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Chenges in notation and terminology

(") denotes the closed cons y =[x, x%0
Jpre oot " open " y-r‘x.x>0
Y " " efficient point set
r: adjugate of [, i.e., y'€ [ * implies y' y" £0 for all vye .
1r' matrix obtained from phy delating the first column
Sections marked ¥ are techuical in character, and can be

passed over iIn first reading.



4. The Efficient Point Set,

4.1. Case where the achieveblse point set is & polyhedral cone. We ghall

now epply the allocative objective, introduced in seotion 1.8, to the achieve
able point set. We shall first study the case in which thiz set consists of
all points
#.1) y=lz xZo0

M)
of & polyhodral cone /atisfying posiulates A, B and ¢ of section 3. OQur remarks
will be equally applicable whether we thiunk of ( /') as the tschnologically
echievable cone, or as an economically achisveble cone obtained by imposing
on tho technologically achievablé cone the appropriste restrictions on the
signs of y, and Ype Since {1 itself thus incorporates any such restrictions
we mey wish to lmpose, it ié uanecessary to distinguisgh nbtatianally between
¥p 8nd ypo Finally, we may also think of (/") as obtained throzgh interssction
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in a larger-dimsnsional space with the point set

(4.3)  yp = FI: -0

expressing both the ineveilability in nature of intermediste goods and the
f2ct that they are not directly consumed.

However, we exclude from consideration any nonhomogeneous availability
restrictions on primery commodities, Inat@éd, we include primary commodities
among the desired comm;dities. with the interprotation thset the objective of
the econonmy is served by the algebraic inerease of their net output, i.e., by
the decrsase of Their input. With regard to labor or land thies interpretation

ia justifiable by the existence cof an alternative use of that factor for leisure



or recreation. With regard to some other primery factor, a justification may
be found in & desire for camservation of resources, slthough such s consider~-
ation really fits better inte a dynamic model. However, the question of Justi-
fication of the objective is not important at this stage, becauss the present
cage is considered mainly for its mathematical simplicity, as a ste;; 'Emrd
ceses which are both more cempliceted and more realistic,

4.2 Definition of an efficient point., An achievable point (4.1) in the

commodity space ié called effioient whenever an increase in one of its coordi-
nates (the net output of one good) cen be achieved onlyat the cost of a de~
cresse in soma other coordinate (the net output of another good). Expressed
mathematically, ¥ is sfficient whenever

(4.4) F=0'% g40,.

implies

{(4.5) y-yto.

4.3 A necessary end sufficient condition for efficisncy. We must expect

to find more then one point y satisfying this definition. Application of the
eriterion of officlency thus serves only to climinate a set of clesrly waste-
ful modes of productlion, leaving us with & eet of efficient points from which
further choice by other criteria is %o be made, These further criteria fall
outside of the scope of thias article. We are only studying the propertias of
the efficieni; point ast ¥, and the conditions under which it cen be rogerded

as defining a norinformation function.

Theorer 4.1: An internal point y of (i) cemot be efficient.
e

l_Fmsf to be provided after mathsmalbieal introduction is a.vailablaol

It follows that the efficient point eset Y must be the whole or a part

of the boundary of (/). If y = ['x is en efficient point, there mist be



a partitioning of x into positive and zerc zloments, which we combine in x* and
x° respectively, such that, for the corrcsponding pertitioning of M into P ang

Mo,

(4.8) St Sn-a.

There ic a cno=to-one correspondence botuwmuen the points X satisfying

{4.b) 2% 0 %0 =0

(where the partvitioning of % is that defined ebove on the basis of the elements
of %) end ths points of the open facst

(£.¢) § =['zn =" &%, satisfias (4.b),

The following thevrem implies thet if onc point y of a faest is efficient, 2ll

peinta of that facet are efficient, |

- Theorom 4,2¢: A necessary and sufficisnt condition that o point y of a closed
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focet (7} De aificient is thet there exists & normel bo the cone ({™) in y with

positive directlen coefficients

(4.4) py0,

® 5,z A
4,4 Pyroof of Theorem 4.2, Proof of sufficiency: If such & nermal exisis,

(40) p'G-3 T0
for all achievable points ¥, es defined in (4.4). Now if for eny such point we
had
(4.1) Y~yeo,
(4.d) would meke {4.e) impossible., Therefore, the negation (4.5) of (4.f) holds,
and ¥ is efficient,

Proof of nocessity: Let y be officient, and toke y as the vertex of & cone
(G) containing ail points of (™). It is worih noting for what follows, though
not necessery for the present procf, that (C) is again a polyhedral cone, and
that its linsslity equals
(4.8) 7€) = UMY



The important points are that, (a) since (C) contains (™), and has its vertex
¥y on the boundary of (), any normal to (C) on the vertex is a normal to (i)
‘and thet, (b) if y +y is in (C), then there is 2. > o such that the point
(4.h) T=y+Aly~-y

on the halfline from the vertex y through ¥ is in both (C) and (J7). Through
(b) it follows from the efficiency condition (4.5) on y that the direetion co-
efficlent wector ¢ of aeny halfline out of the vertex in (C) is non-semi-positive
(4.1) e % 0.

1t follows from & theorem by Gale{_— jthat the same applies to & cone c cbtein-
ed from C by trenslation such that the vertex of T falls in the origin,

It wes proved by Gal-zi: ’Jz:hat 23 a consequonce of {4.i), (C) possesses a
normel with positlve direction coefficients p on the vertex. It follows from
{a) that this is also a normal to ().

The following proof of Gale's rssult is likely to be equivalent to his

> the

]
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proof {a question I have not had time %o explore), By Theorem ...1:
convex hull ([A, B:j) of two convex cconss {A), (B) hes as its adjugste the
intsrsection of the adjugetes (4*) = (C) end (B*) = (I) (the positive orthant),
Then, since (C) and {(I) do not intersect, it follows that (C*) emd (I%) = (-I)
have the whole zpoce as their convex hull. Since (~I) is pointed, it followa
from theorem ...}: jthat (C*) conteins an internel vector p of (+I). This
coxpletes the prool,

For use below we note that if p # 0 is a normal to (/') in an officient
point, or in any boundary point, y =| % z*, x* » 0, then
(+.5) o %o,
and
(4.x) p'* Y = o0.

These egustioss expross thet the halispace



(4.1) p' ¥ =0
in the commodity space ¥, which contains both the origin emd the peint y in its
boundary (i.e., in the hyperplene p' ¥ = o), contains the cone ™}, and hes
the facet (| ™) in its boundary, Conversely, aay p for which (¢,] end (4.k)
hold indicetes a direction normel to {f ') in sny point y of the closed fscet
(yr*)e

4,5 Boonomic interpretation of the efficiency conditions. An interesting

sconomic interpretation can be given to the wector p. Wse shall cell it e vector
of prices p, of the commodities n = lse02,N in the point y. Thorse is in this
term no necessery - lmplicetion of a market in which exchange of commodities be-
twaen different perties takes plece. The terms "shadow prices” or "accounting
prices” have bean used in various contexts to express this resm“vaﬁouo For.
the moment, we shall use the term "prices” as the most genoral one, capeble of
gifferent interprevationsin. different uses of the model.

To see the meaning of this intarprotation we rowrite (4.j) and {4.k),
heving regard to the definition of {7 *, ug soparate conditions on sach column

vector {‘?3 of {', es follows
p' y®leo 1 =z >0,

(4m) o ¥ e x, = O
The expression p' X(k) is interpreted as the net {shadow) profit on the unit
of the k~th activity, computed on the basis of the priec vector p. Then (4.m)
says that no activity in the technology vields a positive profit, while each
activity carried out at a positive level to achieve the boundery poimt y ylelds
a poro profit.

We have found in theorem 4.2 that, for the boundary poini y to be efficient,

it must posnass a pogitive normal, This leads to the following equivalent econo=-

nic formumletion of that thesorem.
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Theorem 4.3: A necessary and sufficient condition thet the activity vector

x shall lead to an efficient point y = {“x in the commodity space is that there

exist & vector p of positive prices such thet no activity in the techmology per-

mit a positive profit, and such that the profit on all activities carried out at

a positive level be zero.

It may be pointed out that the necessary condition (4.a) for y to be &
boundary point iz fulfilled as & consequence of (4.k). This leads to the follow~
irig eorollary to theorem 4.1:

Theorem 4.4: In an efficient noint on en achievable cone { I ') in sn N-
pi e e

dimensional commodity space, at most N-1 linearly independent ectivities can

be carried out simulteneocusly at pesitive levels.

4,6 The elements of p as defining marginel rates of substitution. The

price vector p is uniquely determinsd, but for a scelar facter, by the facet
V1% ( if end only if |
(¢n) P () =Bl
that iz, if in fect oxactly N-1l linszarly indupendent activitiss ars Involved
in echizving the efficient point y. For thia most general case, thae reador
can easgily prove Theorem 4.3 without reccurse to the Theorems quobted in soctions
4.4,

1f (4.n) holds, the prices p  can be regarded ss defining merginal rates
of gubstitution bétwaan,all comnoditios in & neighborhood of the efficlent
point y. If 7 is another point on the scms facet, snd hemce also efficlent,
we heve
(4eh) p F=o0=p yoor p (F-y =o.
Within the 1inits of the closed fscet ("), therefore, choice Letwesn different
modes of preduction ¥, ¥se.. opens the seme alternatives as would trading at the

constant prices p. To teke an sxample, if
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(40P) il ;yll §2< yza §n - yn, D= J,e0e3 N,
then (4.0h) implies
(4.q) Pp T =) = G, -7,).
An smount (32 - §2) of the commodity ™2" is ™traded" for an emount (?1 - yl)
of commodity "1%, at the price
Py

(4‘1.) Plz = /Pz
of the unit of "1" expressed in terms of units of "2V,

It is important to emphasize thet these relative prices Prm apply anly
to a change from one efficient point y to another ¥. That is, commodities

ere substituted for each other in these ratios only affer efficiency has beén

reached, and provided efficliency is meintained in the chenge in produection.

Secondly, the set of substitution ratios belonging to en efficlent point

on sa (N-l}-facet applies only to changes to points on the zame facet, inelud=
(1)

ing its boundery. Upon entsring en adjeining/facet, & different set of asub-

gtitution ratios bscomes applicable to changes within thet facet,

4.7 An equivalent charscterizution of the efficieni point set Y. &o far

we have not proved the existence of 5 ziogle (Ne1)~facet, ard 1% is not diffi-
cult to econstiuct a technology matiix of renk N, which satisfies postuk tea
4, B, C of section3, such that none of its (N-1)-facets hes & positive normal.
The three 2-facets of the nengingeler technology matrix

1 1 0.6
(a.0,0 =11 0.5 0.8

-1 -1 =1

have as normals the column vectors of _

(4.12') Pm [p{-l) p(z) p(s)J = wif -] 0 ¥




none of which is positive. The example is illustrated in Figure 4.7, which

indicates the intersection Y2

Fipure 4.7
of (|} with the plene Y5 *~ 1« Thus {j*) is the cone projecting the triangle
’({1), $2), ¥(3) out of the origin ¥y = ¥p = ¥5 = 0, which may be though of as
above the paper in which the figure is drawn.

The following illustration mey help to visualize the nature of the sfficient
point sat, Attach & source of lipht at each coordinate axis &t the locations”
y, =t s n- lsoas,N,; respectively ond let {|°) be opague. By postulate B of
saction 3, 8ll scurces are located outside (f‘). Any facet which receives iight
from 21l socurces conéists of efficient pcints only. Any open fecet which is in
the shade of (f7) with respect to st lemst one source doos not contain any effi-
cient pointa, elthough its boundaery may contain efficient points {in addition %o
tho orlgin y = 0, which ie an efficient point on the boundary of all facets be-
cause of postulete B). A facet containing a straight line segmont perallel to

e coordinate axis is to be regerdsed as in the shade of one of its boundary facets

with respect to the corresponding source of light,

* The illustration remeins good, but is less easily grasped, if & finite positive
location 1s selected for sach sourco.
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If this construction is applied to the example of figure 4.7, facet
)2{(2) 3(5) (1s in the shade from sources 1, 2 and 3, facet.‘.).)’(l) 3’(3) (

is in the shade fram source 1, while fecet) Y (2 girst falls in the
gheda from source 2, thrown by its boundary facet)rbr(l)(. Simlilarly, of the
l-facets, only)b’(l)(receive_a light from all three sources,-

These considerationﬁ suggest & method of constructing the efficient
point =zet, expressed by the follcming theorem.

Theorem 4.5: Let
(4.u) F - [*1 M ]

be a technology matrix obtained from r'by adjoining costless disposal activities

for all commodities. The efficlent point set Y in the teormolggr'consists of

&ll facets of ({ ') which do not contain any of the disposal vectors of - I,

4.8 Proof of Theorem ¢.5: Without loss of generallity we can assume that

—

' is its own freme. By Theorem cfl: ], the facets of ( [* ) which are also
facete of (|:‘) are all thoss facets based on frame vectors of [, which are
glso frame Pouctors of["'. We shall first show that all facets of ( r“) with
positive normals are also facets of (J:'), which satisfy the requirements of
the thoorem.

Let (") be a facet of ([ ) with positive normel p. Now suppose a’(l)
were a frame vector of [ ' in the boundary‘_of ([' '+) which is not a frame voctor
of [:, Then there would exist a vector \1; such that

TR T

but no wechbor 1% such that
1) >
° . - x = 0,
(40x) ‘6} 1P 5 1

Henca, there would exist vectors -, lx such thet

* A proceeding subseript indieetes the cmmission of the corresponding row or
eolumn.



(4.y) 2 = - 2{1)" 1[-' X 20, x 2 0.

Prermltiplying (4.y) by p' we obtsain

(4.2) p'z =~ p' 1)+ p' f—'lx)O. x% 0,

which contradiocts (4.j) and (4.k) because li?s & column veotor of [ .

Therefore all boundary vectors of ({7 *) are in the freme off:. and (1 7¥)
is a facet of (F). Moreover, neither ( /7 *) nor its linear extension con-
tains & vector of - I, because that would contrediet p > O.

We observe next that a facet { %) of (/) with a nonsemipostive
normal camot be's facet of ( F). For, if p contains & negative element,

Py» S&Y (4.3) could not be satisfied in the first column if fﬁwere substituted
for [

This leaves for exploration those facats ) [ *(of ([ ) that possess a
semipositive normel with & zero slement, end therefore are not in the efficient
point set. It is easily seen thet these are also facets of ( F‘}, or parts
thercof of the same dimensionality. For the purposes of this proof it is
sufficient to remark that, if such @ facet ) [ '7( is in the boundery of (l:‘" )s
the closed facet (F‘"") of { f:;) of e¢quel dimensionality contalning it would
also contein & corresponding column wvsetor of -IL.

4.9 Topological Classification of efficient point sets. Ve shall give a

brief clagsification of topologically different cases with regard to the effi-
cient point set. We shall g;i.\vs graephical exemples in a three-dimensional com-
modity spece. Wo shall wisualize vactors end comes in thet space by their in-
torsection with the plane
{4.a8) G'y = -1,
where © is the positive vector which, mccording to postuletes A and B of ssotlon
3, satisfics |

» .
(4.8b) &' = e'L-I r’] < 0.
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It follows that every veetor of ('I:J'). intersects the plene (4.,sa) in & finite
point. By proper choice of the units of measurement for the commodities, we
can meke all components of @ equal to 1. Thereby the intersection of (4.ss)
with (-I) becomes an equilateral triangle (for N> 3  a regular simplex),
as shown in Figure 4.9,1. The intersection of (4.aa) with the various octents
is chown in Figure 4.9.2, where the origin can be thought of as located above
the paper.

The reader is invlted to construct corresponding examples for N = 2, and
to imepine them for N » 3.

The simplest owmse, illustrated in Figare 4.9.3, is that where (-1) consists
entirely of internal vectors of {/' )., 1In thaut case (/) and (f"‘)), are identi-
cnl, angd no fecet of (.["), ¢r its lineay extension, containe & colum vector of
~I. The cone.(}: ) iz necessarily N-dimensional, and the efficient point set is
its entire / (g;né; sional boundery, containing the vertex as &n intermel point.

The second case is thet in which { /7 ) and (-I) again have an internal
vector in com-on, but (~I) contmins vectors outside ( /7). This osse is illust~
reted in Figure 4.9.4. The dotted lines show how { ') is extended %o (I:Jj.

The application of Theorem 4.5 shows that the efficlent point set consiscte of
the peir of adjoining closed fuosts ( ¥ (1) 3’(2)) apd { 5’(2) % (3)), and the
sepsrate closed fecet ( Y (6) 3’(7)). Thess two 2-dimensional perts of the
effieient point set are jeined wmly by thelr common boundary poiat in the origin,
so that exlusion of the origin would destroy the comnectedness of ¥, For N = 3
et most three so separsted sections cen arise in this way, some or 21l of which
may degsusrate to e l-facsi.

A ¢hird eonceivable cass, thet in which (f7) 1s contained in (~I}, iz ex-

-~
cluded by postulate C of section 3. Therefore, the frame of [~ containe at least
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one column Z(}rnnlf'q, which, regarded as » i .facet ( B/) must be pert of the
eof ficient point set. This establishes

Theorem 4.6: If the technology matrix (" satisfies postulates A, B, C of

section 3, the efficient point aet contains at leest one l-facet ¥ based on a

column ¥ of /.

The fourth cese is that in which (1) and ( f‘) have no internal wector in
common. Topologically, this cese ia not different from thét sub-case of the
sscond case, in which the part of (‘F‘) outside (-I) is singly connectsd. Be-
cauge of its économic importence, this case will be explored further in the

next section.

4.10 Single connectedness of the efficient point set in the economically

echiovable point set, The splitting up of the efficient point set into separate

sectiong joined only by the origin csn occur only if the technolegy matrix fﬁ
Jemeils sach commodity to.nppanr a3 = negative output (net iaflow) fuy some
netivity vactor x E 0. This is & rather unrealistie situation, bezezuse in

most applicetions it ie known in edvence thet certain desired commodities are
not given by nature. We have previously introduced the notion of the econo-
micelly achisvsble point set to give cffect to sign restrictions o2 elouments

of y, and have agreed t o incorporate such restrictiona inlw » We shall roughly
outline & proof of 3

Lt

Thoorem 4.7: Whenever one commodity, "1" say, is restriocted byr"to nON~

A e ¥ el A A g

negative net outputs,

] F 4
{4.0c) 7 = r-x, x50 implies y, = 0,

the efficient point set Y remmins sinply connected efter the removal of the

vertex y = O,
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4,11  Proof of Theorem 4.7: If {J7) is conteined in the halfspacs

¥y 1 0, which cen 8150 be written s the cone” ("11 1% il). then the adjugate

("%) up () contains the adjugato (mil) of (=91 T iyJ)s by theorem ...l .l

- . -
We may exclude thet (|°7) also containg (i,), beceuse in that cese, () would
be conlined to the space y, = 0, end there would be no peint in including the

commodity "17.

.

: . _ nvd ?
sinee {I'} is theldonvex hull of (-I)Tdad {F*), the sdjuzate (I™*) or (/™)
is the intersection of (I'™) sad (-1%) = {1}, by theorem...L 4. 1% should

-

e ¥ ~- R, -
be notod thet {J ) and thersfore (I ) sontains at_least one internal vector

.o . "

2 of (I, becauss of postulete B of section 3,

-4

. . - N L]

Thewre 18 o one-to~one duality relotionship between the open fecets of (F‘)
1

end of ('), sugh that the sum of the dizensionalities of corrssponding facets

is M. Ve shall except the vertice: from this relationship, brosuse the correse

H

ponding "facets” would be the entire adjugate cones, which we do not wish to in-

o - s :
elude,. The relationship conssrves contiguity, and therefors conssrves cormscbed-

g
ness characteristics of setls of fecets on {J ' ) wmnen going to corresponding sets
r -3
of frceks sn (i ). The efficlent point sst ¥ is the set of o1l facets of (i) =

kY

{1 f‘;aot sorkaining veetors of (~I}. 7Tn the dunlity relaetionship, this corres-
7 ™~

A
4 . s " % L -~ P 'y
poncs Lo the set Y of all facets olf ', or parbs therscf, that fall inside {1} ),

fe€., beleny to })I(. Therefore, tho theoram is proved 1f ‘one eann assbeblish the
F

L . ‘ e 4 :
is that newt of the boundery of The intsrsection

*
ingle commoectedness of ¥, ¥

- . _
{'H*) of (V") ang (1) that is not boundsry of (I), whije (!‘v) containg - i,

bub not 1.
't not :11

* 14 in the first column of I, 11 the r emaining columns.
#& Wher (1') is less then K-dimensional, it is included as ons of its own n-faceta,

ns N,

N i} i LI - . o oy PO, R A PR
# Two Toosle ara called contizeovs If ran s in the bovedsry of the other.



To @acﬁ point y of (f%*) we associste the point ¥ of the half-space vy = O,
Since this mepping cen be represented by
(4.8d) y=y+y (-1),
¥ is in ( ™ if y is. Also, 1Y 15 in (I) if ¥ i3. Thersfore, 1Y is in (ﬁ*)
if y is.

The set of points 1¥ on which the poinis y of (ﬁ*) are so mapped is the
closed convex cone (lf;*)' Consider the {possibly cpen) subset lY* of all points
of (ii:*) which are not oa the boundary of (1I}n Wo ghall show that (4.ed)
estatlishes e one-to-one continuous reletionaship between'tho points ,y of 1Y*
aad the points y of the relevant subsst of Y*. vig., the set '{" of all cpon facets
of (,"'";w) in Y*, of which the linesr extension does mot contain (~i). Since each
v € ¥* bolengs %o (f#*), (4.,8d) aesocistes a wnique 1Y of (1?;*) with it. Con-
versely, let ,y be & point of (1:‘-‘“), and thorsfore of (™). Determine ths
highest wvalue of 71 for which
(4cae) y = y-y (2) =(yey D€,

This value is finite becaunse otherwise i, would be in (T"*). 1t is non-negative
because .y is in (™). Hence the point y so determined iz in both (("'*) and (1),
&nd on the boundery of (T'*), but not on the boundary of (I) unless ¥y = ©s be-
cause .y is not on the boundary of (11)0 Hence y is in Y whenever ¥, » ©- Also,
v is in ¥* whenever ¥y, > ©» because, if y were on en cpen facet of (i:‘*) in Y of
which the linesr extension contains (~i), & larger value of yl eould bes found to
satisfy (4.20),

¥e shall further show that may points
(toaf)  F = yryd, O 5371 < ¥y
are not in ¥*, If ¥y, = O no such points exist, If yl} o, any such point ¥ is
either in the interior of (f: *) or on its boundary. If it is an interior point,
it cannot belong to Y*. If it is on the boundary of (r'."). and therefore in Y*,
it is on 8 Tacet of (i;;.*) of which the linear extension contains (=i}, and there-

fore not in ¥*,
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Finally, it 13 noted that y a8 defined by (4.me) iz & continuouz Punction

of ,¥» with the property thet, if 3(1)9 y(a)g ¥ correspond to lyql?p ly{z) 6nd
{4o8g) vy = }ﬁ;}'m + (1= A )1}'{2‘39 05X %y,
respectivel y, wa héve because of the convexity of (fﬁ*)g thatg
(sm) 3 TAGE L @any @)
Hence we have eithér jl 2> 9 in 21l internal points of IY*(intarnﬂl in an (N-1)-
dimensional sense), or yy 0 identiecally in lY*, The latter csse is excludsd,
however, by the fsét noted abore that (E;*) conteins at lemst one internal vec-
tor © of (I). A continvous one-tc-one mapping of 1?* hes thus been éstablished
vy (4.88),

it folliows that Y? hes the seme.connechedness propertics es the get 1Y*”
which is an open cone augmented by soma or all of its boundary facets. Hence,
T i 8ingly connocted. 1% remeins to trase the effect, on the efficimt point
sst T, of the deletion from its dual Y™ of nll facets of whidh the linear ex~
tension contains (-i). Since (-i) is outside Y*, such facets have a dimension-
ality cof at least 2. The corresponding facets of (f; } in T have & dimension-
ality at most N-2, and are located in the hyperplene - 0. It is eusily seen
that these make up the "boundary” of Y (in an (N-1)-dimensional sense of the
torm) , and that their deletion or restorsticn does not affect the connactedress

properties of Y,

[?o b continued]



