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Invention and Cost Redustion in Technologicsl Change

by Herberi A. 3imen
Illinoia Inatitute of Technology

This paper i35 a preliminary report on the applicaticn
of an ecohomic-model with linear production functions (re.
quiring fixed proportxana of bthe factcrs ¢f production) to
probliems of technological change. The lirst part 1s a dig-
cugsion of some definitional difficultics, the second a
‘deseription of the model, and the remaining parts are con-
cerned with the application of the model,

The paper wili perbaps railse more gyuestions than it
anawers, Nevertheleas, even & preliminary study of modelq
of tae sort descr;bed here indicatws that such models mirreyr
many of the interesting Processes in the real world that are
involved in technological change. In particular, these models
psridt the study of possible "Lrigger® effects of technolo~
gical change-~for exampls, a audden replacement of an old
proqeas:by'a new, or a very large increase in national income
reseliing from a reduction in cost of a comrodity of only
noderate impdrtance, Such "Lrigger” effects are obacured in
nodels whose producti.n fu.ctions permit substitution of cne
factor for anoth»r without pr0ﬂese change, and, moreover, it
is ali.ost impossible to study erfects in the large in models
of the latter sort mithout strong assumptions about the 1orm

vl tho yroductiun fuactiovue,

1. Refinitions of Technological Chenge

.At leéat three different neanings for the term tech-

nological change can be found in thu literature of econoLics,
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‘These are: _ |
(1) a shift in a produétlon functione-where the produc-
'tion'tunCtion is an expression relating the quantity
of output of a comuodity to yuantities of input of
various factors of production}
(2) a shift in a cost curve--where the cost curve is an
expression that relates vuantity of output of &
commodity to the minimum cost (using optimal come
binations of the fsctors) of producing that quantity;
(3) a change in a production proéess-~éug.n the substi-
tution of machine for hand rmethods in making cigare.
These three cuncepts are by no .eans equivalent, Unly
the firat is purely techﬁoloéical--i,e,,'independant of
relative prices. It relates to the discovary of new productiem
possibilities that pormit a given cutpubt to be preduced withla
smaller quahtit& of one or wmore of Lhe tactors of production.
Tnia.type of technological change will be called lnnovation.

The gecond Lype of technological chenge-sa shift in the
cosl curve--may rasult fros an innovation, or it may bz due |
to & lowsring in ths price of one of the factors ¢f pruduction.
The cost curve corresponds only to thab portion of the pro-
duction funetion which represents cptimal combinations of the
factors of préductibn for sny given cutput at given rrices.
Hence, through ﬁrice change2, the cost curve may change (and
differeht combiﬁations of factors may--but need not- -tecome
optimal) withoul any change in the production function. Con-
varaely, a portion qf\tha production funetion nob represanting
an uptimﬁl coubination at given pricea may be altored without
change in the cost curve, Technological changs in the seccond
Cymr t

gaenag will b cealled cond valanilon,
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Itf@ay,be objected that coat iedﬁction héa ﬁbthiné_-
to dé'wiﬂh'téchhblogical cnanﬁe,'dnleas It results from
innbvatién;; Qn'the contrary, innovation in one industry
_(say, electric power production) may redugé cost in
‘another industry (eay,‘alumlnum reduction), bringing aboui
& gecondary eflfect in tne second lndﬁatry, The subject
of technolougical change should certainly encompass indirect
effects of this sort, and writers on the history of tech-
nology have in fact included such effects, This bringé
us to the third aspect of techneological chanie--process
- ¢hange.,

- The third type of technological change-~the intro-
duction of new processes--is esgentially a gualitative cone
cept, because what is to be considered "the same™ and "difw
ferent™ processes is not a precize matter, For eranple,

.if wheat nmay ﬁe grown either with-little or with much
fertiliéatlon, btiese may be considiered two processes; or
siuply two different cowbinaticns of fectors for producing
with the samc process. Corresponding to each provess will
be a distinct production function, but we can always combine
thegse into a_ainglo preduction fuaction by seslecting fox
each combination of factors that process which glvea thes
greatest output., Nevsrihelsse, in the discuasipn of tech-
nologicel change, it ls oftun convenient to deal with the
production functions for Lie indlvidual pirecesges rather
than ﬁith the conp.site proosucticn funciion for the ccmmcdity“
- Technological change in the third sense. then, is any change
which wakes a new process lTunction optinal, in place o% tLhe

one that hag proeviouely becn eoptimal., Thise will De reforred

Lo & & progcess Clmigs.
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The reasons for making those distinetions way be clari-
fied by'a'few‘ﬁypothetical examples. |

§§gmglg‘l. Suppose there are two processss for mining
‘coal, which we may call “hand" and "machine" processes., uith

soue coﬁbinations of factors ths hand nethod may yicld the
greater cutpﬁt, with sowe other coubinations, the wachine
methed, If there is a sufficient reduction in the price of

a factor that is mors important in rachine than in hand pro-
duction (e.g., capitel), this will result {n a cost reduc~
tion, and mey result in a process change. Thers would, how
ever, be no innovation involved. A great deal of the teche
nological echange occuring in the industrialization of a
primitive economy'ia of this character, for it results pri-
marily from the shift in relativs price of labor and capital.

Exapple £. Suppose that at a time when the hand process
iz erployed, & 8uall innovation 13 made in the sachine pro-
ceas:-noi.sufficiunb tu cause a prosess change. There would
thgn be no cost reduction. lowaver, this innovation @ight
~&dvancs Yhe date at which a later process change, reaﬁlting
from dnange‘in rolative price, wouid take place.

Eﬁggg;g,g. If the innovation in Example £ took place
after the shift in relative pricea had brought about the pro.
coss chnnée..it nould result in an imwedlate cost reduction.

- Exemplg 4. I1f the innovation in Example 2 took place
before the process change, but wes of suffleient magnitude
%o bring about bthe proceas change without any change in rela-~
tive prices, then there would alse be an luuddiate cost
reduction. _

These exauples arford no particular diificulty with out

pregent Lorudnslogy, hat 1o can bo omoen obhal geblignitiag
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- result 1f the term “teohnological onanga“ ia applied indis:
crlminately ta all three phenomenn.

There are so:e further anbiguities in the concept of
innovaiionfthat deserve at least brief mentlon, First, when
~ there 18 knowledge of a process, say, in the United States,
but the knowledge needed‘to introduce this process i{s lacking,
say, in Cﬁina, shall we include this process in the Chinese
production function, or exclude it? If the latter, the
importation of persovns into China capable of e.ploying the
process is an innovation; if the former, it is an increase
in the supply of & factor of production, {.e., a scarce skill.

Second, process change m;y Su & w.tivating factor in
invention, 1If machine wetiods becowe economical, or nearly
eccnomnical, where they have not buen béfore, their new
pfacticgillmportance maj lead to rapid improveuent in thom.
Is this ilmproveuent to be truated as genulne innovatlion, or
is tﬁe production function for an uneconomical prozges (un-
economical because of relative prices) to include an alluw-
anre for tho improveients that will eertainly take placs in
it once this prbcess 18 conaidered 40 be within the realm
of practicablility?

It will probably depend upon the problem at wand ag to
which way of rosolving thess two ambiguitics will be most
convenlent, and this difficulty will not be consldered
Tarther here. _

1. Linear licdels for ibe Study of Iecpnolozical Change

In vi&w of the distinctions wmade above, Lt is useful to

have models for tho study of technological change in which

inneovations, cost reduciions, and process changes can be



‘considerad “separately. 3o.long as the production function™
61 eachéommbdiﬁy is asaﬁmed to ﬁé hom§gen§oua of the firat
.degreé in the factors of production, taken as a whole, the
procssé functions in such a modelic#n be assumed to ba
‘linear and to rejuire fixed combinations of factors, without
lbas of gencrality.

As has bsen pointed out by Koopmans (Cowles Comrission
Discussion Papers, Economics, No. 215 (February 10, 1948),
page 3):

Lo lPRR uithln one process, there &re no diseconuviies
of scale, because what one [lrm can do can be multiplied
by any integer by having more {irms of the same kind
operating. Decreasing returns for the economy as a whole
are seen to arise from basic limitations on the s.cunts
of primary faectors avallable to the economy.”

Two cases mhy'be distinguished:

A. Where the factors are continuously substitutable for
one ancther, the production fuaction is the infinite pencil
of lings through the origin representing the infinite family
of processes. The dimensicnality of this pencil in ths factor
and product space is equal to the number of factors.

B. Where the factors are not continuously.aubati?utable
for ons unother,-tne produckion function consiasta of the axes
- for the factors, ths 1lines through the origin representing
the {(finite number of ) production processes, and the outer.
uost planes detesrmined by theoss linces, THis surface will
have ths asame dimensionalily as in case A, but will be made
up of a puries of fasets having discontinuous derivatives at
thsir dboundaries, _

It is clear that in either case the production fuaetion
is a convex figure, for il it contéins any two lines through
tha origin {processcs), it also lies above or on the plane

determined by vhem {utbalaable vy averaging thae Lwo procagsea).



Sysvime Wik lincar production functions have been
studied by wald, ‘von Neumann, Leontieff, Kooprana, and
othurs. A uystem sufficiently general for the study of
nany problema of technological ehange is tha following.

Let X represent an index of real 1ncome;zl the quantity
of_tha‘i‘h commedity directly consumed ;x,
produced of the itF commodity; %, the percontage of the
total outpﬁt of the iVB conmodity produced by the ¢'® pro-
duction proceaugqxai the quantity of the gth comnodity used
in the production of the gbn commodlity by the ?Lh process;

kai.the yuantity of the kth

factor of production used in
the production of the gh comrodity by the ?th procesa; y,
the tot.i‘quantity of the kB factor used in pruduelng con-
modities; and ﬁk the waxinum quaniity of the k°® factor
avaiiable for the periocd. All consianits are required to

he non-nesative,

(1) Za _ (,"‘;‘Jn;-JW)
(2) T 4 £ & ‘,xq +Z; (L"f R

(3) laez :pa’q FzJ.-‘ﬁb\¢ ?yug ( J'll-' Ty dv)' K‘l’,.sl )
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(4) .ﬂ N “E" '(L'."d'l ﬂ::@)
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-Equntiona'(l) are the conauuption fynctions, equations
(3) the preduction fuictiona. The system does not permit

price subatitution of com.cdities in consumption, but it

does in productiun (by variation of theel’s, 1.¢., by process

changus).

the total yuantity

»‘”‘b}
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E‘QMHWOG) mway be used to elimlnate the {P'xilf in
(2)-'lndf};tl}§‘{ryﬂ;'1' in (5), giving:

) Y . - | ‘

(2a) wwZ +FEELL (i=ty, , ™)
LT TR T o,

(5a) ngﬂ'z feXe | (k=) ;)

TR i tboa .

‘For convenience, we introduce new gymbols fB”",, all
non-negative fuactions of the a's and ¢'s, and rewrite (2a):
() WUi*E ‘*'5-, By & (c=l, v

JBw

We call the system (2b) sdmipgible for some set {g;’
(all $1> 0) if the system posseués a solution {xif, such that
all 'xi?... 0. If such a solution exists, it can immediately be
':I.nduqed from (8b) that we must have X4>>0 for all x,.
8ince -t.he'B“j depend upon the &’s, we nohe that the systenm
may be admissible for certain sets ":".‘p; and nol for others,

For the umouent we assoune {u&;"-{ to be given.

A. Theorems on Admissibility

We define f;;= -1, D= |+By4|. I conjecture (although
I do not have a proof for n>4) that & necessary and suf- |
ficient condition that (2Zb) be admissible for sll ‘}z; is
that D and its principal minors be all positive. This will
‘always be 80 if the nonediagonal elements of “’513” are
suffibient}y nmull.. The econamic; mear}ing of this condition
is this: If k units of commodity (A) are needed to produce
one unit of comucdity {B), then less than ons unit of com-
modity (B)'xﬁust. be required to produce k units of commodity
(A)==obhurwise the_production of these two coum.odities ﬁould
be impossible. Anmalogous conditions must hold for triads
of comgodltieé, end so forth,
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iV nas alreaay ooen polnted out thlt a systom nay be
'admisaibla for certain valuus (wh;ch we wlll call aduisaibdle
values) of the paraueters {éi’i and not for other va ues,
B. Exjgtence of Fojutions Satisfying (o)

If:(2b).£u admissible, wo may write: :
(2¢) XK. =N (P‘-'[{a"‘éj,{éuu | k"”}' ;9
from whence,
(5¢) y:z'jﬂ 2\ %E{%J { &,J dpf.‘ (m-.; , P

We can lluays find )ca sulficlently enall that the in-
equalities in (Ge) will be eatisfied. Let A be the least ugper
bound of such Ns. Then A will be a a function of {4, ¢, and tnce

fﬂd; Congider now the sot of '?corrosponding to all

adniaaible seta \,¢9». The upper bound of this set we will
designnto an optipum \, and vhe solution of (1)-(5) corren-
ponding to this .\, an eptimum solution. We conclude that tf
{2b) is admilﬂible for at lsast one set {;19', then an opti-~
mum solution of (S¢) exists,
C. 3carce Faoters ang Economical Procesges

guppose that we have obtained an optlmum,salupion, and
consider the aystem derived from (1)=(6) by elirinating all
e_llements' of (3) for which .X,=0, and all eloments of (5)
for waich §,>y,. We will call this the pedyced system.
The eyuations (3) in this system correspond tc gconcmical

Erocegggg,'aﬁd the variables y. in equations (5} to ggarce
factors. ' '

Let T be the number of pgrameberslvﬁf,lana % the number
of factors ?k in the reduced system. Then, in crder for this
system to have & unique solution, we musi have in generél
(that is, for aliost all sets {3k’J
(6) C (n+ W) =(T+1)
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That is, the number of products plus the number of scarce
raétora Eﬂéi‘pxcéed by cné the ﬁdﬁbér of econo.ical produc-
tion proéealea. In particular, if Tz=n (i.9.,, & unique
processa for each product), then M‘=i (t,e,, there can exist
only one soarce factor).

But in the case of T=n, ocur wodel is substantially
identical with that of Leontieff (The Structure of American
Economy, 1919.1929), Hence Leontief’s nodel is self-con-
sistent only if there is a single scarce factor of produc~
tion. If & model is to represent a world in which there
are gseveral socarce factors, it must admit a suffictent num-

ber of alternative eccnomical processes of production,

III . Jome Applicationa of Lho Hode

A. piminighing Returns ‘

' From (5c) we deduce that an iacrease in the supply of
& scarce factor (spy, the r*l) will produce & less than
proportionate increase in Xo For if the increase asere

proporticnate, or greatcr, we wou.d have:

(7)  dleghRdlog y, (k215000 ,H)
Hence, |
(8) | dlog'f«: dleg y - dlogh % 0, {with the strong

inequality holding at leaat for the ri equation).

But this contradicis the assumption that the_qk give an
optimum solution. (Koopmans has proved the squivalent theorem
for his model.) This can'belgenerQlized to show diminighing
returrs for a proportionate increase in any proper subset of

the scarce factora,



B. A tne-Goucodity godel

~ We may specialize (1)-(5) to the case of one comuodity, X,
produced by ff‘;:‘r processes., Then we have: =T, 1,e,, the
number of?ecoﬁoﬁical processes will (in general) equal the
number of soarce factors, For the further specialization
W= 2, the ontirs gystem can be represented graphically.
In Figure 1, ¥, end yp are yuantities of (not necessarily
scafce)‘facﬁorlo AA' is & contour on the production surface
for x.=_)\. The production processes B, C, D, E euploy ¥, and
¥y in varying proportions, All but C are economical for
a particula; range of factor prices, If the ratio of available
y, to avgilnblp Yo (leeo, §1/¥2) 18 an shown.by_the line Y,
then D and E will both be sconomical processes, B will not.
The ratio of factor prices will be given by bLhe slops of the

segment of AA' Joining D to E.

Figore 1
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From bhe: risure, we can 1nmadiabely read off a number
of conclusions tor thia modcl. These conclusions arv easily
ganefalizéd to the case of one com.cdity and many factors.,
a, w1th the factor supply as shown by Y, a greater
product will reault from the combined use of processes D
and E, 1n sultable proportions, than from either alone.

b, The points of intersection of AA® with the process
fuictiong BCV& depend upon the technical coefficients in
these functions. Any change in the coefficients can be:
‘repreaented_by'the combination of & movement of the line
represeﬁting the function through socme are (change in‘the
propdrtions of the factors) éombipad with a wovemend of
the point of intersection along the line. Procese changes
can come‘ébhut either through changes in relative fgector
scarcity (movement of Y) or changes in tho technical co-
efficiente (movements of the'proeess funetione &nd their
1nterseeiioha with AAT).

c. We oall & process_femaible if it is econcalcal for
sone faotdr ri#iba (B, D, E ére'féasibleu 19 1s<ﬁot), A
auffieiént downward novement of Lhe ilntersection of the
contour a&v'yith C will mexe C feasible. A souewhat zreater
moveﬁenp iill make D infeasible (in which ckse C and E would
be the sconomical processes), and a still greater movement
will uake B infeasible.

d, If Y were to move sufficiently ¢ the laft, B and
D would replacé D and B as %he scononical processes., The
.same would oceur 1f, instead, D moved.aufficiently to the

right,
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| e;”ﬁfffﬁﬁfrﬁhcible"proceaaes;‘those tend to be economical
which employ ;he faétors in ratios ¢losest to the actual
ratio of1taegor dva11ab11ityu This offers a pbssible explana~-
tion for éh‘e“g:-.eae, stability of the ratic C/L noted by
'Douglaa in his interwlndustry studies of the production
function. '

L, If Y moves sufficiently to the right {or B suf-
ficiently to the left), E will bo the only econovumieal pro-
cess, and ¥y will become a. free factor,

& If;c'hew process becomes feasible it eltner: (1)
has no immédiate effect (if it lies to the right of E or
to the left of DO; (2) displaces one or both processes
previously used (if it lies between D and E}; or (3) nakes
scarce a factor previously free {(If Y-lies to the right
of E, and the new process to the right of Y). |

.ho Sﬁppose only the process B were known. Then ¥y
would be free, Suppose now the feasible process D is
1nvented, Then D will replace B, and Yy will remain free.
3uppose, however, that E were invented instead of D. Then
B would not be displaced, bud both.B &nd E would be economical
:andAyl quld becoma acarce., We have the gumawhat-paradoxical'
siiuatidﬁ;that the less “revolqtlanary" invention ¢ompletely
diapiacaéithé'01d”procesag while the more ﬁrevolutionafy“
invention only partially displeces it.

These éxamples will perhaps serve to illistrate some of

the characteristic propertics of our wodel,
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C. Brices'and’Cost Curves
Thus far we. have not taken explioit account oI ‘prices.

Accounting: pricea can be introduced 1nto thc reduced system
by the equations:

P‘- j:_e‘::: *2' !‘ * CP’I!H/TLJ v '-"'III .,}f‘m)
' T *

There will be T such eyuations, and (n+H) =(T~1)
unknown pricéa;'pi, Hénoe, since the equations are homo-
seneous in the p's they will in general have unique soluiions
up to a factor of proportionality (numoraira)g

It will be noticed that the supplies of the factors
affact pfioes only indirectly, that is, by detormining whiéh
factors are sbafcp and which processes ars economical.

Given the scarce factors and economical processes, prices
do not vary with smallrchanges'iﬁ the supply of factors.
Changes in factor supuly, within bthege iimita, affect only
the 1ntensitiea ef the various’ pracesses¢ o |

There ia an alternative, but sequivalend, graphic rep-
‘resentation, uu& ng pricen,, of the model with one comumocity
end two ftotora. The price of ¥y, pl, in t&ken &8 numeraire°
In Figu;e 2, let D represent the cost curve for x (ss a
_function3bt:p%§fiith process D, and E the coat curve with
prhoess E. The compoaite cost curve is given by the heavy
portions of the two curves. If D and E are both economical,
we mﬁst have piz 8, py= B,

The cost curves D', D", EV, E® correspond to varicus
| types ofrtéchnological improvemonts in the processes D and L.
Sueh’ 1mprovaments, if both D and E remained sconomi cal, wou .d
,bring'about,changaa in the equilibrium prices (bLhe intersection

“of ths two cosh curves) Lhal cen be vedd 0ry the Tigure,
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Figure 2 - | F.

We see, for example, that the technological improve-
nents represanted by D' and D"" will increase the prices

of % and Ygo While the improvements represented by E' ang E"
will decrense those pricen°

E-MMLWM

Thus far, the nodel presented here has proved far ieaa
tractabdble in yiglding propositions about the income effects
of technological change than in kiéldins propositions about
the ecbnomy ol production procegsses. (ne posaible line of
attack would be to attempt Lo extend the oorrespondence bet-
ween proceas changes and changes in relative factor scarcity
~that was shom in Figure 1. This wight lead to a theoren
' nbou£ *diminishing returns of technologiocal progresa®™ come

l_ parable to bhe theorem regarding diminlshing returna with
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“dsive Hich a theorem,

Another line of approach: would be to construct special
cases téfdémdnsirate that very large "trigger" effecﬁa of
téchnoiogicil.ﬁhange are possible in such nodels. By cone
sideration of the conditions that have to e imposed upon
the model to produce such trigger eifecta. moré general
theorems nlght be suggested or derived,

Still a third aporoach would be to study technological
chanyes of "moderate® size in the reduced system., This is,
in fact,'what'Lgontief nas doné, for hthe special case of a
system with only one scarce factor)

A fourth approach would be to study the limiting case
where a technelogical chunge ia Just 1argé encugh to alier
the set of eéonomical.prucessea and scarce factors.

‘ Modeisjof the gort described here have alreedy shown
their value in the study o’ linear programuming. Ii wou 1d
geem that-tngy navé equal polentialities for the study of
the effects of technologicul chﬁnge_in Lhe large.



