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Homogeneous Systems in Hathematical Feoncmics: A Comment

. Note: This paper is to be submitted for publication.,
Your comment is appreciated.
Jamuary 20, 19h9.

By Kennath J. Arrow

Sumrary

In a recent issue of ﬁhis journal, Professor Tintuer has developed
some lmportant general theorems giving conditions under which maximizing
behavior leads to relations which are homogencous of degree zZers in cer-
tain variables,

The purpose ¢f the present note is to derive these theorems in a
nore elementary'wgy in which, furthsr, Professor Tintner's assumptiornsof
differentiability are shown to be unnscessary.

* % %

1. Introduction:

In a recent papert in this journal, Professor Tintrer has developed
some highly ugeful general theorems bringing togethar the variocus Prob=
lems in economic theory which lsad to relations homogenscus of degrec
gzero in certain variables, These theorems were derived by FProiessor
Tintner under the assumption that the verious functions involved are
differentiable fwiceae Now, there appears to ke a rapldly developing
tendsney in modern mathesstical sconemics to avoid assumpilons of
diiferentiability‘which'seem to heve ne econonic relevance and which

frequently are unnecessary. Lidead, the use of methods of the differential

1, G. Tintner, "Homogeneous Systems in Mathematical Economics," Econometrica,
Yol, 16, October, 1948, ppr. 273-2%k.

2., Tintner, op. cit., p. £77.




Py

calculus occasionally leads to unnecessarily complicated derivations
end expositions3, It is the puyrpoge of the present note to show that
Professor Tintner's chief resulis can be obtained without arny assumpticns
of differentiability and in & simpler manner. It will consequently be
noted that some remarks of Professor Tintner implying that differentia-
bility is a necessary condition for homogeneity are misleading,

The tools used by Professor Tintner are the following two theorems,
Let the behavior of some individual be described by saying that he
raximizes g(x,x#, ¥##)} with respect to X and x* subject to the ros-
trictions, h{k)(x, Xk, X )= ) (=, 2, ..., N), Here Xy X, X

are vectors; let x,, cens X be the components of X.

3. This point has been especially stresssed by Samuelson. See P, A.
Samuelson, Foundations of Eccononlde Analysis, Cambridge, Massachusetts,
1947, pp. 7076, 1011123 “Comparalive Statics and the Logic of Iconomic
Maximizing," Review of Fconcmic Studies, Vol., XIV {1), 19L6-147, pp. Ll-
L3. There is a growing bady of economic iiteraturs dealinz with cases in
which the individual is confronted with choice among alternatives which
are conver combinations of a finite mimber of bssic alternative; in such
cases, the standayd methods of the calewlus are useless., Ses P. f.
Samuelson, YComparative Statics," op., ¢it.; J. von Newmann and . Morgenstern,
Theory of Games and Economic Bszhavior, Princetor, 194L; J. von MNevsann,
wiber ein Ukonwmizhes Gleichungssysten und eine Verallgemeinerung des
Brouwerschen Fixpunkisatzes," Brpebalszse eines Mothemetischen Xolloguiums,
Vol. 8 (1935-1936), pp. s Lrantisted as, VA Hodel of Generad
Economic Equilibrium," Review of Eccaocmic Studies, Vol. XITX (), 1945-
'46, pp. 1-9; T. C. Koopmans, ‘Optimue UHilization of the Transportation
System,® (abstract), Bconemetrica, Vol. 16, Jamary, 19h8, »p. 66-68;
1j Kathematical Medel of Productiony {abstract), Econcwetrica, Vol. 17,
January, 19L9, pp. ‘
It is true, however, as pointed out by one of the reviewers of
Samuelson's book, that the differentisbility o non-differentiability of
the utility or revenue function cr of the constraints on behavicr iz of
importaence in characterizing the behavicr of the decision variables with
respect to variations in ths initisl condiiions. In the non-differentiable
case, the decision variables may well be constant for smell variations
in initigl conditions, with a disconbinuous jump in response to larger
varistions. '
See K, E. Boulding, "Samusglsenf®s Foundaticns: The Role of Mathematics

- & 1 on

in Economics," Journal of Pelivical fooncmy, Vole IVI, June, 2949, p. 19k.
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Theorem 53 if the funtien g which iz to be maximized and the side

coflditions h(k) are either independent of the variables that are ¢omponents

of xx*% or homogeneous of some arbiitrary degrees in the same variables,

then the solutions xq9, ...y X are homogenszous of zero degree in these

variables,

Thecorem 6: If the function g which is to be maximized and the

side condiﬁionslgfk) are either independent of the variables that are

components of xi and x## or homogensous of some arbitrary degrees in

the same variables, thsn the solutions xy, x2, sss, X &re homogeneous

of zerc dsgree in the variables that are components of xswt.

i

It is to be roted that, stritly speaking, in the conclusion of
these theorems the word, "homogeneous," should be replaced by the
phrase, "positive homogeneous.? A function f(u, ui) of two vectors
u, u* is said to be pcsitive_homogeneous of degree X in u if f(tu, u%) =
txf(u, ur) for every positive valus of t. Positive homogeneity is a
weeker condition than homcgeneity; it is the relevant condition in econo-
mics sincé, for example, utility iz no longer maximized by consuming
the same quantities if prices and income ave all made negative but with
the same megnitudes. The distinctlion beiween positive homogeneity and
ordinary homogenelty is of mportance in what follows., It mey also be
observed that we need oﬁly assume positive homogeneity inqg_and_gﬁk)
in the relevant variables. From now on, it will be assumed that the
word, "homogenecous," has been replaced by the phrase, “positive homo=

geneous," whersver it occurs in Theorems 5 and 6.
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2. Derivation of Theorem 5 and &

Theorem 5 will first be derived fran Theorenm 6.

Preof of T.i’lGOI‘E!KE"I 5: Let ;_c} w= (g, W) == (Xqs evey :i:.,_)_, and let x" be

a vecter without componenis. Under the assumption of Theorem 5, f
and _g_(k) are each posivive homogeneous of some degree in x", xi¢, or
independent of them. Then, Theorem 6 spplies, with 3_:1, x" replacing
X, x¥# respectively, so that the soluiions Xy ao .; %p, and, in par-
ticular Xys eoey Xpy are pesitive homogeneous of degree zero in X¥,
Froof of Theorem 6: Let %, R maxinize f subject to g_(k) =0
for a given x#%, Then, by dfinition of maximum,
(1) £(%, %, x%:-*):?f(x, My X)),
for all x, x#* such that,
(2) g(k)(x, x#, x#8) =0,
where, also,
(3) g(k)(ﬁ, R, ) =0,
Take any t>=0. Assvire _f_‘_ pesition homogeneous of degree Ky in

Xy Xiri, g(k) positive homogenecus of degree Ky in xx, xa®, Multiply

V

through both sides of (1) by tKD“‘ 0. By the definition of positive
homogeneity,

£(R, 3%, tawx) = t9O2(R, &, 1),

I

£(x, tzs, tx%*)' tK°f(x, X#, Xi#H),

so that

(lt) £x, txx, txer) = £{x toowr, txiw),

for all x, x* satisfying (2). Multiply through in (2) by th; by the
definition of positive homogeneity,

g(k)(x, txs, tx#e) = thg(k)(x,'x*, xXH ),



30 that (2) is equivalent to,
(5) g(k)(x,_tx%j toree ) = Q,

fherefore, (i) holds for a1l ¥y wt satisfying (5). Replace
x by (xeft) in (4) and (5); this is pormissible since t % 0.

(6) £(%, %ﬁ*, tan) Zo(x, 3, txn),
Tor ali X, x#* satislying,
(7) g(k}(x, W, tome )= O,

Finally, multiply threugh in (3) by Esko By the same argument
as before,

(8) alk)(@, 8%, txex)=o0.

From (6}, (7) and (8) and ithe definition of a constrained
naximom, %33 85 maximize f{x, x#, fxwr) subject to gﬁk){g, X%, tawx)=0,
5ince ® is unchanged by multiplying all the components of by a
© positive constant, the solutions Xlsveor ¥y are positive homogeneous
at degree zero in e,

It has also been proved, incidentally, that the components at
the solution xi# are positive homogenoous of dégree one in x#%, Thug,
in Frofeasor Tintner's discusaicn of manopoly% it can be shown that
the prices charged by a monopolist sre humcgensous of degree one
in the prices charged on atomistic msrkels.

3. Kinked Demand Curve in Qligcpoly,

3ince differentiability hes becn shown to be irrelevant for the
validity of the basic thecrems on homogeneous functions, it cannot be,

as Professor Tintner states in several places, that lack of differen-

L. oOp. cit., pp. 284-5.
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tliability has been showm to be irrelevant for the wvalidity of the

basic theorems on hamogencous functions, it cannot be, ss Professor
Tintuer states In geverel places, that lack of differemticbility explains
lack of hanogensity. In thae caesc of the kinksd demand curve in
«:»1i.g<):ouu1.y’{'3 s the point geems to be that the establishod price must be
taken 28 a verlable distingt from price 28 & decision variable:

since it is a datum, it is to be included, along with the prices on
atoristic markets, in the components of x*%, The analyses of oligo»
poly then proceweds es bafore, so that cubput is positive homogeneous

of degree zaro In all the componont of x*¥; but of cowrsa, outpubt nsed
not be homopeneous of dszrase zere inm the prices on atemistic merkets alone.
4. Lumpiness.

Similarly, it cermot be thet the axisten-ee of lumpinegs disturbs
homogenelty because of the lack of differentiebility, Methenatiscally,
lumpincss may be rooresenied by letting certein varisbles asswme only
integer values. The previ.ws definitlons of homogeneity do not have
eny meaning in this cese, A mors restricted definition must bo
introduced, |

Pefinition: A fumchbion f{u, u?) is said to be positive intogral
homoganeous of depros Kin uif Fltu, u*) _—_.'i:Kf(ug ve), for every positive
integer t.

It can easily be seea that bobh of the theorems proviouvaly shated
are velid if the words, "positive homogeneous™ are overywherc roplaced by

the words,"positive integral hemogenoous." The proofs are idemtical.

5. Op. eit., p. 287
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of aeﬁrsaw tho conclusion thet a certein variable is positive

intsgral homogenous of degree zoro ir certain other variables 8ays leas
thun that thet varisble is positive honogonous of degres zero in

these variebles, and the difforence may be important for certain

TUrpPosss.,



