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1, Iintroduction

in & sequence of articlsz by Sohlesinger (1), Weld (2, 3),
von Heumenn {4), ﬁhe taol::m‘)logy of orods c?‘.:ion. is desoribed as a set of
posgible procsssos -Pk. a2 l, avog %, eeh condui;téﬂ wi th nonwnagatiﬁ
Intensity
(1) . Ky %_ 0,

@ dwracterized by the fact thot the process produces or consumes the

goods G s = 1, eoey N, ab the respoctive rates {per unit of time)
(2) [

wicrs 2 pesitive value of

1y indicates production, & negative value

indicates "being used up" in the produoticn of aa_nsﬁiing else. With
Sohissgingex snd Tald, the purposs is to et the mlyaﬂ.l. fronﬁ given de-
mond functions, detemine not only ths em::nfitiaé_ pméuood of various goods,;
tut =10 thich goods are frea, Von Weumarn gentrali.le& this to enswer
gimultsnecusly the questicn which wocessos are um.

Weld end Schlesinger comslder a statie ‘aé.ac' and assume o market
for oach factor aml each pruduct. Theydo not explioitl_y_-rsquﬁre opt Limam
allocation of resouraees, but impose zero proﬂts..i#.éﬁtaﬁ.

Von Noumsnn omsiders an economy e’xpandix:lg.:ét‘n constent rate
- end mhximizes the rate of expension by proper cﬁéica 'of“-'the intensitisas x,
of the vurious procesres. This requires sn assumption regarding consumption,

which he trests dy oopsléting of the minimum .néw et;hf"-,i.'bf- 1ife reguired




to carry on pfoductione ‘Comsumption is thus one of fhe processes Pk, which
produces labor. All output mot requirsd tor consumption is invested ime
madi abzly, Von Neumsan doss not zlaborst:s an prices, except the interest
rate, wilch equals the rate of exponsion cu the ».gult of a minimax theorem.
This mmalysis is based on o fumendraonisd tapologieal thecrem, Srouwer's
"fixed point theoremn." | |

It is the purpose of thias sol o

i, To initiate = explorztion s o hew far one oan get with

more olemantary methesuiicel tovls,

€s Te demonstrutz the owmcept ¢ opbinal mwices without ths

CONTTTT of a market,

3. To prapare for & jussificatirn of the conecept

ot @ "general tr&nsfmrmatiﬁa fuction®™ expressing the

eanvertibility of sll roscs throigh praducficn, as usaed by

Lange (5),

4. T&‘provide the basis {or the oconcept of an agsrezate pro-

anotion funotion connecting "valie of prﬁduct,"'%alue of capi-

tal” oad quantities of primsry fictors of production.
This note 1s in the nsture of & prosress roport, incomplets in many respects,
Wo shell explors the production side only, ieaving a blenk for supplementary
agsunpbions regarding $he formwe tion of incﬁmgs and of camsumers’ demand., For
poesible simplificetion, or in any cese because of 1limited time of prepera-
tion, wo drell require the snalysia aaly 4o answer wﬁich Processes &re used,
agssuning thet we know already whieh privery factorﬁ and which goods ere not
freew.

The great generality of our model of productive procésses should be

stressed. The only substantisl limitation is the diafegurd of indivisibilities,

The concept of a pfocesa earriad out with 2 given intensity doss not coincide



-

with the oonce;it of tho mwoductive sctivities of one firm, Therelore,

within one process, there are rc disecorwmies of sosle, becnuse what ono

firm oen do oan be multiplied Ly any integer by .having more firms of the
sane kind opersting. Deoreasicy ra2turas for tho soonomy &8s & whole are
sesn to erise from basic.limitstione on the amounts of primary Pactors
available to the economy,

Cages whare fastors of producting are continwusiysubstitulteble
for each other, according to sos feizrully of :T:so.qumt suffé_caa in factor
apace, om be sccounted for in our eaniysis &8 followas Cover the surface
to eny rezquiroé density with dicerets points, wnd let emch point defins
& process Py,

By dating the intensities ad¢ o:tputs, dy;nwnic problems coxn be
analyzed with the zame mathersticel thaary, We limlt oursslves mainly
to the static intsrpretatioﬁ.

? 2. Hotatims = dsfinitions

Lot a@ i_“"i} s b = 3 ”‘ii »es he voctors. We introduce the

following notetions

Symbol : Meening _ . M b =0, a is celiad
ey b 84 2 by for ail 3 " positive '
a2 b ey % by i‘or.al?. i ,'E';amiwpcsitivra

By 7 by fo:; song i

azb 832 by for uil i & non-nazative

& *. b’ either a; = b, for all 1, or, non~&empesi tive
i ifag > by foz some i,

then ai< b; for some other %,

aEp & = b by definition



%o shall cal 1 the point set a< O the non~negetive s-spzce.

3, Optirvm allocation in the static oaso

Let the queaiity “u.

Thie is rogative in the casc

with cuzital saturation

oduscd”™ ol the good Uy bo deaoted By iy»

8 e prlrzury fector uszed up in produciion,

end positive in the cese of o comnodlty waunted for consumption. It meoy

have either sipn for @ good s

end y demcts ooluamn vectors oo

(positive md nozative) outini

of *the non-negative x-spacg X
transforma tion

(3J

E (a1, »{x), (X)) 2ancts o

urs of & nebrin M, wo shell

(4) | f((‘

For this it is mocesensy bul

]

processes is et leest egual o

iwpliea ’fu:.“i:ner .,hui;,, it =y

restriction ‘th!'oi‘.gh varlati s

Definistions A poin.
LR et ]

: " - 1
exigtz en x in X with v =

Ch | 7o -

p=7 - o

Enitenscusly in both categories. Let x

ateinicz ell process Intensitises end oll

. production consists ol & wapping

e & cst b in the y—.fnec@ Wy the linenr

i
¥ ol e

@ oran, momber of rovs &id nunber of ool

(™ =y

P sudfiolent that t% g nasber ¥ of pognidle

the o ir of gooes.

nowin By wvaried in the gmel

oEomL
i T (3.0, & polnt y swoh bhetd thovo

¢
o

L)
will he enlisdé effic::g_sni: s 1P, Toy

In on efTicient point, therelfcry, ne oubtput sl a pood can Lo increased

without sivultansously deeron’ o

2, : . N , - l "., [ P .-
ontrmn bood ancthér oot (01 loocsosivg



i

the input of a primary factor). Ve shcll investigete the set Yy of o=
ficient pointe in ..'f. | '

The i;nngo y‘- P x of un interpsl point x ) O of X cannot ke ef-
ficient. For then g is uuréa‘:;s;':a‘.eted in the small, =nd becausc of (%),
& B%nan be found to produce & sufficiontly smmll 7 131 eny direoction, ine |
olud;ng 1 > 0. Therefore, s csriein positive numo e of elements of x rust
'vani"ah before y osn be efficiz:t, For ey vecbor x we introduce, aitsr

possible resrrengemsnt of elemchs (dancted by ~ ), o partitioning
y x5 :
(?) X~ ] ‘xo - 0) 24 ) Oa 1'(%).5 ICOI r(x.;.) = K.‘jh;b
s
and e corresponding pertitioning

(8) o~ (0 )

of I, wiich, of couree, depends on %, although we do not axpress thet in
the notatlim.

Ia order thet the imige y af x of z be'_efi‘_iéient, 1t is nocessery

o

thes for every ?S such that

{9} ‘S 2 0, < warestricted,

)
o -
we have

(8 n=ti= g+ 18 %o
let ua first conmider 211 i“s sech Shid

Bocause of their presence in (9}, efficimecy TGQXﬁ:iI'GES :tha-'c,

(12)  om=fE, %o for a1l §
Agein, (12) fequireg't}za'b
(13) , F(p;)( N

because if we had (3( f:) = r{ f:) FN, a 154_ could be found to produce any

sufficlently smali "‘ s ineluding nositive ones.



Let us now explore tho oaso where

(14) | B TS P

-

This 1s uot neecessary for efiiciencey of v, but we conjeecture that it ocdure
almost everykhers in Y,, If {147 holdc there exists a vootor p of ovrcder N,

wique but for normsHeatlon, such thow

(15) | l- o'l =0,

Furthermore, tho efficlency of y reculrus that p oan be 3¢ normaliged that

(16) f P> 0.

For, becanse of (14}a every sufficiently smoll ‘1 such thet

€/

(17) - p'1 =0

can he produced by &
D )
] 4
)

with x* in X. If any componsul of p wore zeve, or if any two components
were of opposite sign, therefors, (1) eouid bas contradieted. The elemunts

v!*’—q

of p will be recognized aw “ac:ﬁ"uunt:'o‘,ui_\:" prloos, the senation {27) as = logal
®focet" of the traasfomms ticn Dunetisn, If productive units chergs sach
other with these {merginal cost) prises, end if the mempgoment of sach unilt
produces whatever It does prodice at 2 uindamum cosht, then t‘h_e output of the
whole sconomy will correspond ©o an eiTicient point.

Yo continua_ the sxplorasion of {14) and now follow up the requires
ment (conteined ir (é}) besides ths réeguirsment {11) already anslyned) thet

for awvery i such'thﬁgt

{18) g >0 ‘S+ unrestricted
D

1l




wa have ,
(19) ’l = r-g i 0.
For this to be true, it is necessary thut for asvery g 20,
Rl 7

: ' - ya
(20) P o=pls, £ 0
To show this, suppose & & 2 0 wxieled such tzmtf’

]

i i 2 -
(21) P’I‘P’Q%o"‘? |
Then, on account of (14), it wulid be puasible to ehoose g in such & way
-

that :
(22) ‘]—"I\: (rl; gn ¥ i‘!' gt}rf\: 0) nom2, eaes Ny
and {21) would imply
(23) P> 0
or, in view of (16),
(24) 1 : >0,
which tozether with (22) contradicts (19).

Finelly, for {20) e Lo true i¥ is naceaszary that

(25) p'[ €0 I

This conditlon says that no unus.d proceus ghould permit s "acesupting
p!‘ﬂfi‘b."
Conversely, 1t ig essi v sesn thuei say point x satisfyiny (14)
end (25), wish v delined by (15) . &5 mwpred inte an efficient point y. ve
thus heve the Theorem: Necessser s snd sufilolent thei a point x satlislying
) Clrm S P T -. - )
(14) be mapped into an efficient point y is that (25) is setiofied, with »
defined by {153
So far we have no® prowoed the existoance of & single efficient
point, end it is not difficult to comsiruct metrices | for which (14) end {25)

are incompatibls. Hub the facke of 1if2 are thot you ocemmot produce something



out of nothing.' Therefore actusl matrices (_I é.re sich that

(26} x2 O excludes y 2 [ x >0

In other words, Y does not contaiﬁ any sosi-positive points. It is not so I
easy tc see what propo'ri'.y oE’_;'r.ndivi&z&ﬂ processe_s‘is involved hore. Perhaps

the law of omservation of engrgy. Or the fact that all processos reoquirs

labor.

It should be noted Further kot Y is & convex set. Vhenever
y(l) end y(?) belong %o ¥, eny point ‘
(27) g = X-;r(l) & {1 - )\)y(z) 0% A L

1) (2)

on the straight line between v end y 2lgo belcongs to Y.
It should further be investigated uhder whet conditions, vs 2
rosult of these properties, thirs exlals a transforrstion functicn

(28} f(ylg‘aarp yl"a:i =

built up from fecats of the tyse (17) or

@) or(y = %) o,

where yco) is ey pé.h-rxt oﬁ' the facet, 'Ths'i‘c}.lcwing picture ssens pluvsible.
It wo define the partitioning :x{g) L4y } as desoriptive of ons rariioular
facot rather than of the point x, the hurdezf of thgfi; faoaa't, is mado up of
polats where in addition to () also one or mcre elements of x(,y vanish.

. ' ‘ . _ firer: garo
AdJoining fecets are those on which vitz olemsnt of =(0) iz allowad %o diffaz;\g
The pointe on ane fe;oet only ore those for which (14} is satisfiec, Points
on the "orderlines” where two or mors facets meot are points where 1:_ susgs
teins a corresponding rodueticii in mﬁko A1l first derivatives of the

tran sfarmation funstion arc of the same sign where they exist. At "border-
1ine®™ points, some or all derivetivos are difierent to the left and to

the riglit,

It follows fyom the convexity of ¥ that , if ¥i is & primary factor



(vy ’- 0) and yp3 e product, %;] cen only jump dowmsards as |y1|incr-aases‘.
and -'}'339' ¥y are-hold constant. %his cstablishes the presence of diminishing
(betters non-inereas_ing} returns with respeot to the inercage of any one |
factor toward the inorsnse of zuy one ouiput. The statément can he gancral-
ized with resspaot .ﬁo the dncreste of suy linsar index numbor of cutput with
respect to me factor, provided this is not the only factor.

In formulating the corditions lor affi‘eimcy of a peint ¥ = ‘m’ X,
we have nol needed to comsldor the nueber K, of «a_mﬁents in x,. The only
question for which this number is imgcriont is whether to a given efficimt
I;ain{: ¥y theroe corrssponds one LLIFMQ % or infinitely mony. If

(30} oLy S, = {17,

L

is zaro, there is a uvnigue x; &7 (B0} is a positiva integor there is &n
L,~peramster linear family of polatls =. |

There is m alfernatise way of deriving (16) mma (25) by the wethed
Cof lagrange pm'ama'horﬁo It 18 aoted Yhet efficiency of y requires that

(31) yp= =

shall be & mexipum for all x suzh thai

{32) x g O, 7 F 3\“ x
- [ ¥2 . o ,
vhere .y % | eo | is & given vstbor. Uno substitutes
N . 7
(33) Xy = Zys g real
to sabisfy = ?_‘._ 0 autmaa'hice.lb’ umd roguires

K
(34) J(E‘, hlkzk e apﬂ§' \{%& 'k) v

the Lagrange paremeters being sulh az to setisfly

(35) 'r;R h) R*E, BCGQ.HO

Introducing



e isr

(s6) P ¥l
the problem is seen to be symustric with respect to the various goods

D=1, 00., No The first ordcr condition derivebla from (34) ie

, H .
(37) Sk ) pﬁx’lk m () k - 13 [ XX W) K
" n=l :

which implies that, for eny k& eithor

(38) e =0, By = 0
or
(39) i’ Pnrnk =0,

which 18 equivalent to (16). The sscornd order a?ond:i.i:ﬁ._on loads , with song~
what greater rafforts to {25). Thils whis &_g»proéuh seams quite elepgant,
1t brings in the somewhat irrclevent toclmivue of differentinl esleulus,
and is less "visual” than the sreviou: derivetion.

Thile it has been suzgested that in & wido class of ocases forith ot
1-25% one excaption neted belor) a single Sreameformution funciion exists
whan (4) holds, the trane formetion cuvface b6s a lower dimensionclity when
(40) DRI ¥
beoauss in that case the dimmsloacl iy of Y ig slroady less than N, eand
that of Y, mey be expeoted to be still lower. A case of this kind :}.s that
whare two goods cen only be produced in the ssme proportion by a:ir ;?zuessu‘.,l
In suoh cuses the deasirsbility of e.émitﬁ.ﬁg £ree go&dé in the anslysias is
ovE: stronger.

in the case where P partitions es follows

) P r. o
(a - .
. o Iy
the only efficient pointe where (14) holds ere thoso where



-]}

(42) elther yr =0 or yyy =0,

because for any othﬁf offi_oieﬁt points we must heve two 1ndopendent resirie-=
tions

(43) p; F.H = 0. ,pIgIPII-r =0

on nelghboring eff: oioni: points., This iz the case ﬁhera products and faotors
@lit up into two sets withamt nny possibility of substitution or trarg-
formetlion bebweon sét. end thore are re reletive priocses botween gaéds of
different sots. In this case., sherefore, the eonjeoture (28) is not valid.

4. ODtimum allocution In the static caseg
w.on 13k ted OBpA LAl DUAEOL

The foreg;oj.ng model hos been d esoribed as having saturation of
oapital because our emlysis ig eastirely in terms of retes of output {or input),
without introducing e "penalty”™ on the use of capital intonsive prceesses.
Thaersfors, mmong processes bainy coupared, the most produciive ones will be
usad, irrespective of their capital rczguiremem;sq

Capitel can be introduced by partitioning y as follows

.\ % 0

y= Yo 1 » Yo --6, ‘

¥, Y, 2 0 I
where y_ resresents rates of us:i ol primary factors, Yo net rates of ocutout
of intermediate gouds, emnd y, retes of uansumptioﬁ of finel goods, BResides
the not flovs Yos which vanish 'z the etatic onze, wo gonsidsr a stock veotor
Zg 2 O of the same intermediate goods., Faoh process Py now carries »ith 1t
ooef‘fiaients.J lm indicating whet stooks of intermediste goods are required
by it .
The fact that Yo is conatrain@d to the velue O doss not prevent

the intermcdiate goods fram havwizy @ vootor pg of pricas. Those prices cam



siweys be osboblished by relexation of 4he ocnstreint and variatinn in
the mmell of yge Similarly the stocks of intermediete goods cerry with them
a veebor gn of “rentels”, vhich wo €eifire free of dopracistion, beceuse the

letvder 18 & rabe of input. The rolavint ejuations derivable as before eras

thus
V. = Pﬂ;
/ In = [—'0* x =0
% V@ 5-_'_’* x
(5 : j B, m Dy, %
? P! r\ma\» * Pér‘0+ * pir\-w “ %5 \.,w =0
i\‘ :ar' + p{sf"‘ + p? *%*C'J %&Uf) < 0

'

Besidar theso strietly stetie eonditions, “heore is & now eondition for optimal
gllonallon of vesources, deriving firom the fact thet a positive net cubput of
s isseracdiate good adds to it s-&;cc’k: It should not be possivle, at the
poin. podoss P qg e to make ganll cnanges Lrn thae esbocks gg of intermediate
goods that 2ressrve the total w‘]ﬂj
(a8) ¢ = 'qéz@
of aynitel, md et the same time "lnareeze” the voctor ¥y, Such changea could,
of crurse, be made cnly by temporery relexation of the reetraint Yo ® O,
that is by e dynamic process. It is sapily seen thet this new ocondition
requizes the oxistence of an interecst rute, i.e. 4 soelar >\ such that
(4’?} Gy * A Foe

DBefining the velus of the outputs and inputs
(48) ¥V, *ply,e V_ Fply

ths quantity

v,
(49) -W) - ¥_ constent



is; for small variations of C, independint of the perticular direction
in which produotion is expanded. In sn oconomy &s hei‘e considered, there-
fore, there is no eggregetion problem involved in defining the marginal
productivity of capitel. Before an apgpropate production functior in tis
large can be esteblished, i is necoscary to meke further specificatious
on the demmmd side, so 'aé to make pessible a determination of the direce
tion 74 in which the added income from & grester ocopital etook will be
spent.
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