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/
the Keymesian Supply Puncbionsl’

by ben Patinlkin
Febyuary 20, 1549

The nature of the Xeynesion model vwhich figures o prominently in

«

99 27 can best be approciated 4f it is actuslly apgrezated from the

demand and supndy function of teaditional sconomic thecry. This we

shall now precsed Lo do.

Sonsider cn cconony consisting of n geods: the first n - 1 beiny

firdshed foods; and the n-th, papar money. Leb Di’ &

It K4
(L =1, ooy )} 2qual the amount demanded, the amount supplicd, and the

and p,
C Py
price of the i~Lh gocd, vespectively. Dy delinition p, = 1. Leb y/
money nabiconal income. Then wo can write the followlng (modifioed)
Cassellun system:
- : .“ 'l‘
(3—) Ul fj_ (Pla sevy Pn__ls é/)

(2) s

i

1% 8 (pl.’ sve> Ppoy ‘?/) BE=1, «uuy n) :

W Y = b

Equations (1) and (2) are the demand snd supply equations, respec~
tively. These are assumed to depend on national income as well as the
orices of all soods. Thay tell us how much of each good the Individuals

of the cconony desire Lo buy at different sets of prices and incoms,

This is a mathematical appendix to the article "Involuntery Unemployment
and Keynesian Supply Function by D. Patinkin from the Economic Journal
Vol. 59, No. 2355 September 1949. This article is reprinted as Cowles
Comnission Paper, New Series, No. 38.
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Equations (3) are the equilibrium conditions of the m'stem. The last
equation defines the money national income as the value of the total
cutput of finished goods.

“e now define aggregate money expenditure f—ﬂ as the sun of axpendi--

tures on all goods, so thal the agprecate monay expmditur'é Lunetion

becomes
T :
=4 = 21 .
())E pifi (pl’ voey pn-l’?)'.
i=1
The function (&) gives the desired agrrepgate nomy exponditufe.on geods

and scrvices corresponding to given lovels of. pelees and nmoney incone,
It must be emphesized that é’ includes investment as well as consumer
expenditures, Agsume That the functiong f; are of suck a form that
agerepate ezq:can&itw:c, 5' 3 1s a functioﬁ of o*zly mone;fr. 'i.ncome, Za{r, and

suitable gene*‘al price index, p, derived from the %g*:m :2blion process
(5). That 13, assume the’ fi are of '-*uch‘tri‘om that the following rela-
tionship holos'

' '1-1
(6)5 i’f (Pl: sesy 'n...'nj') = H(P:y')

Assune further that the function H(p, g:f« l" such a ;f.‘orm that a given
perccntage chanpe in the general pricc lf:Vf‘.}. and in money inceizes rasulis
in the sane percentage change (in tho sanme direciion) in agrregats money
expenditures. (That 3s, H is assumed to be homojgeneous of degree 1 in
p and é/.} Under this assusplion we can then rowrite the asprerate e,w

penditure function ag

@ & an, By o r
(7) -*I';--—H(l, P)_F(p).
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Let real e:épenditurea -g- be represented by 3 similarly-let real income
. p . ’ ' '
-fgi_be represented by Y. Then we can rewrite (7) as
(8) &5 =r(¥).
his is the aggrepgato real exponditure function of Figure 2,

As an exarple of the prcceding_develomeiﬁ;, ‘conglder the case vhere

tho i‘i are of the form

&4 P b" g S
(9} Dy = g Xij I-’i +Ji 5: (L =1, Jeey nel)

Lot

where the xij and & 4 are knovm constants. Then, by (0), the agnpropate

expenditure function has the form

| - -1 n-1 ps "
(10) & = 9[_‘_’. P, [ZZ‘ X, = s, Z’_‘

=1 3= ) Py Py |
: fi~1 -1 n;ll
(1) = 270 »p

dtl 'j : E 13 ! E J iy

iect p be a general price inddx of the form
],
(12) » = 2w
S A

where the welghts, cuj s arce determined by the ecuations

Il

P SR AV

Y

vhare ¥ is a known conatant. Also define a now constant.

" -1 .
() & = 5‘1: éi.‘
1:1
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substituting from (12), and (13), and (1) into (11) we. obtain

am€=n+33,

Dividing through both sides by .p we obtain’
(16) = = V«ré"r“
which is clearly of the form (3).

Until now we havo .discu.ssed only the derpam‘: side of the mocrosystem.
There is also a supply side, built up _i‘rom équationg (27. By‘a"curiou.s
agymmotry this side of the macrosys.tem was rarely ‘c‘onsid‘ez.'ed’_ by Keynésian
analysis. DBut it is olecar thdt (completely analogous o .aggreéé.te meney
denmand) we can dofine aggxfegate money auppily,'.ff s and ﬁla aggregate
noney supply function |

o n-1 :
an o = E 'Py 8 (Pys eees Py gsf)e

This function gives us the amount pecple desire to supply {in dollars)
at any given set of pricescand national incéme, iaking slmdilor assump-
tions to those made in {6} above, rewrite (17) as

18) & = atp*, %)
where p!' 1s again a genoral price index arising cub of tho aggrepating

process. If we agein assume homogeneity of degree 1 for the function J,

(18) can be rewrliton as

1y

(19) ""e"s:'"‘ J(1, “‘Z"") = t‘é("“%’).
p | p P

2
If we assume thabt p and »' are the s:me,J then (2.9) cen be rewritien as

_2/ p is essentially a price index of finished goode and services; while
7! is an index of the prices of productive gservices as well. The assump-
tion that they are the same implles that these two scts of prices always
move proportionately. In other words, the real rate of return to produc~
tive services is constant. These rellections would seen Yo strengthen
the speculations below that the aggrepate supply function {under thesa
ascumptiong) has the form {21).



(20) s =q(D).
his 1s the aggregate resl supply function of Figure ).

The assumption that p and p' are the sume 1s :eroic, to say the
cast. Bub as emphasized in the text, our main concern is to demonstrate
the oxistence of an agpregate supply function; its particular forn need
not concern us here.

In Figure Y, however, one assumption is nada ‘about the shmae of the
supply function., Specif mlly, it is assumed th'lu its slope with remect
to T 1s smaller than that of the expunditure function. The reason for
this distinetion '.liﬂs back in equations (1) and {2)." The dependence of
the demand function on insone ig a faniliar re'*u‘Lt of the theory lying
szhind equation (1)-—-a theory which considers individuals maximizing their
utilitios subject to the restraint of 2 fixed income. Tus to Lhis re

wnt, dncome onters the demand funciions. But no such theory exists
on th2 supply aides na:a.; ié it elear that these cquations depend on
vational dncome. In the extreme casc liere y does not appesr in any
of The supply equations, (2}, the aggrepate resl mzppiy function in (20)
s independent of Y3  in obher words, ag resate real supply is equal to
s ¢onatant, ooy,

(21} s = 7.‘

In this extreme case, the supply cwve in Figwre h_mul’d be a horizontal

S0 far we have pade wse of only equations (1) md {2) of tho Cassel~

ian gysten. Ve have yob to forn the macrozconomis countarparts of egua~

tlons (3) md (4). This is roadily donc. TakRApE S ocadh 0l ol 10)
by o Py and sum up over all n-l finlghed goods iv The sconemy; ‘iz divide

throush by the genersl price level. This provides owr macreeconcrle



equilibrium condition
(22) B=s.
In a sinilar way am&é ‘both sides of (L) by p to obbain
(23) Y =8,

ITe.re, too, we have used the agswnption that p and o' are the sanme. |

Thus our Ixeynesian maeromrstm consists of the i‘our equations, { 8),
(20), (22), and (23J, in the three varla..:les £y 8, and Y: the systen
is overdetermined. The meaning of this werdeterxmwcy hﬂs bo.‘en presented
in the analysis of I‘:Lgure 4 vhere it was shown bm't thert. exis‘bed no level
of income which vould simultaneously equ:.librate both the demand and
supply sides of the mrket-.} In other words, the syatem ia ineonsistent.

The entire preceding develcpment. has been c.c.ncerned with bu:.lding
~up a Keynesian macrosystem dealing only with the real vexiablas of the
system. If in érldition wev'muld. 'want to Imve a‘t".ystem' explaininp the
absolute price level, it would be necassary to ir\elude those aqua* ions
o (1} = (3) which were ignored 1n the comtmcteon of (6), (20), ang
(22). Specifically, we would have to include the EXCOSSE Geriand equation
for money derived from (1) and (2) for i = n.

Under the Pigou assmption the c,cpend.a.mrc fmction (d) depoms also
01 the augolute price lovel p.3 .Thai ig,

(24) &= oY, p).

Our Keynesian macrosystem (2h) s {20), (22) , and {23) would then have an
cqual number of variables and equationp. lowever, this does not :‘m'-"ure
its oonsistency.y Even if it is consis‘hent, the concapt pi‘ invcl.untazw

unemnloyment enters in a dynamic sense as in ?*‘11 and 12 sbave.

3/ On this whole paragraph, of. "Price Flemibility,® ¢#1-—d esp.,cia..ly ‘f)B.
L/ cf. above, $¢20. '



