors
x %0 guoh thab Ea AJx =0 are of the fornm x = x2>0, %y =0 for i>»2,
then the lineality of |~a Ji:' is one, for its lineality spunce is them spauned
by the onz vector a. This must, in fuct, bs the case, for if not, thaers
would exist a vsutor =20 such that [-a AJ =0 end '.xi){) for sono 132,
But then if =mp - xlzo we have a contradiction %o the assumpbion thset A is
pointed for we would have a positive linear combination of some of its columns
equel Yo zero, Oni‘ the other hand, if x
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lineer combination of some of the other columng of A. Then, however, a could

- xlco wo have a given asz & positive

not be in the frene of A, contrary to assumption.

To prove the sufficlens;, wo assune that the lineality of [—a lg iz onse,
Since (A) = (4p) the lineality space of |-n A] ie the sams as that of
Ea AF] » Bndj=a Aﬁ] also has linsality one. Then there is an xu¥0 a.uch that
Eﬁ A‘E‘] x =0. BSuppose x., x5>0 for some v, 821 and r y"o. Then the
r'*th and s'th colums of [--a A;J which are actually columms of AF since
r, 6 >1, mast both be n the lincality space of E-e. AF'] « For if we denote

the colums of [—a A‘F] by ot s from the eguation E-a AF-_I x=0 we got

*ara;lr Z a.ix"i 3 -'na .ﬂ;.?'g. aixi .

2
1 i#s
Therefore the cone ( E-a. AF‘] ) contains not only a¥ and a® but their negatives

as well. Now the vectors a¥ and a® are linearly independent, For if
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af = Aaf and N >0, then af and a® could not both be in the frame A, , and if
A < O then A, is not pointed for then there exists an x 20 such thet AL = =0.
But then the linsality space of E-a A‘I'j » contalning two independont wactors,
would have dimension two, contrary te assumption.

So the supposlitimn is impossible and it must be the casc that 1f x_C
and E—a AF] x = 0, then there is a unicque r»1 suoh that x,>0. That is to
pay a is the r‘wlst columm of AF’ or A-is in the frame of A. This onds -thé proof
of the theoren, |

Up to this point the dimencionality of the convex ocone in gquestion hes
been of no conceguence. That is, it has not matbered what the dimsngion of
the ieast linear subspace of ¥ containing the cone has been. This becomse
important now, hovsver, since we wigh to discuss properties of the houndar:
of the cone. A convex cone C willl have iInterior pointes if snd only if its
dimensionality is Y. Given a mabdrix A, tho dimensionality of (A) is just the
rank of A. The dimensionelity of C will be denoted A{C)s For simplicity,

a( (A)) will be dencted d{A), and occasionslly reference mey be mmde to "the
dimension of a metrix A", meaning its rank.

By an abuse of language an Nerowed column vector not identically zerc may
be identified with the half-line in EN which 1% represemts. It becomes
possible then to speak of a vector A as being in the interior of (A).

If it happens thet the cone ¢ is the whole space, it will be ocalled solid,
If {A) is solid, A will be oalled solid as well. It should be noted that we
are tacltly assuming always that C 1s made up entirely of half'=lines through
the origin.

The interior of a convex cone C may be characterized simply., Let the
N=rowed colum vector whose 1'th place is ] and all other places zero be denotaed
by S 1. Then a veotor ¢ is in the interior of C if and only if there exists

an € >0 such that the 2N vectors 0.z € ¢ I (] 1 eeo N) are all in C,



s
e
i

For since C is convex, if sll these vectors are jn O » their posiﬁiva linear
combinations, which £111 out e whole neighborhood of ¢, are also in 0. If o

is not in the interior of C, given any € >0 ‘thm'e.will exist a J, sush that
eitherl c+ & Jo or ¢ - & d"jo is not in C. In fact, from the convexity

of C, if ¢ is not in the interlor of 0, there is a Jo and & fixed sipn

{ + or =) such that ¢ ¢ £ cfj° or ¢« € a«-jo is never in C, repardless of

€ so0 long as it be positive and not zoro., The interior of C may be denoted 8. _
The beundary of € consists of all vectors not in the interior of C. We mey

now states

Theorem 3¢ If the dimension of a matrix A is ¥ (22) and any frame b
of A be given, then a necessary and sufficient condd tion that every columm
veotor of A, be in the boundary of (&) is that Z(A)<N -~ 1,

Proof: The nocossity is demonstrated first. If Y(4) = N, thon the cone is
golid and any vector of A is in the Interior of (A). If X(A) =N - 1, the
lineality space of A is a hyperplene and the cone a halfw-gpace bounded by the
hyperplene. B8ince d(A) = N, there nust be a vector of Ay not in the hyperplane,
This vector is in the interior of (A).

To prove the aufficlency, let us note that if d(A) =p and #(a) =q, then
p¥q axd there mvst be at least p~q vectors in any Ap whose negatives are not
contained in A. In particular, urnder the hypotheses of the theorem, there are

at least two vectors in Ap whose repgatives are not in (A). let Ap = (af), the

colurn vestors be denoted by a'j. end the i'th component of the J,'th column
be denoted aijo o |
Now let a be an arbitrary colum vector of Ap. By renumbering the columms
of AF wo may assume o = at and that e® 1a a colum veotor of Ap whose negative
is not in (A). Suppose now the theorem false and at actually in the interior
of (A). Then there is an & > 0 such that al *+ € J'j is in (A) for all j. Now

a® my be represemted so:
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ac = . a? d’i
i=1

S I
There is an &€ >0 such that € Ja..; !4 € ror all 1. But then all the

veotors at -~ € a.f cf" are in (A), so

H- 1 ; :
2 {a - € af Ji) is in (A). That is, Nal - E' e.a is in A
i=1

and my be written as a posltive linear combination of seéme of thse columms

OfAF 4
N p o M 4 :
No© - & o xﬁi MNjed , vners N EO for all j, and ¥ is

the number of 'cclums of Ape It )\lcu, this pives & =a a positive linser

combination of soms of the othser colums t}f_ AF' whiqh isg impossible., If )\l =N
the equations would stete that ~-u° is in (A), contrery to assumntion., If

135 in (A). Wo may then add ~Nal

sides of the equation and conclude as before that -a% ig in (A), contrary to

A 1 “ N, the equation shows that ~a ‘o both
assumption. The supposition that the theorem is false having led %0 a
contradiction, the theorem is proved.

Several remoriks may be made sbout the cases not covered by the theorem.
If d(A) = X(A) =N, the cone is the whole space and is rather uninterssting.
If d(A) = N and Z(A) = N1, then there can be at most one frame vector in
the interior of (A). For the above proof brsaks down because there need be
no more than one freme veotor whose negetive is not in (A). (There is in fact
exactly one.) The vector & = at may then be this veotor, leaving no &2 with
which to work. For ell other frame vectors the proof st;touoeds. Since it was
observed in the first part of the proof thut in this omse there must be at
least one frame vector in the interior of (4), there must be exactly one (in
any choice of frame). If N T 1, the atatement of the theorem is moaningless
end the situation is obvious. If d(A)<¥, then (A) has no interior; the

boundary of {A) and (A) coinecids,
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Ye bave =0 far been dealing only with convon polyhedral oouss determined
by matrices, thet is, we have tacllly edopted the dofinition that & convex
polyhedral cone iz the convex hull of a finite number of half linesz through the
origin. Eguivalently they may be rogarded as the intersection of a Pinite
number 2f closed helf speces each detarmincd by a hyperplane through the origin.
(cfs for example H, Woyl, Comm. Math., Helv., 1935)s The interscction of two
conver mﬁ.yhedral cones is then also such & cone, may be represented by e
matrix and has a {not necesgsarlly unicue) Trere.

Given two ratrices A and B, theorem 3 vives sorme informatlon about the
framo of ()N (B)e If &{l) M (B)<N or d(@.}n(B)} =1 and Y((A)n{B)) ti-1,
then every frame veotor of {(A) M (2) mwt lie in the boundary of {A) or the
boundar:r of {B). For if it lay in the indurior of (A) and the Interior of (»)
1t would 1lis in the interior of (A) A (B). But in these cases we know every
frame vevtor of {A) @ (B) lies on the bovndary of (A) M (B).

It is possible to give a oriterion teiling when d(@&)/} (B}) = e

Theoren 4: Sunposs tﬁa metrices A end B be given, and that d{a) =4(B) =¥,
Then a necessary and sufficient condition that c?((..&)f) (B')) =¥ is that EA Bj
shall be golid, In thie case, thore 18 a veotor lying in both the interior of
(A) and the interior of (B). |

The necessity will be proved first. Suppose d( (A)A(B)) = N. Ther it has
an interior veotor o, and for sufficiently small € the 2N vectors o * €d J (31 s00 N)
are all in (A) /) (B). In partlculsr they sre in (B)s But (~-A) comtains ~c,

@0 all the vectors P ¢ d'j are in ( E—R BJ). Any vector 1s & positive linsar
sombination of the t {d’d s B8O EA !a is solid. Lot 1t be noted that if we
know only that (B) has dimension ¥ and that therc is a vsctor of (A) in the
interior of (B), then again, E-A B] is solid,

To prove the sufficiency, assume |«A BJ solid. Since it was essumed that

d(a) = a(B) =N, (4) end (B) have intoriors, and these will be denoted (&) and
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(%). Since (A) and (B) are convex, so are (R) and (g). and (A) is the closure
of (), (B) that of (B). Let ( -(R) (B) ) denote the (open) convex hull of
-(g) and (g). Since E—A B] is solid, every point in BV 15 a 1imit oi‘ points of
( m(g) (g) Y 3 1e8., ( -(R)_ (g) ) is dense in EV e« Since it i3 alaso convex,
it is in fact all of EN » Yo my then teke & vestor -bl in .(?3) and
(=) (B) ), 5.0u, =b = =a + 12 whore ~a is in (A) and B2 is in (B), or

[»] [+ ] [+] 0
2, Dutais in (a), b*+ b2 in (B). So (A)n (B) 3£ 0, whonoe

a = bl + b
(4) A (B) has interior points and (A) and (B) have a common internal veator.
As was ramerked before, for ‘a. cone to have the dimensionality of the spece
in which it i= embodded and for it to have intericr points are equlvalent, so
the theorem ia proved,
Some further romarks may be made about the oase where E-A !a is solid,
By dropping all considerations of interiore, the prool abowve shows that there
18 a veotor common to {A) and (B). If only (B) is assumed to be of dimension
N, then there 18 a veotor commen %o (B) and (A).

From these remarks and the lmst remerk in the proof of the necessity we
may draw the following corollary:

Theoram 5: Suppose matrices A and B be given aucﬁ that d{B) = N and
{A) C (B). Then a naoéssary and sufficient sondition thet (A) lic in the boundary
of (B) is that X( [A B] )<¥, t.0., [-A B] be not solid,

The proof has, in effeot, already beon given,

Given a convex polyhedral cone, this theorem tells, in particular, when a
number of frame vectors span a facet of the cone, that is, when the cone they span
does not penetrate into the interior (if there is eny).

This preliminapy discussion of the propefti'es of convex polyhedrsl oones

ends here and will be resumed in a later paper.




