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Similarity aa the Hesis of Social Yelfare Judyments

By Kenneth J, Arrow
January 26; 1949

The prasent note seeks to clarify and amplify the positive impli-
- cations of the rusultn nresented in an earlier paper of the present

author'a.%

1. Restatement of the Wain Theorem
C “’osaibility. certain condit:lona are laid down on the formation |

of social welfhre fUnctions. In particular, 1t is ‘required that the sociel
preference acales be formad froc indivmdual preferance scales and that the
social decision betwean two alternativas be independezt of the dssiras of
1ndividuals 1nvolv1ng any alternafivaa other than the miven two.2 These cone
ditions torether aer'e to exclude internersonal compariscns of sociel
utility elither bv some . form of direct moasurement or by comparison with other
alternativa soeial atates (campensation nrinoiple).3 Tharefprq the main re-
ault of Dossibilit! can ‘be restated s followa: |

1f wa exclude. ‘the posaihilitv of interporsonal carparisons of utility,

;then the only methods of pessing from individual taztes to social preferencea‘

1.‘- KedoArrow, The Posaibility of a Universal Social ¥elfare Function,
“roiect Rand 1948 RAD L -289, referred to as Possibility,

2e Posaihilitx Conditiona 1 hnd 3, ppe H=10

. The argumonts arninsb a meaningful intarpersonal comparison of
utilitios are old, .Rven Bentham had his doubts, "Tis in vain to talk of
adding quantities whioh after the adiition will continue digtinoet as thay
were bafore, one man'sg happiness will never be enother man's happiness; a
gain to one men is no gain to enother: you might as well pretend to add 20
apples to 20 pears." - (Quoted in W,C, ¥itchell," Bentham's Felicifio
Caloulis," The Backward: -Art of Spanding Foney and Other Essays (New York
1937), p. 184, reprinted Irom Politicul Jolence Yuarterly, X%%TEI ITSiEi.
Pp. 161+183), I - have presented some arpunents on this subject in '
Possibility, pp.- 9-10, and 1n Second rhoughta on Social Welfare Indices,
CoCe 237, po 11,




Do
'.wlrti'c}\.‘wi."l* "ba'qatibfartor"vﬁﬁn.d which will work for 21l individual pref.-

erence scales are. aither convantional or dictctori&lo

The wurd, setisfaotory." in the ah:vn stetemant menas that the social
welfére function is to reflact individua.s' desires positively (Possibility,
Condition 2, pe. 10) and that the roszultnn® sociasl tastes ehell te repre-
sented by & nraferénoe.scale heving the uw:unl pfopurties aserived to
individual preference scales (Possiﬁiiity, sondition 1, pe 9), and Axioms
I1-T1,p:4)s

: If‘wé wish to make soeial welfare judpmenss which debend on 411 ine
dividual tastes, i.0., are not conventional or ¢ictatorisl, then we must
ré]ax s0Ma gf the coqditions imposed, In the present note it will con=
tinue to be mainteined that there is no meaninyful 1ntefpersona1 comparison
of utilitiss and that the econditions wreppsd up in t;é word, "satisfactory,"
are to be accepted, The only condition that remains te alirinate is that
the methed of f&rming a social preferenca scals work pretirly for all pose
sible individual preference scales, That ig, it will now lo supposed that
it is known 1n adTance that the Jndividusl preferencs scaies Rl' ees s B
for social actions satisfy certein conditions, and it is ?BQLL:%& to find &
social welfarb function which will he sutisfactorj for all ind* iduval prefe

erence scnles satiafying those restrictions,

AN Individuali#tic ﬁestriotions

One imoortent possibility is to impose on the individual pofare
ence scrlog two oonditiohs-which in fa?t have a1m03£ invariably b.en
assumed in works on wairhre ecunomicé: (1) each individual's compcl gon

of two alternative gnoisl states depends only on the commodities thet I

4, Possibility, Theorem 2, p, 14. The above formulation owes a greet deal

to comments . by T.C. Koopmans, Cowles Commigsion for Hosecaroh in Economics;
F. Fodigliani, University of Tllinois; H, Simon, Illinois Institute of
Technologys end T,%, Sechultz, University of Chicapo. See ¥, Yodigllani,
Contributions to the Discussion of K.J. Arrow's Paper on "The Possibility
of a Universal Social wellare Funotion,"5ec C.C. 236, pPe 4=D. For the
Terms ,"conventioral and Gictatorial see Possibility, Def. 8-0 pp. 10-1l.
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freceivad (end lahor that ha exponds) in the two stetes, i.e., he is indifferent
as batweeﬂ eny two social states in whieh bis own consump+1on-lelsure—saving
situations are thu seme or at laast i“dszarant to him; (2) in comparing two
personal situations in one of which he receives at least as much of each
'commudiﬁy (including leisure and saving ss conmodities) and more of at leaét
one cermodity thah in thé other, the individuel will prefer the first situge
tion. However, it cen be shown thot in a world of more than ono comnod ity ;
theso restrictions do not suffice to.remova the-paradox. N

- Tor supnosa that among the possibla alternatives were three, none of
which Fave any individual at least ¥ muoh of both cowmoditxes as any
other. For exemple, suppose thet thore ars two 1ndividuals and a total
of 10 units of each of two'éommoditias. Consider three slternative distrie

butions described by the follcwinw tables

Tndividual 1 Tndividual 2
Altarnst 1ve '
~Commodity 1 Commodity 2 Commodity 1 Commodity 2
1 5 1 5 9
2 4 2 6 8
3 s - 3 7 7

:The restrictions irposed do net tell us enythiug ebout the way either in-
dividual orders these altornatives. All preferences are permitted, so that
we are ossentially beck in the oripinal situstion of ﬁnrestricted cholice
&hera the faradox holds.6

Tn fact, the same example ahows that sven further restrioctions that

nave somatimes been used will not suffics, Thus, in the individualistie

iBe ~ See e.z,, P.A. Samuolson, Eoundationa of Loonomic Analysis ,(Harvard,

EQéT) pp 222-224, A, Bergsan (Burk), ™A Feform:lation of CeEEain Aspects
f Welfare hoonomics, PPe 318-320, Quartrly Journal of Economics, L IT
(1928), ' » 0. Lanpge, "F unHEE*ons of Vielfare Loonomics",

‘conometrioa. Vol. 10, (1942), p. 216,

E_s, .
B. This result is a special csse of Possibility, Theoren 5, p. 16



case, it is;accasidnallyfurther assumed, at‘least a8 a besis for welfare
.statements, that a1l men have the same preferéncas:in regard to their ine
dividuel sibtuations. Given sny ordering of the various social altemutives
by ihe two ihdifidu.ls. we can ongtruct a preferance scale for the six
individual situatic s involved by essuming the three avaiiable %o individual
2 %o se ranked acoc#diné to his preferencesg gnd to be all superior to the
' three indiyiduai si:uations aveilable to individuel 1, the last being ranked
among themgelves ir acc0rdange with individual 1's testes, If each allocation
lof each oommddity - alternaﬁive 2 is roduced by .5, it is even possible to
embed this last preference scale for the individual siturtions into an ine
difference map with coﬁvex indifference curvoes, so even assuming con%exity
does not impose enough restriction on individual preferesnce scales to permit
a satigfactory sooial welfﬁre function,

_ The results of this section supgpgest strongly that the difficulties in
forming a socisl welfare function arise from the differing social attitudes
which follow from the iﬁdividualistic hypothesis, especially in the case of‘
gimilar tastes for individual consumption, It follows.that the possibility
of saclel welfare judgments rests upon similarity of attitudes téwards $ooial
alternatives, |

3o « Group Choice in the Theory of Games,

In the present development of the theory of multi-person games,
an important rolelis played by the asgumption thaﬁ ench possible ooalition
ranks all poseiblefsitarnntiva strateéies according to the sum of the pay-
ments to its membérs.7 It may be asked why this group cholce function does
not run into thelpafaéoxdieousaed here, . It.is.trﬁo that it is sssumed in

the theory of gamaslthat each individusl is playing for his own 1nﬁefestsis

7o Je Von Heumenn and O, ¥orgensterm, Theory of (ames and Loonomic Behavior,
Second Edition, p. 264, The above remarks is Impiielt in definitlons of
effective sqt and domination,

8. op. cit, ppe 8.9 .




but it has mlreadv been pointed out (see Section 2) that the individuﬁlisfic.
hypothesis is insufficient to yié?ﬂ e eatisfactory socisl welfare function,

Ir the theory of games, there is really a one-commodity world, irnoring
for the moment the question of chance events. Tn such a sitﬁation. if we make
assumﬁtions (1) and (2) on peze 2, there is only one preference scale for
social alternative vossible to any one individual; he ranke social eltermctivesz
ﬁccordinr to the amount of monay he gets under each. In such a situstion, the
individuel preference scalgs ars not variables; Conditions 2 and 3 in Possiw
bility hecoms irrelevent, since they relats to the varistion in the sccial
preference gcale corresponding to cortain spacified types of chanpes in the
inAividual proference scales. In the present cnse, any so¢1a1 praference
scale will sstisfy the conditions leid down 1n.22£§1bility.gso no contra-
diction ¢an arise,

The situation s.n'--the theory of games is gsomewhat more compliceted,

If the e are o numﬂer of differént possible money payments, any probability
distribution over this range is also the outcome of o possible social alter~
native, eand each individual rénks not money payments but probability Gise
tributions of momey payments. If no other restriction were imposed, the
probabilities of dirforent outcomes act like different comrodities, and thar
situation of Section 2 reanmears. However, Von Neumann and Norgenstemn
assums for the purpbées of the theory thnt-indi;iduals rank prohability

-~

distributions of income solely according to the ox;eoted-value'of the re-
turng this renking 1s implieit in the agsumption of ‘2 ér;naferable utility.lo
Apain, therefore, the renking by an individual of al ternstive social states
iz preseribed in sdvance, snd the situation is thet of the preceding pafa-

graphe -

9. TPp. 9=10

10, Von Neumann and Morgenstem, op. cit., pp. 604, 629,
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4. Complete and Partial Unanimity,

Suppoap that w§ do not assume in e dvance the shape of the preferences
of any one individual, but we do assume thet all individuals have the same
preferences for social alternatives. This implies a sooialeminded ettitude
énd‘also a homopenous society, If we consider'the preferences in question
to refer not to expressed preferenceé but to the preferences which would be
expressed if tha;corruptions of the enviroment were removed, the assumption
of unanimity 1is the idealist view of political philosph.y.l1 In fhig case,
the otwious way of defining the social welfare function is to chonse some
one individual and then say that the gocial preference scale shall be fhe
same as his, This sntisfios all tho conditions set forth in Possibility
(pp. 9+11) excopt the condition that the social wolfere function no® be
dictatorial. Under the assurptions of this saction; since it makes no
differénce who is dictatof, thé condition 6f'non-dictatormhipﬁlosses its
intrinsioc desirability.

This rather trivial result reinforces the suppestion at the end of
‘Seetion 2.thra:h like attitudes towerds social alternatives (not like tast‘.as‘
for individvel oonsumption) are needed for the formstion of soclel judgments,
Some velues whioh might give rise tc such similaxity of zoeciml attitudos are
the desires for freedom, for naticnal power, and for equality; 12 by their

very neture, likeness in individual testes leads to likeness in desiras for

11, K, J. Arrow, “Second Thoughts cn Sociel Velfars Indicss,™ C.C., 237,
ppe 1-5.

12, These are here considered as ends in themselves; they alsc have en
Ingtrumentel significance in furtheving or hindering other ends, and in
individual who favors, e.r., cqualit’ ns an end in itself may netheisholess
favor a certaln amount of inequality in order to incremse total output,
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social altornutives.flsdmawhat less direct in its social implication is the
‘degire for prolongation of life, which we may take ﬁo be one of the most
universal of all hgmen motives. This desire is essertially individualistie,
axtending to only a few individuals et most; sut gince the means for achiove
ing inoreased longovity are in such larpe part social, thore is a strong
factor making for like ettitudes on special issues. Differenoag may 8%ill
arise due to hnpqrfect knowledgs.lsof 1ike nature are the various tyéea of

collective consumption.

13.. ¥, G, Dickinson, American Medieal Associstion, has supgested orally that
the prolongation of life cculd itsslf bo used a% a sooial welfare puide. This
view is especially attractive since the greater; part of social, end particularly
economic, ectivity is devoted to that end, broadly construed., In contrast to
such other hasie motives, suzh as sax and pregtipe, the desire for lonpevity is
socializing rather than divisiwe, al thouph if one considers the world as one
umit, the relstion between populstion end food suprly is probably such that
strong elements of conflict remsiu. However, life connot be tuken os a sole
objective, since, for most human ubalinps, there are specific situations in
which human beings are willing to give up their lives in the pursuit 'of other
values, whether these be the aggrandizemsnt of the political unit to which one
owes obedience ("Dulce et decorum est pro patria wmori" - Horace) or the dosire
for freedom ("It is better to die on your feet than to live an your lmees™"-
Dolores Iberruri), - From a mors practical viewpoint, longevity $s probably too
insensitive to shori-run econcmic sdjustments to serve as & moeningful puide,
gspecially in view of the groat uncerteinty exmisting as to the factors malcing
for prolongation of life,

The very measuroment of lenpgth of life for a whole soclety involves most
of the ambipuities already found in sconomic welfare anslysis, Thus, in
evaluating the relative importance of different causes of dsatlh, simple death
rates have been objected to on the grounds that they ipnore sge at death which
should be considered since it detormines the loss to soolety occusiened hy the
death, Therefore, new measures are provosed whioh geek, at least to a rough
approximation, to measure the cconumic loss to society occesioned by the desths
dus to each cause, SHee F, G, Dickinscn end E, L, Vielker, What is the leading
Cause of Death? Two New Measures, Bulletin 64, Buroau of Wedical bLcononmio
Rasearch, /merican Medical Associstion, Chicago, 19548, OFf course, carried to
its lozical conolusion, this course involves sll the difficulties already en-
countered in asoeribing a meaning to marginael soocinl productivity.
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However the correct mathematical goneralization of the umenirity
condition is not easy to see, The most obvious peneralization is to assume
that all individuals are wnanimous about some choices but not necessarily
al;out others, Thet is, among all possible ordered pairs tz,y) of social
alternstives, there are some for which it is lmown that all individuals
feel alike, AThese common feelings cen be expresséd by saying that there is a
partial ordering Q of all social sltemnatives such thét the preforance scales
of all individualar are comﬁatibla with this same palrbial orderiﬁg Q.M If
there are,‘three ‘altornatives such thrt { tells us nothing about the comparisen
of any two, i.e.,.'if thers are threa alternstives such ’chut we do not assume
wnanimity of agrecment ps to the choice between any two, then clearly the
_ asémption of a parti.al unan imity éoes not e.xclude eny of the diffieulties
sncountersd from arising in the social ordering of the thres alternatives in

quer;tion.ls

5. The Deoision Process as & Value,C

'Up to now; no attempt has been made to find puidance by considering the
cmpoﬁents of the v;ctor wh_.'tch defines the socinl state, - One esg;ecially
intoreating snalysis of this sort considers thet among the verisbles which
taken together define the soocial state, one is the very process by the

society makes its cholce, This is espeeiélly importent if the mechanism of

14, ‘Fox.';tha-'definition of a partial ordoring, see Possibility, page 8,

15. This result can be rigorously deduced from Theorem $ of Possibility,

page 16, First suppose that not merely is it known that certain cholces will
be unanimous but in faot it is known in advance what the choice will be, That
is, suppose Q is known in advance, If wo let S be tho set of three altematives
mentioned in the text, then Theorem 3 applies with Ql’ sves U 811 equal to Q.
If now we merely postulate unenimity of those choices without specifying how the
choices will come out, we have clerly imposed leas rostraints on the prefer-
ence scales of individuals end therefore a fortiori it remains valid that the
-only possible social welfare functions are conventional or dictatorial.

16, - The ‘approach in this seotion owes much to supprestions of M. Friedmen,
University of Chicago, end P.J. Bjerve, Norwegian i'inlstry of Trade,
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“cholce itself has a value to the individuals in the society, E.g., an
1ndi§1dué1'may.ﬂa;ér;fﬁbhitive‘prefarence'for achieving a piven distris-
bution‘through the fi;é markot mechanism over achieving the same distri-
bution through rationing by governmenf. If the deﬁision process is
1ntorpfeted broadly to include the whole socio-payéhological climate in
which social decisions are made, the reslity and imppfténce of such prof=-
‘erences, as opposed to vreferences about the distributiom of pgoods, is
obvious,
From a logical point of view, soms care has to be taken in défining
the decision‘prdcesa, since the ahoice_of decision process in any
gliven case is éffbcted by a decision process. There 1is no'deep circue
larify here, howevef: If x is the vector desoribing a possible social
stete, let E; be the components of that vector whiech are not decision
processes; let X, be the process of deciding amoﬁg ths alternstive pocs=-
ible x,'s; in 59nera1. leot x be the process of deciding among the al
altemative §°§§1b1§-xﬁ~1'°' Yie rey refer to xl g8 the first - ordar

decision,'x2 as 8 seoondéorder decision, eto,; then an nth

-ordar deoision
is a process of makinr an (n-1)5t-order decislion, Any perticular sociael
state is described in its entirety by a vectbr of the form (xl, Xos ees 5 Xy, ces)e
In desoribinr the United States govermment, we might gay thst Xy iz a proe
posed bill or, more oraoisely, the proposed bill taken into cenjunetion
with all the legislation now on the booke; X, is the process by which bills
are enacted Into lew by Conpress and the President %y is the process of
choosing & Congress and President, set dom by the Constitutiqn; and 34
is the process df oons£1tutiona1 amendment .
.Suppose that for some value of n, there is one possible x, which 1s

so strongly desired by all individuals that they prefer mny social stete

which involveg aecépting that partisvlas % to any wrich doss not. For
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example, the belief in democracy may be o strong thet aiy decision on the
distribution of poods arrived at Henncmtiwl 1y ray be pmferred ‘o such a
decision arrived at in other ways, even though all individuals mirht have
preferred the second distritution of goods to the first if it had been
arrived at democra't;ios.llyr In such a case, arain, our social welfare proe
blem may im regax’dsd as solved, since the unanimous ‘ﬁgreamant on the décision
process resolves the cnnflicbs es to the decigions themselves.'

Some such valuation as the ahove sem's-jﬁo be implieit in every

stable political structure. However, there is a certain empirieal element
in practice; indiﬁ’idﬁﬁls prefer certain 'politiéal atruectures aver ot}m-rs

not only because of their liking for the strusture as such but also bocause
they have some idea of the preoferance gattorns of the other individuals in
the society and feel thet on the whole they cen expect the particuler struc-
ture in quasﬁion » taken in cnn;iunction with the expected behavior of other
individuals wnder that structure, to yield decisions on current matters
which will usually be aoceptahle to themselves, Thus, we may expact that

social welfare judgments can usually be made when there iz both a widespread
agresment on the decision process ond a widespreed agraament on th_e desira~
bility of ei';cryday decigions, Indecd, the sufficlency of the formsr alo.ne,,
'as_ implied in the preceding parapgreph, would require thet individuals aseribe
an incommensurably graa:l,:er velue to the process then to the decisions reached
uader it, a proposition which hardly seems like alcradibla representation

of the psycholoé:y of most 1nd1vidﬁa1 in a soclsl siltuetion,

6. An Lkxample of 3lack's Postulste,

D. Blactk has analygzed i",he possibility of forming s social welflare

function under a sﬁacial sat of restrictions on Rl' "bhe » Rn'. Let Uss eoe s u,

he utiiity indicators for R., see o R are such that the alternative social states

1
can be rs‘pres'ented by a one-dimensional variable in such a way that the graphs of
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Ui;'...-,'ﬁ;ihaﬁa alsihgle peak, Under these assumptions, ilack shows thﬁtl.‘
one oan" oéh'sti;ﬁét' ;';sib'cialﬁwelfarq flmctibﬁ by sé}ing that sooclety prefers
x to y if a‘majority of.the.individuals perfer x t9 y. This social welfare
function hes all the properties desired, |
It is éossible to find economic examples in which Blsek's postulate
may be expacted to be satisfied, Thus./supposa that for reasons of tech«
nologiecal efficiency, it is Importaent that all workers work the seme number
of hours, anﬁ it'ié deéired to fix the nurber of hours to be worked, _If
We agsume that'ﬁages.arﬁ fo be paid in socordance with marminai productivity,
the reél wage rate is a known decreasing function of the number of hours
selected; henﬁa. each gooiel alternative is completely specified by a single
number, the number of hours to be worked, lor each individual, the relation
beﬁwaan'wames-and hwurs worked défines an inoomewleigure trensformation
.curvé. Undér individualistic agsunptions, we may assume thet individusls rank
differént numbers of hndra to be worked by considering the corrssponding points
on the inoqme-leigure transformation curve and comparing the incoma-leigure
indifference éuryas.which pass through them, We mey reascnably suppose that
there is one point oﬁ'the pransfornetion ourve for which the individual's
utility iﬁ maximized end that the individual's utility docreases as the
number of ﬁéﬁrs wor&pd varies in either difectisn form the optinum. Then
3lack's postulste is satisfied, ané we could find one numbher of hours worked
which would command & majority vote over any other.lv
'-fhe fact thet Black's rustrictions bp the individual preference scales
suffice to vermit a socisl welfare function ossts new lirht on whet is rmeant

by similarity of sooial sttitudes, 1In Black's ecase, individuals éan have

17, ' Actually, as Black points out, it is not actually necessary to consider
all pairwise comparisons in order to find the optimum, It suffices, under
his assumptions, to look at the first choices end find the median,

Sea “The Dgcisions of a Committee", p. 250 concmetircel, 18(1948) pp. 250
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waried first choices; but they must have a fundamentally similar attitude
towards the classification of the elternstives, since thay all order the

alternatives in the same way.



