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Comments on the Input-output Technique$
{Prepared for a Committoe Lo eppruise this technique)

by T, Co Koopmans

Ootober 4, 1948

In these brief and hurriedly prepered comzents the inpﬁtnoutput
technique is undarstood.to be ¢ technique of programming the use of
rosources for a steted cobjeotive, by meens of a mathematiecul model
specifylng o numboer of productive activities, each of whioh is charmoter-
iged by constant rotios botween the quantitiea.of the commodities (goods

| and servicca) shbsorbed and produced by it.

The comments are arranged undor the hoadings:

A. GCanerclity and limitationgs of the model,

B. Principles of eclassification,

C. Subatitution and equivalenoe ratios.

Do Decentralisstion of programming decisions,

E. PFormalation of the objective.

Referonce will be made to the 1igst of 13 numbered problem areas that
has besn cireulated by the Commitieo, |

A. Generality and limitetions of the model (Problem 2)

If no limit is ploced on the number of activities and the fineneass of
clagsificeation of commoditles,tho fixed inputecutput ratio assumption is
extremely gencral and valld over & wide arom, The basic assumption in-
volved is that 1t ie posgible to duplioate, triplicate, ete. any activity
" FTor e mathematical formulation of the theory underlying these comments
see "Systems of linear production funciions,” C.C, Disocussion Paper No.

215. For an application of lineser programming techniques to the transporta-

tion industry, see "Optimum utilization of the transportation system,"”
C.C. Discussion Paper No. 214,
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thgt 4s capeble of exscution in unit amount. This is not in oonflict
with tho phenomenon of decreasing roturns noted perticularly with respect
to agricuitural production. That phenomenon 1s not due to sny baslc
non;linearity or non-roproduceability of productive activities. It is
due to limits to the awallable amounts of basic factora (e.g. land)
in the quelities required for the most efficlent of the possible productive
procegsos, Such limits con be intfoduccd oxplicitly in tho analysis.
Situations (also frequent in agriculture) where one faoctor can ho
eéntinuoualy substituted for enother cen be lncorporated in the model by
choosing a discrete set of combingiion retios (with sufficiently smnll dis~
crepancies botween ony two adjoining ratios) and letting each such ratio
define enother productive activity. |
The following are limitations which cne can atiampt to meet by

refinenmmts of tho models

(a) Indivisibilities. In ifs usual form the mcdel specifies elso

that the smount of each activity osn be helved, divided by 10, cto..
without changing the input-outpult retics. This is not true for highly
mechani zed production. Noither is it true for gituamtions such os occur
in trengportation where an entire road is nseded bvefore a'single truck
or train cen move., To mset these situsations, it 1s necossary to introduce
sotivities which can be cerrled on only &t amounts which are an integral
mltiple of & given unit.

(v} Uncerteinty., The inventories required to meet contingencies such
ag interruption of production through mechunical fallure, weathsr condlitlena,

etc. are less thon proportional to the ssale of operations.
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Further departure from fixed input-ocutput ratios, and indeed from
any definite and unique functional rolationship, mey end will ocour as
& result of aggregation of eetivities and commedities (problen 3, see B
below),

B. Principles of olassification (Problem 3)

The following seem to be relevant fuctors affecting the desirablo

degreoa of apggregation,

Favoring dissggrepation:

{a) The objective may be formulctod as a blll of goods end sorvices
of meny dimensions. The mmount of doteil in the bill of goods seis &
linit to the extent of aggregetion of commodities and ectivities.

(b) The further aggregetion is carrisd, the greater departure must
be expected from fixed inputeoutput raticsz. If for instance moro stoel
can be had promptly only e grestoer then average cost, this cen be oxprossed
in a fizoderatio model only by defining two or three differont stoel-
producling activities of successively decroasing efficiency, duch cotivity
being circumscribed by its cwn given limit to promptly avellsble capecity.

Favoring aggragatiops

(o) The cost and time involved 1n construction of very olaborate
models and;g;: data colleetion and the cemputation for such mocdels.

A good compramiéa may be helped through techniques of dezeatralisation
of decisionﬂ suggested under U below. |

C. Substitution and eguivalence ratios (Problem 8)

Substitution and cholce can be studied in the models wnder consideration

wlth greanter generslity then is possible by the use of the "smooth” production
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functions of economic literature. It is, however, not studied through
continuous change in the ratioes in which factors are combined in a productive
procéss. It is studied instecd by simuitaneous increaese in the amount of
one (or more) activity (-ties) snd docrease in the maount of enother (others).
It has beon ergued under & that this includes the "smooth” substitution
enge to a sufficlent degrec of aoproximation. In eddition, it includes
a type of &iacreﬁe substitution, prevalent particularly in industry,
which hee boen insufficiontly studied in economic literature. Often an
entirely different material is subatituted, or an entirely different
induetrisl process, for one previocusly used,

For a fixed-roatio model to perﬁit the study of_substitution and choice,
it is necessary that— unlike the models studied in Leonticf's published
work - the number of sotivitiocs incorporeted in the model oxoced the number
of items in the bill=ofegoods. This point can be illusireted by the follow-
ing exemple of & sheep-rolsing economy with one input cemmodity {leber},

& billeofegoods consisting of two commoditises {mutton and woovl) and
thres productive activities (three brecds of sheeph Let us assiiwe theb
the input-output cooffiaients for the unit of each ectivity (negetive

coefiicients denote 1nput) aras

ectivity
(1) (23 &)
wool 1 1.2 0.5
mutton 1 C.0 1.2

labor =] =} =}
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To produce glven emounts of wool and mution, choice can be exorcised o
select that combination of the thres activities which minimizes the labor
required. It is for instance clear that it camnot be sconcmionl to engape
simultaneously in activitles (2) and (¥). bocause two equal one-unit
emounts of (2) end (3) mro inferior, in the product derived from the ssme
cnount of labor, to two units of activity (1)~-- (quantities 1.7 of botk
mubton end wool as compared with 2). Further analysis shows that any
billeof-goods in which the desired cmount of wool exceeds {in the units
ugod) the desired amount of mutton (by not more than 140%) 13 most effi~
clently met by the sppropriate combinetion of activities (1) and (2).
Similarly, sny bili-ofegoods in which mutton exceeds wool (within the seme
limit) is met by a combination of (1) ana (8).

In the following example the first case epplicss

(1) (2) (3) total
amount of activity 1 1 0
output of wool 1 1.2 0 2a2
output of mutton i 0.5 0 1.5
input of lebor wl =1 0 2

The same quantitics of wool and muttion can not be produced with lses lsbor
by scme otheor combination of asctivities.

The next question involving substitution of aotivities is this:
12 we can only spend the seme smount of labor and wish now to produce

1.6 units of mutton instoed of 1.5, how much wool must of necessity be
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sacrificed? The enswer is given by the following tebles

smount of sctivity

output of wool
output of mutton

Anput of labor

(1) (2) (3) total
o2 0.8 0

1.2 0.96 0 2.16

1.2 0.4 ) 1.8

~lef =08 0 -2

It follows that .04 units of wool ore sworificed to gain 0.10 units of

4

mutton. Analysis shows that this equivalence ratio of fg~ units of wool

to one unit of mutton is e constant applicable to all variations in the

bill of goods whioh lsave the proportion of wool ¥o mutton in the new

(chenged) totml bill-of-goods within the renge (1/1 to 1.2/0.5) capable

of efficlent realizetion by & combination of sctivitles (1) and (2).

Similer equivalence ratics cun be worked out botween lsbor end wool,

laobor and mutton, for each efficlent combination of activities. The follow-

inp teble summarizes the ratios;

One additional uanit of

wool mutton
1 0.4
2,5 1

& 2
1 2.6
0.4 1

2 5

- labor

“'1.4

"3&5

“305

?104

iz squivalent to-

edditional units of

wool

Wl

matton

o - g,

labor
wool }
mutton
4
3

labor /

1f both the origlnal snd the vew
bill=of-goods are atteinable
by combining ectivities (1) and (2)

if both the originel and the
new billeof-»goods are attalneble

by combining sctivities (1) and (3).
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In more elaborote ncdels, similar equivalence rotios between variations
of the 1tems in the efficiently produced Lill-of-goods cen be estoblished,
which are eppliceble within a ronge correspending to all efficient come
binations of a given set of activitises. These ratlos can be extended to
intermediunte products that do not appear in the bill=of-goods mnd te basic
factors of pfoduetion.which are limited in quentity {1ike lebor in the
exampls) .

D. Decontralizetion of propramming decisions (Relevent to problem 3)

Tho equivamlence ratios can be regarded ae accounting prices (4in the
sense of Heade, Lenpe. Lormer) which can bo used to pguide, end ensurs
compatibility of ; sllocative declsions teken in different administrative
uaits. Ope poesibility 1o to construet a modol with & concildereble dogree
of agegregation for the purpose of eveluating equivalenoe raiios for the
mein roew materials, typoes of lobor, and classes of products, for caoh of
.8 number of future periods. Theseejuivalence ratios are then siven ms &
freme of roference to a number of speclclized programming unite that work
out more detailed progreams, esch doaling with a particular sectcr of the
entire program, In this wey one avolds the difficuliles of channelling
an enormous mass of detailed technical infeormation through one single
programaing unite

A vory important partiouler case of this technigue of decontralization
38 that in which the equivalencs ratics ore expresssd by moaey prices in a
free merket snd the specialiged progremmdns units are firms pureving

@ policy of profit mexdmization which regards the prices es glwene
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E. Formalation of the cbgeotive

In preceding comuents the objsctive has been taken as the producticn
of a givon Lill-of-gocds &t a minimua cost in some sense. This formulation
is not general enough to meet reallistic situations, In most cusos there is
not one single unit of cost, such as monoy or lsbor, but & number of hasie
and uneltereble limitations to the siee of the productive offort, such os
the size of the population, the total area of verious grades of lend, the
initial amounts of capitel egquipment of warious types, and the technically
maximum rote of depletion of various mineral resources. It cannct be
foroseen without olaborate calculetions whethér a given bill-ef.7oods
is copable of production within theso limitetions. An ideal objootive
would be a complete description of the set of alternative billse of-goods
that can be produced eofficiently within these limitations. This would
fully inform the poliecy~making autherity or bedy of tho sltsrantivoea
before it. However, 1t would seem thet such e g3t of eliernaiives 1s too
vast to be cupeble either of being encompnsgsed by a single or collzotive
mind or cf being dotermincd and desoribed with concelvable computation
machinery,

A narrover nbjectivé that has been proposed is the maximizetion of
e linear function of the total nat oatpqts of o ﬁumber of degired commoditios.
This objeetive implies that the progremming unit sets “subjective” prices
(valuetions, exprossed by the coefficicate of the linesr function) on the
desired commodities, and weloomss eany rearrangement of activities (within
the basic limitations) thst increases the total wvalue of the cofmodities

produced, as evaluated in these “"subjective" units, Such resrrangements
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remein possible until the technolosical equiwvalence ratlos discusssd
under € correspond to the “suhjective“ valuations.

This formuletion is still too marrow. It implies that we can say how
many pecunds of butter are to be eguivalent to one gun hefore we lmow
how muoh butter end how wmany gurg will be produced in s prosrem based
on that indieation. This is at varience with the law of decroesing marginal
wtility (or decreasing marginal rate of substitution).

An intermediate possibility is an experimental proecedure whersby
 "subjective” prices are tentetively specified as a first step, and an
optimal program in that valuation system is computed. This yislds ono
foacible program thot conteins no internsl lLnefficlenoles. The corresponding
equivalence ratios suggest in which way the program can be modified by
limited amounts without losing either feasibility or internal efficiency.

If larger variation 1s oclled for, this can be effected, os & scoond step,
by revising the "subjective” prices. sotting down tho prices of commedities
of which the first progrum containe relatively "too much,” setting up

the prices of those ropresented "too little.” Suoch succossive rovisions

can bo repoated until a satisfectory program is obtained.



