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Theoy_snd Heasurement of Prodechion Fuivkions
Diock Van Dongen Torman

This papor is cmneemed with cn anelysis of some aspects of ’c‘ne. ROYE
of Professor Faul Dou.g;la.é, asapeiatzs and obthers who w§ rked along ﬁhé sane
line. |
Staulstical masm'emeat of production :t'um,’t ions is ‘**nportaﬁt as It may
give us & tool to fin:l out if amd in how Do the mrg;:!.ne,'l pr oaucmvity prineciple
1s working, In its moet aimple fora this yvinciple ctates that
where | Pﬁ"‘g&i’ Py (1)
Xy axl e (2)
iz the production functlon, giving the relstion between the inmput of two fectors
of 'produci.;ianufoir. labor end cepitale and outpub., Wow when
=y, y1ve (3) 7)"‘ = profits
Pj" r:}"i & of 4
then, under tha assumpb“ion' of profit meximization

;_”:r_ Pty @

e o3 ) i =109r 2
Xz Pgto i =131, 2 or 0.

The merging) produubivitﬁ. principle, theruflors, wmay be helpful in expla.in;’mg:

ao the priclug process of the factors of'br.'oductiéu
b, the distribution of incurne,

1. W first enalyze the assumptions that have to be msde to find these two relae
tilons trm; whan using the CobbeDougles function md measuring the vﬁriab‘les.,
in physiesl unita.

I3, Secpﬁdly wo analyze the essumptions when moneyeunits are used to meagure the

| vaﬁablés;

III.Finally same remsrke oomoerning the interpretation of results are msde vhen
using the g ingle equation method,

1, Analysing the assumptions thet have to be wade, to find the marginsl produstivity

prino:lple‘ in its simple form true, we restate the principle es follows:
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As will be olear from further enalysis we have to make & distinction

LY
e

between two possible interpretations:
2. The incresse in wvalue cf output is equel to the increase in
| outléy for the production factor genereuting the production-increass
b, The incresse in revenwe is equal 4o tho inorease. of totsl costs.
Usuelly the inorease In costs will be difforont from the imerezse in
outlay for one of the production factors alﬁne. The ontrepreneur will
act according to the last definition.

Case 1.1

SY _ (puto ;(x + Axg)-x
(1.2) T APoiiXe o'~ XpPo
Ay (PL-r-AE,L)(x + AR I )

(1:8) Eo"'?“s’%?’-*&
whare/ ﬁé@ enq,) (/_.2_-) and/.) // Eo)

Ag A and /3 approach 1 from different sidos, -:?J‘-’ J will only be true
' i

when 4 = /51, = 1, or whon frco compotivion provails.

or

The dlstribution of income 1’2+ =% . So again only ogquel to ot
L LI T O
A % - e

under conditions of free competition.
Case 1.2

Only two factors of production were takasn inmbto acoount, Oaitbting
the so0il in testing a productlon function for the mamufecturing section
eg & whole, or for perts of it. may be accopteble, Leaving the materlials

out of the analysis, howover, hes more iniluence. For now
>
A (Lo ORI AKG) ~Xoo }- [0, # OPy ) Ky AXg) Py Xy § y
Ay, X, # X )(P *&p) — X, O;
Adding the assumption that frec competition preoveils in the market of rew

materiale wo £find that
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The assumption that X, ead xs are proportional, whloh is not alv}ays true but
in this oesc is the most favorablo altornutive, does 'not. yot allow drawing
the conclusion that 0, = ’% -§-§—E—- |
Only when we add the assumption that also /q, and ,% chango proportionally
we are able to conolude that
- {3.5) 7% ° 724 %‘;‘f oy being & comstent.,
For the eiplanation of ﬁ:ﬁ income distribufion no essumptions have to be
made in oxcess oflthoie. in oese l.l.
Case 1.3%a,
When prices of oapital goods do not change, the above cnalysis will
lead to the same resulis when measuring Xy in physieai or monay un:}.;ts.
Waen price changes do ooou#, howéver, capitel has to be measured in physical

units, or the value has to bo defleted. The veluo of capital is Xj = 2%

{ 793’ being the price of capital goods). We now find
dZ,

» 3
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vhere
(1.6) s = %
The rate of interest therefors i1s the comyuted ﬂ*divid'ed by the index of
the pirices of oapitb.l goods,
The distribution of-inoomn will be, under conditions of free competition,
’ 2 %
but 13 5o longer identifisble with the rate of intepest. Using the rate of

. L
interest in this formula, wo will have to substitute X; for Xg» snd writo
(s%A ¥,
{1.8) - o 22

%n s |
In the donominator we £find -either The valuo of cepital maltiplied by the

aptual rate of 1nté1;est; or the physioal cuantity of ocapiitnl multiplied by iog.



Case 1.3b
The anelysis of 1.3a is only true when the chenges in the price of capital

goods is & result of shifts in a horigontal supply ocurve for these-gdods.
The assumption of free oompotition in the market of ospital goods hes +to
be added to allow the old conclusion aoncerning the prioing process., Only

with this assumption wes will find



wfw

. . Xo
(1.9) [-73)“3,; "P& 5%& ﬁ&
For the distribution of inooms we find

""E}"l cA &I
(1.20) c:g/ ..f_

whore’/qginﬁzgzz/,

so & form expressing the elestiolty of supply in tha market of capital
goods. Also here the aawmption of free competition i.s necosaary.
Case 1.4 7

Using more capitel @ods dooe not only enlargs the outley for interest,
but will aleo bo of infiuence on the costs of tho capité.l-gooda itsell,
Rot only interest enters into tho cost of production -dépraoiation ﬁlso
has to .h telen into accouﬁ'b. Ko assume

8. adding labor doos not have influocnce on deprocviation

© be dapreciation is d fixed perommbaso of the wvalue of the ceplital goods.

Analysing 2‘;,? we now find, making 0..1.1 the assumpltions of the foregoing
caees, that

0a0) papi=ph = o 38 =
@, being the % of depreciation,

Thorefore, whon wo went ¢o ccmpare thz actual rate of interest with
a "rate of iui:a;rest“ computod ﬁ‘rom the deorivative of the production
fuenction, wo.w‘l'll have to deflate this cowputed rute by the pricss of
capital goods. And only nﬁ:ef thot wo could find a linearily between
the computed and actual rate, |

The distribution of income ia now:

(1.12) lgi a., )
%" Lo %%

end the aimp.!.iflcauion of this oxpression to % is no longer possible. The

groater a,, the grestor the deviatlons In the distridution of income; will

%
Foe?
be fron m— 0



Case 1.5 _

e finally heve to add ono more complication, Employing more labor
does mot only inoreage production, the costs of 1aboxf" and et the same
time tho'quantity' of materials used, but also other ocost items will
incresse. The oépital invested in the goods in process will inorease,
as & result of the fact that wages are paid whila the receipts will
coms in et a laber moment; for meterials the some ia true in the case
of @ larger production resulting &lther from sn incresése in labor or
cepitel input.

Assuming that the 6apita1 invcstod in the goods in ﬁz‘ocws is the sum of
a., a fixed % of the tol'ballwage'-bill
be & fized % of the totel outlay for materials
0. & fixed % of the total valuo of capital goods,

we £ind, vndor conditions of free competition, thet

(1.15). P’:R’ 53(? 03132,1‘/_

G 2 C, end C,I are congtante including the ¢, from formale (1,5) end the
paroen‘bagés mentionaed ebove.
: .. 4
The conclusion must be that E will oaly be proportionsl with PO =2
_ o | O AX /
when ﬁz is & oconstant, For ﬁﬂ we find
2 ;o n X,
Pa = fafe = %fo3%,
s0 that the conolusion heré ocan be the same as in case l.4,
That elso the distribution of income will not simply bo % ; neods
no proofs An expressioh, more complicasted than in le¢ will be found.

The caso whero depreciation and tho complication of Lthis case are

teken into account together, was not analyzed,



Conoclusion:

Neesuring a production~function in physical units may Ee useful for
computing physical product at different combinstions of X, and X, . Por
the explanation of the pricing precess of the factors of production and
also of the distribution of incoms, the function will be helpful only
undor very restrictiag conditions, or when we have much more informstion
than only the produotionéfnnction itsell.

.'II. In statisticel inveétigationa the varlables were often not measvred

in thelr respsctive units but in value units, In this part wowl1l
enalyze if, end in how far,'thea agsumptions, which we found to be nocossary
when mpesuring in physical units, can be dropped when éifferent units
of measurement are used, and if the conclusions concerning the pﬂoing
-~ process and .'t;he distribution of income hold.

Case 2,1

48 long us the prices of each ol the threo varlablssere tho same in
in each ohservation, the; results will not chenge. VWhen, however, thie is
not the osss, differont resulis will be found. Hoamsuring output in value,
the fectors of preduction in their respecti‘ée units, the production func-

tion therefors being y,»ax) X,

» We oan derive from the profit equaetion,
_ bgﬂ
under the assumption of profitemsximlszation, that Pi® 5x; *
Multiplication of tho right side withpp is uno longer necessary.
dL
Anelyzing the derivative of the production function we f£ind thet Pj,“()o ﬁo 2T
end in comparison with the oase‘a,' in Chapter I the assumption of free
"competition in the market of the product cen be dropped.
: x o ' .
The distribution of income is -&fL = 4 ‘and alge here the
| . % *2 Glg

'assumption of froo con@etition in the product market 1s no longer necsssary,
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Case '202
Wihen messuring production and labor-input in physioal guentities,

the quantity of capital howeaver in value unlits, then
x

(‘?/""'/’aa-ff

: 0, 2%
e *FPo 3 x5
Anelyeing the derivative of the production function we find that
20X ox
"'-"g = '%‘/ - o0
The assumption of free compstition in the market of capital zoods is no
longer nacesuary; aud also the deflation with /05 ,» a8 montioned in
oas6 1.7 nood not take place. :
| 2
For the distribution of income we still find Cxﬂ‘o
Case 2,3
Whon production es well es capital is mcasured in monoy units, we
£ind a combination of thy results of oesos 2,1 and 242, Tho price of the
factors of produotion will be ogual to the derivative o.f‘ the production
f’tmotiox%‘. therefore not mltiplied dy /00 » and tho assumptions of free
competition in the marketys of ¢he produoct end the capitel goods can be
dropped.
2
Tho distriution of income still simply is e,
Case 2.4 |
To avoid the oriticisms mentionsd beforo, conceraing the cost of
meteriels and others, prodt_zortion hes beon measured es valuod addé@_- (f')'

&
Then j’o =-a.xf‘ ’Xé Z 43 the production funoction, and from the profit

equation follows that
. ‘ / _ D s
Do = 240 and . L%
/0 4 X, fe dx,
HWith which ctse from Chaptér 1 we can compare the resulis of this approach

dapends on vhat is inoluded in ﬁ: » When the valuc added is the rovenue
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minus costs of materials,y dopreclation, intsrest on cepital invested in
the goods in prooess, then we find & result about tlﬁ samo &8 in Case 1.5
&s far s the assumptions ars concerncd. All the essumptions are inoluded
: excapt the one of free competition in the merket of capital.

Caze 2.5

Moasuring production ss valus added, labor input ss the wagebill
end ocapitel imput as tho interest ouiley, then analyzing the derivative
of the "preduotion function® will show thet ell assumptions found necessary
in Chapter I are inoluded in this kind of pmduction functivn, However,
from the profit egquation now folluwa that -.-i—— =/ o

Fo conclusions can be drewn regardinr tlea prices of the ractors of
production, and also concerning the distribution of inocows the.conclusion
ie vory simple; namely the sharcs of cach of the factors will be in the
propoyiion yl/ Yoo
Conclusion:

It my be possiblo thet messuring in valuo units will give us the
pogsibility of dropping one or more of the assumptions which scomed to be
necessary in Chapter I, This method, hdeer. will never emable us to
find & solution for all asav,ﬁp{:ions. It; is possible to measure the
variebles such that all assumptions osn by dropred, bubt then no conolp=
gions can beo drewm xagarding the pricing procoss of the factors of productions

&t the seame time we oen conclude that, when mencuring in value units,
the distribution of income will still be in the proportion % but no
asgumptions ooncerning free competition are nscessary, snd thorsfors no
conclusions oé:n be dravm from tho results concerning the degres of free

competition, monopoly or monopsony in the difforent mavkets.
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From the enalysis in the first two parts we may conoclude that
measuring the production funotion in phyeical units will give us the
best possibilities to draw oomolusions concerning the working of the
marginel productivity principle end concerning the degrse of free competi-
tion in the respective merkets, alfhough either many assumptions will be
' nocessary or mumoh informat;dn muet be at hand,
I1i, ¥Not only_‘ror the reaaona. mentloned in the lasy chapter must wo
heve doubt concorning tho eignificence of the resalts of some of
Professor Douglas' investigations, whon ho uses velue units in measuring
ons or more of tha ve.riableg. The following énalyaia will show thet also
in other rospects the use of value unite my leed to false conclusions.
Cage 3.1
The moet favorable cass o measure & production funotion sesms %o
be the one whoro we have as cbservations & number of firms in tho same
industry, ell working under conditions of fres competition. In this osse,:
however, using the single equation method, it will not be poseible to find
o, engd 0% sgparately &8s, for thooretical reassons, X, and Xy will be
highly correleted. We have to asesume that the production function is the

2%

sm for esch firm, and for oaohﬁfirm it is {rue that %a % o ¥hare
now tho &%z are the samo for each firm and also the prices of the Ffuctors
of production are the sdme, each firm vill use the proéuotioa fectors in
the same proportion. To finéd slgnifiocant resulta.we will have to add the
assumption that 0, 7%k,=/ ,

When measuriug in value unite we have the ssims difficulty in the case
of fres compotition, and we will de able‘tc measwre the ta separately
ontly when the .proportion of tiw factors used varies from firm to firm.

Theso varistions may, ®.g., result from differcnces in transportation

costs or o‘bhér diffei'éncea in the morket situstion. As soon as we need



-

these differences, hovever, measurement of the production function, vaing
veluo units for the veriebles, end using the single equation method, will
be without any meaning. From thes results no caoclusions om be drawn
concerning for exa.mple the _d@gre@ of freoo competition or the msaning
of the exponents in ths funotion,
This ocan easily be shown with the holp of the graphs in Figure 1.
In each graph the two points give the situation of two firms in the markeb
of the product, of labor, amd of capital, respectively.
Computing & production funotion from thoso ‘obuervations will not
lead ue to any‘infbrmation either conceruing the exponents in the (physical)
production function or concerning the deszreo of monopoely or monopsony.
Tho same production funotion will bu obtained in this case for a pumber
of possible end different situctions in the market of tho product (4),
of laber (B) end of capital (C).
A, 1, one horisoﬁtal demend curve nd diffevont supply curves for each
| of the firms
2. both different supply and demend ourves
B. 1. horizontal but not ;dontical supply curves of labor, tog-st:her
with differont demend carves
2, both tho demsnd and supply ocurves are different
8o the domend curve ie the sume for oeoh firm
C. 1. horizontal but not identical supply curves for capital togethor
with different demend ovyves B
2, Qiff'erent demand end sﬁpply curvas
%. both the sawe vertical demsnd or supply ocurve end differcat supply
and demanl curves cocpeetlsel e

Pigure 1I gives two other eets of possibie situations.
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From these graphs cen be ooncluded at the same time that the coeffie
oients in this "produotion funotion® do not give us eny information ebout

the elasticities of the different domend and supply ourves.
coﬁoluuions_

A cross sectlon study, iming; vaiue units for measuring ous or more
of the variables, is theoreticelly only accopteble '(6:!.3regwding; statis-
" tlcal iu@lioationa)-_whm ﬁ-w ocupetition cutis'bs'. _ Then, however, the
exponents in the production rﬁnction cannot be computed seperately unless
neerity is asm.
Case 3.2

A cross sootlon study for the wholo menufacturing section is only
posseidlo when meanuring production sund cepital in the difrerenﬁ dbasr-
vations (industriea) 1h mhoy unite. Under froe oompa"cition mlticollinearity
mist oxist sgain., In the cese whore Geviations from {res computition ococour
the cene kind of difficultios. a5 nentionsd in the last oase will arise.
Cass 3.3 |

When uaing fim-aer:tea_:ln thoe anelysis of one £irm, one ind@atry or the
_man.facturing scotion es a%hole, none o the forogolng Alificulties disuppoears.
Yo will find ml'hieollinqarity es long a3 /b, and ﬁe fluctuute proéortionally.
As soon es no mlticollincarity exists we will find different maritet situe
ations in the different yeers and instead of huaving the {irms as cbsorvations
in our graphs, now the years appear es such, end ngain no conclusions cun
bo drawn when tl_{o variables are measured in moneyrunits..

Measuring in physicel units may stlll be poassible but the prdblem of
technical changes (which appeared im the cross seotion studies as different
teohniques in the upa_féi:a firms) will perhaps be of more significence and

will csuse more troubles, while also meny other oriticisms havo been mentloned

in litarature.



