COWLES COMMISSION DISCUSSION PAPER: ECONOMICS NO. 25k

Continuous Monotonic Orderings in Euclidean n--Space1

By Kenneth J. Arrow
April L, 1949

(Note: This paper is to be submitted to a mathematical journal. The
economic significance of the results will be discussed in a separate discus-
sion paper. Your comments are appreciated.)

1. Assumptions and Definitions

The prohiem discussed in this paper arises in connection with the econo-
mic'problem of determining indlviduals' tastes by means of questionnaires.
%e consider a (weak) ordering relation R on the nonw-negative orthant of
a kuclidear n-space. The symbols x, y, etc. will denote points of this
orthant; x; will denote a coordinate of x. Then Xy > 0.
Postulate I. If xRyand y R 2z, x R 3. (Transitivity)
Postulate II. For all x and y, either xR y or.z R x. (Connexity)
It is not exluded that x R y and y R x both hold for some x # y.
Definition 1. x I y (read, "x is indiffervent to y") means x R y and y R x.

Lefinition 2. x P y (read, "x is preferred to' y") means x R y and not

¥y 1x.
The following lemma sums up some seli-evident consequences of the above postu-
Jates and definitions.
Lemna 1. (a) For 2all x and y, one and only one of the following holds:
2Py, xIy, yPx
(b) ¥or all x, x I x; if x Iy, theny I x; if x I yand y I3,

then x I 3.

1The research for this paper was carried out at Project RAND, a project
of the United States Air Force. The zuthor wishes to express his gratitude
to J. W, T, Youngs, University of Indiana, who conjectured the main results
and zave valusble suggestions for their proof.
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Certein other properties will be demanded of the relation R.
Postulate III. If x; » y; for all i &nd xJ > Y;j for some j, then
x Py, (Monotonicity)
Undexr the assumption of Postulate 111, the ordering R in a one-dimensional
space simply coincj.des with the usual ordering of real numbers; hereafter, we
will assume n > 2,

Postulate IV. If x R y and y R 2, then there is a real number t such

that 0 <t xland y I tx + (1-t) 2. (Continuity)

By a hyperplane, we shall mean a set on which one or more coordinates are
fixed and all others are allowed to vary freely. In particular, a plane is a
hyperplane on which n -~ 2 coordinates are fixed. The following notation will
be employed: Py (a) is the hyperplane defined by the condition X; = a;
Pij (a, b) is the '(n-2)-dimensional hyperplane on wbich X; = & and Xy = b,

It will be shown that the above postulates so restrict the possible order-
ings that a knowledge of the‘ ordering of the points on each plane separately
.sui‘fices te determine the ordering in the space as & whole.

Lemma 2, Postulates I-IV hold on each hyperplane; hence, all theorems
derived for the entire space will hold equally well' on each hyperplane.

This is obvious for Postulates I~iIl. For Postulate IV, it need only be
noted that if x and 2 lie in a given hyperplane, 80 doeé tx + (1-t) 2.

By an indifference set I is meant the set of all points indifferent to a
given point.

Lemma 3. Any two points in 1 are indifferent to each other; if x is not
in I, either x is preferred to every point of I or every point of I is pre-

ferred to x.

Lemma 3 follows immediately from Lemma 1,
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If 4 and B are sets, A »n B will mean thelr intersection. We will define
4 to be the set of real numbers a for which Pi(a) A I is non-null; i.e., A,
is th-e projection of I on the ximaxis,

As indicated by Lemma 2, we will sometimes be interested in considering
the restricted space of a hyperplane; in particular, attention will be paid to
the hyperplanes Pn(a). Pn(a) NIisan indifférence set in Pn(a) and has all
the properties attributed to indifference sets by Lemma 3. Define Ai(b) to be
the Ai on the restricted space Pn(b); i.e., Ai(b) is the set of real numbers a
for which Pin(a, b) intersects I. |

Finally define a; to be inf A , a; to be sup A,, a,(b) to be inf A, (0),
ai(b) to be sup Ai(b). These guantities will be considered to be undefined if
Ai or Ai(b) is empty; a, and ai(b) will be permitted to take on the values
+ oq. Clearly,

a

4 20 ai(b) >0, (1)

2. Some Lemmas. A number of properties of the indifference and prefer-
ence relations will be established in order to prove the main results of this

paper. Many of these lemmas can be generalized.

Lemma L. If a <a, <a, and I intersects both Pi(a.l) and Pi(a3), then 1
intersects Pi(az).

Proof: Let x belong to I A Pi(ay), X' to I n Pi(a3). Define y and y' as
follows: ¥y < % (3 1), ¥y = s y& = xé (3 #41), Vi = a,. As sy <ay < 835
y Px, and x' P y'. But x and x' both belong to I5 by Lemma. 3, xIx'. By
Lemma 1(c), x P y'; hence, by Definition 2, y R x and x R y'. There is a t
such that z = ty + (1-t)y' is indifferent to x (Postulate IV). As z is indif-
ferent to an element of 1, z must belong to 1 (Lemma 3). But 2, * tyi

+ (1-t)y} = a,. Hence, z belongs to both I and Pi(az). Q.E.D.

Corollary 1, Ai is an interval.
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Proof: If Ai contains no elements or one element, it is an interval by

definition. If A; contains two numbers a and 2,5 it contains all interme-
diate numbers by Lemma L.

Corollary 2. If by < by < b3, and ai(bl) and ai(bB) are defined, then
ai(ng is defined. '

Proof: ai(b) is defined if and only if_Ai(b) is noﬁ~nu11 and therefore
if and only if Pn(b) intersects I. The corollary follows by letting i = n in
Lemma L.

lemma 5. If n = 2, the following properties hold for I:

(a) There is a function f(a) defined over A, such that the set of points
[a, f{(a)] is precisely I;

{v) £(a) is strictly decreasing;

(¢} I is a closed set;

(d) £(a) is continuous;

(e) if 8, < * 0, then the point (a), 0) belongs to I.

Proof {a) If a belongs to A,, there is a point x belonging to I with
X = a. Suppose there.is another point x' with.the same properties. Tginx' P
x I x', as both belong to I(Lemna). But x) = x} = a; if x, # x3, then x Px' /°
(Postuiate I[II), which is impossible by Lemma 1(a).  Hence, there is one point
(a, xz) in I. Define X, = f£(a).

(b) If a <a' and f(a) < f(a'), (a} £(a')) P (a, £(a)) by Postulate III,
contrary to the definition of f{a).

(¢) Let x be a limit point of I. There is a sequence E(k) of points of
1 such that lim §(k) = x. Consider the three subsequences formed by requiring
x{k) <X, x{k) =%, x{k) > x,, respectively. Since these three subsequences
exhaust the original sequence, at least one of them must be infinite. Hence,

we may say that there is a sequence g(k) approaching. x such that one of the
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following conditions hold: x{k) < for all k; (k) . £ 11 k;
T : - Xy, L ks xp X, for a 5 or

x](_k) > X; for all k.

(1) xj(.k) < xy for all k: For each k, either x R 5(1‘) or g(k) R x.

These define two subsequénces » at least one of which must be infinite. Hence,
in this case, there is a sequence E(k) approaching x such' that xl.(k) < X for
all k and such that one of the following conditions holds for all k: x R E(k)

or gc_(k) R X.
: . k 4
(1) xR _Jg_(k) for 211 k: By part (a) of this lemma, xg ) = f(x_-i )).

Since E(k) approaches x,

1im £(x{%)) - x_. (2)
Ko o0 * Xa

suppose for some m, xém) < X, Ag x{m-) <X xz(k) = i‘(xj(_k)) < xz(m) for all

k such that x](_m) < x](_k) < X%, since f is monotonic by part (b) of this lemma;

hence, lim x(k) < x(m) < X,s contrary to (2). Therefore,

> %, for all k. B (3)

(k)
%3 2

From (3), it.i’ollcwa that l:_(k) R (x](-k), xz). As xR 3:_(1‘) by assumption, there

is a number y{k) such that

k) Ey{k) <x

(
E . )
and (y](_k) R x2) is indifferent to g{_(k) (Postulate IV) and therefore belongs to
I. By part (a) of this lemma, if we interchange the two coordinates, there is
at most one number y; such that (y,, x,) belongs to L. Therefore, yl(k) -y,
for all k. But, if{ k approaches infinity, y{k) approaches x, by (L). Hence,
=% and x belongs to I.

| (ii) gc_(k) R x for all k: the proof follows the same lines, using
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the point ('xl s xék)) instead of the point x(k) . xz).

1
(2) ,j(-k) = xl for all k: Then xék) = f(xl(k)) = f(xl), a constant,

for all k. By (2), x, = £(xy), so that x belongs to I.

k
(3) x](_ ) > x3 for all k: the proof follows the same lines as in

(1). Hence, part (c) of this lemma has been proved.

(d) By part (b) of this lemma, f(a) is a decreasiny function so that
the right-hanci limit exdsts at each point of interval Al (Corollary 1 of
‘Lemna 1) except the left-hand endpoint. Let r be the right-hand limit at the
peint a. Then {a, r) is a limit-point of I, so that (a, r) belongs to I by
part (¢) of this lemma. Hence, r = £(a), by part (a) of this lemma., f(a) is
then continuous on the right wherever the condition makes sense; continuity on
the left holds in a similar fashion, so that f(a) is everywhere continuous.

(e) Asf(a) is a decreasing function, while f(a) >0, lim f(a) exists
a->a.
1

and is non-negative. Let b= 1lim f(a). If 2 <+ oo, the point (al,' b) is
: a-»aj

a limit point of 1 and 'belongs to I by part {c) of this lemma. Suppose b > O.
Then
(a s b) P (2, b/2), (5)

(ay +1, b) P (al, b). By Postulate IV, there is & real number t such that
t >0, and (s, + t, (1/2 + t/2)b) is indifferent to 1, b) andlence bolongs to
1. If t =0, (al, b) I(al, b/2) contrary to (5); if t > 0, I contains the
point (2, + t, (1/2 + t/2)v), so that a, + t belongs to A,, contrary to the
definition of a,. Hence b = 0, and (al, 0) belongs to I.

lemma 6. If a < + oo , & necessary and sufficient condition that a; = a

=0 (jF1i), x; = a.

is that I contain the point x, where x:j

Lemma 7. a,i(b) is monotonic decreasing in its domain of definition and
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strictly decreasing in its domain of finitenoss.
Proof of Lemma 63
(1) Sufficiency: Lot y be any point in I distinet from x. Suppose
yi > ai; as yj ),xj. for J £ 1, Y P %, which is a contrediction., Therefcre,
yi\( a for ell y in I, so that 8, = a.
(2) VYecessity: This proof will run by an induction parallel with the
proof of lemma 7. The necessity for n = 2 has already been established in Lemma 5,
part (e): the case i = 2 can be obtained by relebeling coordinetes. Assume theat
the necessity has been established for n -« 1, and that Lemna 7 hés been established
for n.
Let P be the plane defined by xj =0 (3 A1, n). As ai is defined, Ai is
non~-null, and Ai(b") must then be non~null for et least one value of b, Then ai(b)

must be dafined for that value of b. As Ai(h) is & subset of A,, ai(‘b_) € a;, and

i

therefore ai(b) < + o, Pn(b) is a spece of n - 1 dimensions; by the necessity

part of Lemma 6 for n - 1, there is a point in Ia Pn(b) with x; = 0(j F£1,1m),
1

xi - ai(b). x = b, This point lies in P, so that In P is non-nmull, Let Ai be
n

the set of real numbers a for which xi = a for some point In In P; let a; -
¥

'
i° i
a.; £ 'ai( + », As P is a two-dimensionsl space, it follows from part (e) of

sup A A; is non-null, so that l: is defined; A, is a subset of Ai’ so that

” .
Lomma & that there is & point in InP with x, =a;, x = O. This point belongs
"
to P,(0); as, for thie point, x = 0 (j £1), x4 = a;, 1t follows from the
n
sufficiency pert of Lemma 6 applied to the space Pn(o) that ai(o) = a3. But, by
) n
Lemma 7, 8,(b) g ai(o), so that a, = sup ai('b) = ‘1(0) 8.

the point with xy = o] f 1), x; = ey,

Proof of Lemma 73

Hence, I contasins

(1) n = 2: By part () of Lemma 5, az(b) coincides with f£(b), and
hence is strictly decreasing by part (2) of Lemma 2. The oase i = 1 can be

hendled by relabeling the coordinates.
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(2) n>2: Lemma 7 will be proved for general n, assuming that

Lemma ¢ has been proved for n - 1. This proof, in conjunction with the proof
of the necessity part of lLemma 6, forms a complete inductive proof.

Suppose that b, and b, are both in the domain of defimition of a;(b), and
by < by. It is required to prove that ai(bl) > ai(b2)' 1f ai(bl) = e,
this inequality obviously holds, so that we may assume'ai(bl)<+ > and seek to
prove a;(by) < a.i(lcrl ). If the necessity part of Lemma 6 holds for (n-1)-dimen-
sional spaces, it may be applied to the space Pn(bl). There is a point X in

In Pn(bl) with x, = 0 (j # i, n), x, = ai(bl), X =Db;. If P is defined as

3 1
in the proof of Lemma 6, x lies in P, so that I n P is non-null. Lefine Al as

the set of real numbers a for which there exists a point in I n P such that
- LU [ (] - " ]
X, | a, an sup An. An is non-null, and ther_efore an is defined.
Suppose at’; < beg then there is a point ¥y in I n P with ¥ = o, Y, © al

n
(Lemma 6 applied to the two-dimensional space P), and therefore a point Yinl
. = = all 3 i -
with ¥, 0(5 ¥ n), , = ar. As ai(bz) is defined, I A Pn(bz) is non-null.
” ] = i a'

Let z belong to I N Pn(bz)’ then 25 2 yj(j £ n), z =b, > ar =y, so that

2z P y, which is impossible since both belong to'I. Therefore, a;; > b2'
By Corollary 1 to Lemme L, Al; is an interval. As x belongs to I n P, bl,

which is less than b2, belongs to Al If a;; = + o, then b_ belongs to A;l;

2
if af = + o0, then a;; belonzs to A!',1 (vy the necessity part of Lemma 6 in the

case n = 2}, and, as &" > by, by belongs to A}, in this case also. By the
n =

definition of Ar.x » this means that there is a point w of I n P with wn = b2. w

and x both belong to In P, and P is & two~dimensional surface; as w - b2 >

b = X s we must have w; < x; = ai(bl) by part (b) of Lemma 5. But w belongs
to I A P, so that nj = 0(3 ¥4, n); and w belongs to I n P, (by). By the suf-
ficiency part of Lemma 6, ai(b2) =W g ai(bl). Q.E.L.

(b) is

Lemma 8., If by < b,, ai(bl) <+ o0, and ai(bz) < + oo, then 8;
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continuous in the c¢losed interval < bl s bz > .

Proof: By Corollary 2 to Lemma 4; 8, (b) is defined throughout the closed
< by, b,>« By Lemma 7, &, (v)& 8;(b,)¢ + = in this intervel, Then, for each b,
there is a point in I with xy =0 (JFi,n)ax = a.i(b), x = b, by Lemme &,
These points lie on the plane P described in the proof of Lemma 6, end form a seg-
ment of IAP, In the closed interval < b,, ba > ti(b) coincides with the function

£{b) described in part (a) of Lemma 5, if x and x_ there, are relatelad x, end x

2 i’

respectively. Hence, by part (d) of Lemma 5, ‘1(b) is a continuous function,
Lemma 9. If b1< bz, "‘l(b]_) = + =, and ai(b2)< + =, then there is a real

number b5 such that b1$ ‘::3 ¢ bz. ai(b) = + = for blg bg bs. ai(b) < + = for

b, ) b)> b_, and lim a (d) =+ =,
2% 3 pab, +0 1

3
Proof: Divide the real numbers in the closed intervel ¢ 'bl-. bz » "into two
classes according as ai(b) { +=or ai(b) = + w, By aséumption. neither class

is null; by Lemma 7, these classes constitute a Dedekind cut, Hence, there is e

b3 such that ai(b) =+ o forby (b {bs, end 8y(b) ¢ + = for b, 20 > b,

3
For each b such thet l:v2 > b)) bS’ there is & point in I A P such that
Xy = ai(b), x = b, where P is defined as in the proof of Lemma &.
From Lemma 7, lim 8, (b) = o exists. Suppose ¢ + =,
b — 'bs + 0

Then the peoint on P for which xi =, X, " b3 is a limit point of I P, end hence
belonge to In P by part (¢) of Lemma 5. As this point slsc belongs to Pn(bs) ’
a3(bg) = ¢, by Lemma 6. If hs - bz, then certainly as(bg) = ¢ + =,

Suppose that for some b ¢ b 3’ there is a 1 in I+ P such that Y, - b. Then y
also belongs to P,(b), end by Lemmsa & a;(b) = ¥4  + =5 but, either b { by, in
whi;-,h case ai(b) > ai(bl)‘_- + =, or b1\< b < bS' in which case ai(b) = + = by the

first part of this Lemma. Hence, there are no points of In P for which
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x, < bss for all points. of I P for which Xp ¥ by and ‘1(:21) is defined,

xy = a3(x,) £ ai(bs) = 0. Therefore, n'.i = o; but then there 18 & point of Ia P
for which Xy =0y X, = 0. As there is a point of InP such that X, s 0, X, = ba.
it follows from pert (a) of Lemma 5 that bz = 0, end .hmoe that by = 0 = by, since
0§b g b,. But #,(b)) = + < by assumption, while .1(1.3) < + =, which 18 &

contradiction, Hence ¢ = + =, or lim ai(’b) = 4+
b=2>b_ +0 :

3 _
In the course of the proof, it has been shown that a’_(bs) = 4+ », 50 that we
must have 'b3 <b2 {not merely b3< 'bz) ,» 8ince ai(bz) < + = also, ai(b) = + o for
URELES by, not merely 'b1\< »< Bye

B. The Basic Theorems. To show that a knowledge of the preference end indif=-

ference relations on every plane implieg a knowledge of these relations gverywhere,
we proceed by induction. It sﬁffices to show that such imowledge on every (n~1)-
dimensional hyperplane of an n-dimensional space implies a knowledge of the relation
everywhere in the lsrger space. The general line of reasoning is as follows:
Consider any two points in the n~dimensionel spsce, Eech lies on a hyperplane

containing all points whose nth

coordinate has the sams value as the given point.

If the point on the "upper" hyperplane is in fact indifferent to a point on the
"lower" hyperplene, the two originel points cen be compersd by considering the
preference end indifference relations in the "lower”™ hyparplene only. If the point
in the "upper” hyperpiane is not in fact indifferent to any point in the "lower"
hyperplene, then it may be easily shown thet the "upper” point is preferred to every
point in the "lower" hyperplane., The problem reduces to showing that it can be
determined, from a knowledge of the relations on every (n-1)-dinemsional hyperplane,
whether or not thére is -e. point on the "lower" hyperplane indifferent to the given

"ypper" point, snd, if there is, which points on the "lower" hyperplene have this

property,.
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Theorem *1. It"n)s. b) < by, and InP, (by) is non-mull, a necessary end
sufficient condition that I P (b;) be non-null is that there exist integers i
and j end real numbers by, c;, énd ¢,, such that 1€ n-1, J n-1, b, ¢ by by
and sets 11. Ip, end ];3. such that 11 is an indifference set on Pd‘(ol), Iz ig an
indifference set on P1(°2)’ and I is en indifference set on P,(bg), end such that
each of the follqw-:lng intersections is non-null: 12" {1n Pn(bz)) » Ion Iz, Isfq 11,
end Ilh Pn(bl)'

Proof: (1) Sufficlency: Since 1, intersects I, it follows from the definition
of indifference sets and Lemma 3 that I2 is a subget of I. By repeating the reason-

" ing, it follows that 1. is & subset of I and hence that I intersects P,(b;).

1
(2) HNecessity: The proof here will be broken up into sevaral parts.

(1) b, bLb,, s (b)>0.

Proofs By Corollary 2 to Lemma 4, a;(b) 18 defined, If nl(b) =
+ =, there is nothing te prove, If &,(b) ¢ + =, ai(b) is strictly decreasing in
the closed interval < b, b, > by Lemma 7, 8o that a)(b) > 2, (0,) > 0.

(11) I£ b, £b LY, 8 (b) < a, (b).

Proof: a,(b) < + = by definition; hence, if a,(b) = + =, the
inequality is seoured. Suppose a)(b) = ¢ < + =, By definition, aj(b) 8, (b).
Suppose ai(b) = ul(l;) = cr: ¢> 0 by part (i) of this preof. Then there is a
point in In P, (b) with x, = o, xy = 0 (3 #1, n). Consider the plane P defined

by x, 20 (j = 3, eee » n=l), x, = b. Iﬁ P contains then & point with x, = ¢,

J

: L
xg = 0; if A, is defined as in the proof of Lemma 6, Ay is non-null, But Al is

) | 1
a subset of Aq(b) by definition, and A, (b) contains but one point by assumption;

hence Ai conteins just the one value o. By part {a) of Lemma 5, this implies that

In P contains just one point. Then A; conteina the aingle value O, so that sup

Aé =« 0< + = and, by Lemna 8, there is a point in In 2 with X - 0, x, = 0. But




In P contains only one point, so that we must have ¢ » 0, contrary to the
result of pert (i) of this proor.

(111) b, can be s0 chosen that b, ( b, ('ba, and either both

3
Al('bl) n A,(bg) and Ay(bg) Az(bs) are non-null or both 4,(b,) # 4;(b,) and
Az(bl) n Az(bs) are non-mull,

Proof: We classify into cases according to the velues of 2, (b;)
and .al(ba). By Lama 7, we camot have a)(by) = + =, a.l(bl) & + =, Hense, there
are three possibilities: 8; (b)) ¢ + =, a1(b3) < + = a.l('bl) -+ =, nl(bz)< + o3
ay(by) = + =, al('bz) -+ w, ‘ .

(e) nl(bl) C + =, a.l(bz)('-l-'-s By Lemma 8, nl(b) is ocon~
timous in the closed interval < by, by > + Since a,(b.) > a;(bl), by part (ii)

| T e
of this proof, there is & by such thﬁt 1N ¢ 'b:5 < bz and 51(b3)> al(bl)z also, by
part (ii) of this proof, “l(bs) > e.i(bs). Then we can choose ¢ 8o that mex

a;(‘b Yo a'(b )J( c(ul(‘b Jo As a (b ))a (v ). a'-(b )< c(a (b ), or e
beslongs to Al(b ); by cmstruction. ¢ belongs to A (b ), so that Al(bl) n A (bs)
is non-null., Since a.l(bz)( + w, thers iz & po!.nt 1:1 P (b ) with x;, = 0, 80 that
Az(bz) contains 0; ag al(bs) C+w, Az(bs) also contains the valus 0, so that
Az(bg) n Az(bs) it nonenull,

. (B) a,(bp) ¢ + @, 8)(b)) = + w: By Lemma 9, there is & b
such that a;(b) < + = for b, b‘_> b?, b-:‘li?m a,(b) = + =, by ¢ B' K b,. Then
we can chocse by so that b, ) by Y b* end al(b3)> ay(b,). a,(bg} + = By
repetition of the reasoning in subsection (&X ) of this part (1ii) of the proof,
it follows easily that 'Al('bl) n Al(bs) and Az(ba)naz(ba) ars non-rmll,

(5) a.l(bl) - al(bz) = + w: Choose b' erbitrarily in the
open interval (bi, by). Either ‘Az(b') n Az(bz) is non=null or it is null. In

the first oase, set hs = b?; as a.l(bs) p) al(‘bz) -4 -, Al(bs) and Al(bl) both
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have infinite upper limits snd both are non-degenerate intervals, so that
A, (bg) A Al(bl) is non~null, as is Aa(bz) N A2(b3). by sssumption,

Suppose now .that.Az(b')n Az(bz) is null. As aa(b'),) nz(bz). and Az(b'),
Ay(by) ere intervels, we must have ap(b,) < a; (b*) < + », Then we may inter-
change the first end second coordinates and apply the results of part (iii), sub-
sections (X ) end. (B), of this proof to show that there is a by such that
b, < b:}5 4 b2 and Ll(bz) n Al(bs) and Az(bl) nkz(bs) ars both non-null,

(iv) Choose b, &5 in part (i1i) of this proof. 1If Al(bl) A

3

Al(bs) and Az (bz) n Az('ba) ers both non-null, choose ¢, in the first of these

1

gsets and °, in the second, and let i =2, j = 1, Let Il = In Pl(c1)’ 12 = Ian(ca),

end I, = In Pn(bs)' Since °, belonge to both Az(bz) and Az('bs), Iann(ea. bz)
Y b ) : * ’ - =
and Iann(az. 3) are both non-null; but In Pzn(oz. b 2) Ian (ann(hz)) and

In Pzn(°2' ba) » Izn I_, so that these latter are non-null, Similarly, I_al

3
and Ijn Pn(bl) are nonenull,
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If, on the other hand, Al(bz) n Al(ha) end Az(bl) " Lé('bs) are both non-null,
choose cz in the first of these sets and 01 in the sscond, and let i =1, j = 2,
Let I; = InPy(,)s I, = I A P(c,), end I, - In Pn(bs). Then the conclusion of
the theorem follows as in the previous paragraph. '

COrollgﬂ. Ifn ) 3, 'hl < bz, and x liea on Pn(ba)’ the set of all points
J on Pyby) suéh that x I y is completely determined by & knowledge of the in-
difference sets an ;\11 (n-l)-'dimensional hyperplenes,

Proof: Let I be the indifference set in n-dimensional space conteining x.
The gquestion is to determine I A Pn(bl) by & knowledge of the indifference sets
on all (n~l)-dimensional hyperplanes,

In Pn(bz) is an indifference sat oh the (n«1)~dimensional hyperplane Pn(bz)
snd hence is known by hypothesis. Choose sny J and-éz guch that P J(oz) intersects

In Pn(bz)' There is then a unique known indifference sst I, on P.'}(cz) which in-




tersects InPn(bz). Then choose & by in the open interval (bl’ bz) such that
Pn(bs) intersects Iz. 4gain, there is a lmown unique indifference set I3 on

Pp(bg) which intersects I Finelly, choose sny i and o, such that Pi(°1)

2°
intersects Iy, and let I3 be the unique known indifference set on Pi(°1) which
intersects Iy. If I, intersects Pn(bl)’ then by Theorem 1, I intersects Pn('bl),
and the set InPn(bl) can be found since it is the sst of points indifferent to
any point of I,a Pn(bl). If I does not intersect Pn'(bl). the process can be re-
peated with other values of i, j, 01s 0,2 &nd bss if Il intersscts Pn('bl) for any
such set of values, the set In Pn(bl) is determined, while if I, does not inter-
sect Pn(bl) for any sudi set of velues, then it follows from Theorem 1 that the set
In Py(b;) is null, Note thet each step in this process requires knowledge only of
the indifference sets on the (n-l)-dimensional hyperplsnes,

Theorsm 2. If 1‘1.7} 3, b1< bz, x lies on Pn(bz) » md the set of points y on
Pn(bl) for which x I y 1e null, then x P y for all Jyon Pn(bl)'

Proof: By asstmption, for every y on Pn(b].) s either E P j or y P x. Suppose
for some y that we have x P xs Let x' be defined as having the coordinates
x'; =Xy (3 = 100em-1), x, = bl. Clearly, x P x'. TherdTore, there is a point z
which is a linear combination of y end x' such thet x 1 _g.;; but g lies on Pn(bl)'
so that the assumption that y P x leads to a contradictiem.

Theorem 3. If n) 2, the truth of the assertioen X P y for eny x and y ie
oompletely determined by a knowledge of the indifference sets on =li planes.

Proofs The theorem is obvious for n = 2. Assume n 3 3, and suppose the
theorem proved for n-l. Take x, y, so that x5 Y,5 it W1l be shown that the
truth or faleity of each of the two &ssertions, x P y snd y P x, can be deter-

mined by a knowledge of the indifference sets on all planes {for convenience,

the preceding phrase, beginning with the word "knowledge" will be abbreviated to K.)
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By assumption, on each (n-l)-dimensional hyperplene the truth of. the assertions
x* Py’ and y' P x* is determined by K; in particular, for sny x', set of all y'
for which neither x' P x' nor y' P x' is determined by K. Thet is, all the in-
difference sets on each (n-1) dimensional hyperplene ere determined by K, end
therefore, by the Corollary to Theorem 1, substituting Ya for by and x, for bz.
the set of all points z on P (y ) such thet x I 3 is determined by XK. If this
Qet is rull, then, by Theorem 2, x P y ie true and y F x 1s false, If this set
is not null, choose eny element g in it. Then the assertion x F y is logleally
equivalenf to £z P y, end the assertion y P x is logieally eqﬁivalmt to y P ‘5_;
but the essertions g F y &nd y P z involve two poihts which both lie on the same
(n-1)-dimensional hyperplans P,(y,), and hence the truth of these mssertions snd
therefore of the assertions xPyandyPxis determined by K. |

it has been shown thus far thet if x > y,, the truth of eech of the essertions
x P yend y Pxis determined by K. As x and y can be interchenged in this result,
1t follows that if Xy # ¥yo the truth of the sssertion X P y is determined by K. If
X 2 Y X end y both lie on the same (n-1)~dimensional hyperplene, so that again

the truth of the assertion x P y is determined by k. Q. E. De
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