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ON THE SAMUELSON THEORIM FOR LEONTIEF MODELS

K. J. Arrow

A recant theorem st ited by Samusison eoncerning the rslation beitween the
Leontief model of production ead modsla invelving continuous substitution has
been shown by Koopmans to be equivelsnt to the fellowing thecrem on convex
sots in finite-dimensionel wvector sgacasl=

Theorem: Let Ci.eessCy be n clozad convex sets in n-space such thet if
ﬁ'o for 1 ﬁ js Suppose’

id
there exists for each J & point aé é,CJ and a number x' » 0 such that
J

a(J) ™ (alj"°'”anj) belongs to Cj, then ajj) 0, &

n n
y' = 4 at xt > 0 (i = l,...,n), b x! =1,
i 4=0 313 =1

Then the intersection of the boundary of the convex hull of the sebs 1,,..,0
n

with the non-negative orthent 33'2=0 is the intersecticn of thet orthant with

an {n-1)-dimensional hyperplane whose outward normel has positive Jirechion co-

effictents, provided that the convex hull of C

se0+3C intersects the nmonnerative
1 n =

orthent in a compact set.
Koopmens has proved this theorem for the case n = 3, The present note will

show that his proof sxtends readily to the general case with the aid of a simple

lemma.
< n
Lemnal:  Suppose e, . > 0, 834 = O for 1 £ 3, & 8, X > 0 for all i,
n a1 i3 3 -

xj> O for all j, and & a x'>= O for-ell i, Then x;'l>= O for 211 Jj.

jal ij
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Proof: Since xJ £ 0 for all Js the ratios x‘_'j/x:.j are defined for all j.
Let this ratioc be a minimum for J = k; by relabeling coordinetes, we may as-

gsume k = n.

x&/xj 2 x:x/xn for. ell j. (1)
By assumption,
¢ B n-l
T Y e e ©

Since an:j HS 0 for j< n, xj P 0 by assumption, it follows from (1) and (2)

that
n==1
b ¢ = ' .
3=1ﬂn3x (x/x)+a x(x/x) (x/x)jilanjxj

n
Since by hypothesis, £ & , x D 0, it follows thet x'/x 2 0. From (1), thsn,
jgl !'lj J nn

x* 2 0, since x_ » 0, for eli j.
3 J n

Lemmna 2: Suppose &, » G, @ _ée for i £ 3, & )-Ofor all i, and
x 7 O for all j. Then the metrix {=__; is ncnsingularo

J 1
Froof: Suppose the matrix were sinpular. Then there woulgd exist a sot of
numbers x;,““xr". not all 0, such that

n

Z &, ., x* =0 for ail 1. (3
qap )

If =P;.0.,x" is one such set of numbers m';,...,-x is enother. lence, there
n

must exist a set of numbers satisfying () at leest one of which is negative.

Let there %s m negetive numbers in the sot; by relabaling coordinates, we may

.
assume thei % 4 0,.”,7:!;’1 L0, =% 0 for 3> m. For i < m,
n

x ‘; 0, 4
‘1-1 ij j 75 J=m+l ij 37
i S 0,8, %0 for i Smey, whilo
since x % U, 13 A < S i
n n >
Z a x' =« 8, . X! =0, (5)
j=1 13 jemel, 1J



since x; 29 for j ) m, id‘so for i<j. But, by Lemsl, (4) and (5) imply
that xj 2 O for j < m, which is a contradiction,

Note that the numbers xi ....,xr: onl page 1 of C.C, 221 mus: be positive,
not merely nonnegative. For example, from the condition thatjfl ax;,j xs >0,

n=1
> £
] - ' L} t n -»
it follows that x > ;jfl (a j/a ) xj 0, since ar'zj 0 for j< n,

nn
roplaced by af, , and x_ by x!, so that the metpix (a]:) is nonsingular.
ij 3 J &

a' 2 0, x.'; >0. Hence, sll the conditions of Lemma 2 are fulfilled, with ai:]

Inspection of Koopmens' proof shows that no diffieulty arises in extension
to n dimensions until page & is reached. It is important that fér each k, there
loxist a point y"(k) which is a convex combination of a"(l)' sees a"(n) and whose
coordinates are all equal to zero except for the kth which is positive.

The matrix (a” j) has the same propertios as the matrix (a ) end hence is
nonsinguler. Let its inve*se be (Aij) Then,

n

Jz 8} Agk = &k (1 = 1,04.,n), _ (6)

where (’ is the Kronecker delta, which is slways nonnegative. For any f'lixed

k, the conditions of Lemma 1 are fulfilled, with azj replacing aij’ xJ replac~
ing xJ, &nd A:j.k replacing x& o Therefore, A;k% O. Also, from (6) with i = k,
n
wo camot have A7 = O for all j, so that 2 4" > 0. Let
Jk j=1 Jk

Jk "A“ /( Z Agk)s

Yer ™ 1/( z A k).

Then,
It 2% =0 (1 Ak)
_-}f], aij x.]k o) »
n



> n
= 0 for all j, & xg

*1’ y“ >Og
X 3al X kk

"3
go that the point y?k) with the desired properties exists,.

It msy be cbserved that the proviso st the end of the main theorem is not
comtsined in Koopmans' paper, though ths thsorsm ils not true without it. 1t
would be desireble to replace the proviso by conditions on the sets Gﬁ which

have more definite economic significance.



