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The purpose of this paper is fo give an aepplicstion of the theory
of optimum allocation of resources to cne partiouler industry. I shsll,
therefore, not speak on that theory in general.‘ I shell use one of its
basic propositions, whioh wes very sdmirably put forth in the paper pre-
sented by M, Allais. This proposition suys that a system of prices cor-
responding to marginel obcta ls necessary to gulde the optimum allocs-
tion of resources in a productive gystem. If cost is minimized in each
process on the basis of such a system of prices, esch unit of eny {divi-
sible) factor of production will be used in such a menner that its con-
tribution to the satisfaction of ultimete consumers is highest,

For this propésiﬁon to be valid, it is not necessery that such
prices are sstablished in a market whore exchange of goods tekes place;
they may also be accounting prices determined only for the pui'pose 61‘
guiding al.oosatlve decisions. I shall zive examples of both kinds of
prices.

It mey be useful , indeed, to consider applications of this proposi-

tion to particular industries. The meaning of the marginal cost concept

#The text of this paper followa closely Ghe s%mﬁﬁl@ transoript of the

original verbal presentation. A monograph giving & more systematio expo-~
sltion of the subject is 4n en early stage of prapnrationo
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is not elways obvious to the engineer, menager, or business economist., It
is trus that, where perfect competition exists, the mechenism of the market
will bring about prices reflecting marginal cost. In & sphere like trans~
portation, howevor, where perfect competition does not prevail throughout

the industry, specific analysis is nesded to bring out in quantitetive terms '

what the msrginal cost is in eny partioular cese, and how it can be deter-

mined.
In order to aimplify our problem, I shall conslder a homogensons trans-
portetion system, that is, & system in which there is only one type of move-

able equipment, For instsnce, there is only one type of ships all of the

sams carrying ocapsoity, speed, and other oharacteristios. Or, there is only
one type of railroad cirs. or highwey trucks.

Let us first omsider the cesoe of 2 railrosnd connsoting only two termi-
nals, A end B, & case which has also been discussed by Pigou in his book,
The Yconomiss of Welfare.* Let us assume that there is & given demand for
five treins each day to gB loé.ded with goods from A to B; thet there is a

demmd far only three train loads daily to go from B to A, Let us express
cost simply in terms of equipment tied up, i.e. in treinedays incurred dai-
ly. Then, if we wish to transport an additional train-load from A to B,

thet inorease in demand ‘wi_ll' require sn additional train to be run daily from
A to B loaded with goods. The cost incurred direotly by thet movement is the
sum of the times spent loading in A, moving to B, snd disoharging in B, by
one train. But it will also be necessary to move tholtrnn back ompty from
B to A, because we assume no change in the requirement of three loaded trains

daily in that direstion., The marginal cost in this case, expressed in eqip-
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ment time committed eaoh day, carresponds thersfore to the whole turn-
around time of one train, loading, moving, discharging, moving buck. On
the ather hand, the marginel cost of adding one trein-losd dsily from B

to A is given only by the time spent loading in B and discharging in A,
because the time spent mqv:!.ng would have to be spent in any cage, te ap-
proximately the ssme amount, as a result of the faot that otherwise that
train wauld have to be moved empty. We thus find a sizable differense in
marginal cost according to the direotion of transportation. This was olear-
1y rooogﬁisod by Pigou. If is difficult to understend why he regarded this
difference as of comperatively small importance.

Since most transportation systems connect many terminels, we shail now
cansider how the determination of merginel cost works out in e general net-
work of roﬁtes. Let us assume, however, that the program of transportation
is constant ip time: cénstmt daily or monthly requirements for Lrensporta-
tion from each terminel in the network to cach other terminel are assumed to

be given. Let us assume further thaet the performance times involved in the

verious tasks of loading, moving, discharging, ere sonstents in time and in
the sense that on eaoh route they are independent of ;bhe number of tralns or
ships that carry out these taskso This implies an assumption of absence of
smgestion,
¥e shell again assume that the cost of & progrsam oan be expressed in

amount of equipment reguired, or, synonymously, in equipment time cammiﬁted
in esch unit of time. This is not as unreslistic ag 1t may seam. There have
been situations where squipment time wes the decisive element of cost. For

instsnoce, in the shipping problems of the two Yorld Wars, the controlling

bottleneck wes the number of ships aveileble, All gther costs, like wages d

fuel, even though important by tlhemselves, were negligible compered witk the



opportunity oost of using a ship for one highly urgent purpose r.ther then
for some cther highly urgent purpose.

I shall distinguish, for any progrem, the diroot gost and the indireet
cost. The direct cost of the progrem (or of any imcrement thereto} is the
equipment tied uv et any time in loading, loaded movements and discharging
{or its increment)., The indirset cost arises whenever there is & departure
from perfect balence in the prosrem. In general, certain terminels will re-
ceive more goods than they dlspatch, and other terminsla will be in the re-
verse situation, Gonerally, & oontinuel movememt of empty equipment is re-
quired from points of equipment gurplus to points where there is a deficit.
The amount of equipment inevitably tied up in empty movements is called the
indirect cost of the progream.

In & transportation system that is not too undbalenoed, the dirasct cost
is by far the more important element in total cost. But in the marginal cost
of given increments to the progrum, the indirect cost is always important
and deserves & good deal of study. It has a more complicated structure than
the direet cost, and it enters into marginal coest in a more subtle way,

is an example for the discussion of this problem I have chosen the flows
of dry cargo on the ocesn shipping routes of the world in the year 1925, For
the study of indirect cost, we need only oconsider the net shipping surplus of
ench port or area of limited .size. We can roaghly assume that the net dry
cargo shipping sarplus of an aree is proportional to the net 'ezooss of the
welght of all goods {other than mineral oils) arriving in sea-borne trade over
the weight of all such goods departing. In Table 1, such net recepts figures
ere computed for areas designated by "representative pérts“ and indicated by
dotted lines on Chart 2, Let us simplify our problem by essuming that the

figures of 1925 are ocomstant flows applying 'bhrdngh time for en indefinite




period, without seasonal moverent or other fluctustion or trend. Fur-
thermore, let us ocaloulete es if all traffic going to or from a partiou-
ler area wore going ohly to or from its representative part. The repre~
sentative port which, by our mmumpi:fv.onf have a net surplus of shipving
are Lisbon, Athens, Yokohama. All other i epreaentative ports are shipping
deficit ports.

Let us now for the purpose of argument {since no figures on war ex-
perience are available) assume that one partioular organization is charged
with carrying ocut & world dry cargo trensportation progrem corresponding
to the actusl cargo flows of 1:25. How would thet orgenization solve the

problem of moving the empty* ships most ecanomically from where they become

“Techmi cally, ships here referred Lo &s enpty take in a certain smount of
ballast for stability reasons. "empty movements™ are accordingly described
in shipping perlance as "ballast traffic.”

availsble to vhere tﬁey are needed? It seems approprieste to a.pp.ly & pro-
cedure of trial and error whereby one draws tentative lines on t‘he map that
link up the surplus ereas with the deficlt areas, trylng to lay out flows of
empty ships along these lines in such a way that & miniwum of shipping is at
eny tiwe tled up in empty movements.

The lines on Chart 2 correspond to sn optimal solution of thet kind, if
we can assume that time spent is proportionsl to naviga_tioml distance. The
procedure of trial smmd error can be illustrated as !'oliows: Eech surplus
araa serves & number of deflcit areas, and the type of experimental vériﬁtion
that one would explore is to shift a certein "mrgj.nal" deficit area from one
surplus area to another, with compensation elsewhere. For instance, one might
think of outting the link from Lisbon to West Afrioa, .Iu'bstituting & compen-
sating link from lLisdon to San Francisco; one might explore several other

limited adjustments of that kind, ¢alculeting in eas:: instence the Ypositive




Table .. Het receipts of dry cargo in overseas trade, 1925.

Unit: Millions of metric tons per snnum

(2)

®

o ke o g o . ho e |+

A1) cargoes other than mineral oils

Area ropr:—

sented by Received Dispatched Net receipts
New York 25 2247 9,2
San Franclsco 72 9.7 =2.5
Sto Thms 10-3 1105 -1.2
Buencs Aires 70 206 =2.6
Antcfagasta 1.4 4.6 3.2
Rotterdam* 128.4 130.5 -4.1
Iisbons* 37.6 17.0 20.5
Athens* 2543 14.4 13.9
Odessa Oeb 4.7 =4,2
I.SOB 290 204 ".004
Durban* 2.1 4.3 2.2
anbﬂy 6,0 8.9 =3,9
Singapora 346 6,8 3,2
Yokohama 9.2 3.0 ) 6.2
Sydnoy 2.8 67 LY
Total 266,.8 286,8 0.0

Sourcoe: Der Guterverkehr der Weltschiffahrt, Statistisches
Relcheamt , Berlin, 1928, '

*See Chart 2.

*The figures in columms (2) and (3) for this area contain an
equal emount of traffio within the area, betwoen smeller areas
from whioh this area was composad.
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CHART 2

QPTI¥AL RCOUTING OF
DY CALGC SHIPFING
ACCOLLINC TC 1925 PhOGHANM
Figures represent net
recairts of each aresa
in millions of metric tons
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or negative) net saving of shipping so achieved, on the basis of the
performance times involved in the alternative movements. In that way one
would arrive et whet may be called & "local™ optimum, thet is, a routing
plan of empty ships that casnnot be improved upon by'ad;justn;.ents of the
type described. The question arises whether one cannot mislesd onesslf
in that way. Is it not possible that, by a very drestic rearrangement in
the linking of surplus gnd"dofioit ports, snother perhaps better optimum

could be found which cannot be detected by any "amell®” roarrahgemont?

The question is snswered by the first theocrem: If, under the assump=
tions thet heve been stated, no improvement in the use of shipping is pbs-
sible by small variations such as hawvre been illustrated, then there is no
-- however thoroughgoing -- reerrangement in the routing of empty ships that
csn “achieve a greater ecommy of tomage.

The reeson for this stutement is a mathemetical one which cen be oenly
briefly s:pgpested: The function we are minin@zing, the totel amount of ship-
ping tied up in the variocus flows of aupty shipping, is the sum of the month-
ly flows on all routes, esch multiplied with the constant performence time
involved in that movement. Ve mre thus minimiging a lineer functiocn of the
flows of empty ships undsr two typws of restrictions. In e continuing pro-
gram, the number of ships going into any area per unit of tinms, wii;:h or with-
out oargo must equal the number of ships geing out., Therefore, there iz a
first set of restrietions in the form of linear oqunlitien saying thaet the
sum of all flows of empty ships out of any erea less the sum of all such
flows into that erea is equel to the shipping surplus of thet erea, ag pre-
scribed by the progrem. This surplus may of course be negutive., There is

a seaond set of restriotions which says that a flow of empty ships cennot be
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negative. This is & linear inequality. s sre thus minimizing & lineay '
function subject to linear aqﬁalities and linear inequalities in the vnx;i-
ebles involved.

I1f we take the flows of empty shipping en &1l possible routes as the
cartesian oocordinates of a point in an n—dimemional space, then the set of
all points satisfying these two types of restrietions hss the following pro-
pertys If we select arbitrarily two poiﬁts of this set, then &ll points. lo-
oated between those two points on the straight line eonmnecting them wilil
also belong to the set, i.e., satisfy the reatri#tiom stated. A point set
with this property is called @ oconvex set, snd further sanslysis shows that
the minimum velue of a linear function on a convex point set is uniques Any

local mintmum is the absolute minimm.*

Tt 1s possible thet the minimum velué is romohed at dilferent points simle
teneously; instead of the one lowast point in e valley there is then & hori-
zrontal line omstituting the lowest part of a welley, or even & low plein at
the bottom of a valley, or its analogue extended into more dimensions.

We now come to the sﬁcm‘d problem to be di apﬁsuﬂz how to find estimates
of merginal cost. The constant program for which an optimal routing plan of
empty ships has been found is now subjeoted to varliation, not in time, but
a3 a matter of comparative stetics. DBesides the omestant program already
congidered, we consider enother constent progrem which differs from the pre=-
vious one only with rgspeet to the amount of oargo to be shipped on just one
route. This amount is 1ncr§asad by, say, one shipload u; month. The caleu-
lation of merginal oost with respect to thet ohange in the program cen be
performed with the help of & certain caloulus illustrated by Chart 3.

For each port in which ampty movements originate or terminate (or both)

we define the value of a potential function, whlch is a valuation placed on

the location of a ship in thet port, This definitiom prooceeds as follows:



CHAKT 3

FPROTeNTI L FUNCTI(N
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We essign sn arbitrary velue to the potentiel funotion in one arbitrary
-pcrt. in our exsmple the walus zeéro in the port of Athens. From thers we
follow routes travelled by empty ships sccording to em optimel routing plen |
for the original (unchenged) progrem. In order to derive the potential in
Bombay from the potentlal in Athens, we @dd the time involved in =n empty
movenent from Athens to Bombay. We edd because the movement from Athens te
Bombay is in the direction of eupty treffie. In the seme way, this proce-
dure definegs the potentiala in Odessa, oingepore, Sydney, Durben and lagos
as ocertain positive figures, From sny of these ports, we cannot go on
slong routes of empty shipping excent by moving counter to the flow of such
ships, a8 for instmoe along the route from Sydney to Yoi:ohama. Therefore,
in that cese, we subtract the améunt of time spent in the emptir movenent
Yokohame-8ydney from the potentisl in Sydney in order to obtain the poten=
tial in Yokohsma. In this way the potentiel is defined in any port. linked
vt th Athens by the graph of optimel routes d‘ empty skipping for tha original

Program,*

*It oan be shown thet & olosed circuit cen bBe eateined in the graph of optimal
routss only if the perfarmsnce times involved are much that the definition of
the potential applied sround the circuit does not lead to & ocontradiction. It
is, however, possible for ths optimal graph of empty treffic to break up into
disconnected parts. In such special ceses, differences in potential between
ports on the seme connected part ere deflioed, but differencss in potential
betwseon ports that sre not connected by the graph are not defined.

I shell row formulate & rule for determining the merginal ocost of s given
chanze in the progrem. Let us tuke as sn exemple the addition of one ship te
the monthly loaded movement from Sen Frenciscs to Antofagasta. The merginal
direot cost is simple -« it is given by the time involved in loading, moving,
end disoherging, on that route. Ihe marginal indirect acst, sccording to

the secornd thearem, iz equal to the loss in potential susteined by a ship

whille going from the port of de¢zarturs 4o the pordt of destlnation. In ocuy
E g P i E



oxample , that loss is positive, becuuse the potentisl at destination {1.76)
is lower then &t the port of departure (1.84). Therefore, the msrginal
indirect cost involved in this particulsr change in the progrsm is

1,84 = 1,78 » ,08 UMp-montﬁa. inourred monthly, or .08 of the ocontinucus
sctive availabillty of one shipe

Why is this theorem valid? - It ocan be briefly indicaeted. If such an
sddition to the progrem is wede, the net monthly surplus of ships in San
Franoisco is reduwed by ane; likewise, the net surplus in Antofagasta' is ine
creased by one. The flow of empty ships from Yokohama across to Sen Franeisco
can therefore be reduced by one ship & month., But thet upsets the balsace in
Yokohame , end it will be nacessary to move one addit_ional shin monthly from
Yokohema to Sydney. This dispenses with the necessity of sending one ship
monthly from M:hmﬁ to Sydney, end so on. The sequence of edjustments is
closed when it is found ultimstely that the monthly afrivala in Antofugusta of
empty ships from Liaton ﬁ-e reducaed by one, Now.. the algebraic sum of the
time-expenditures end the time-savings involved in such & sequence of adjust.
ments is preclisely .oqnl to the difference in potential between the end
{Antofagasta) snd the begimaing (Sen Franoisoo) of a ohsin of routes of mupty
shipping, detemined by application of the definition of potential along the
shed n, | ' .

In & wer somomy in which shipping 1s the essential bottleneck, the use-
fulness of margined cost estimates as deacribed. is obvious. Such estimsntes
are meedsd to guidlodooiaims of programming authorities, for instance in bale
ancing competing claims for shipping serv‘_lcas; -or in determining the best
source of & rew mterial on shipning grounds., It mey be added without proof
that the estimates desoribed are applicadles 1;5 finite (as distinet Ffroam infini-

tesimal) ohenges in the program, which are not so large as tc require & change



in the cphimnl routes of empty Htreffic.

Vhat reolevance does the forepgoing analysis have to pemoo-time iransportsa-
tion problems where there is & merkst instead of an alloeceting authority, end
where equipment time- is not the only relewant measurs of cost? .I believe that
the main part of marginel cost will s%11l be arrived at salong the linas de-
geribed. In the first place, the equipment time committed by a change in de-
mand is again to be accounted for, inm the present case on the besis of the
market valustion of equipment time (the opportumnity cost of the use of equip-
ment). In the shipping merket, this valuvation is expressed by the time charter
rote of & &hip; in rail transportetion no merket quctation is ovaileble, but
proper agaeocunting procedurcs will reveal the net rental wvalue to & railroad of
the use of a car or train, In addivion, the cost of fuel consumed and of
lebor to go with the equipment will also be roughly proportional to the time
spent moving. Hence the seme analysis is still largely valid for & consider-
6ble part, I would sey the main part, of marginml cost.

How hag the shifping market done its job without resorting to enything
like the snalysis described? To answer thias q\xes;tion. we cen make uses of a
theorem which M. Allais has already pronounced: A perfectly competitive market
asutomatically brings about pricing according to merginal costs. Therefore, to
the extent that the tramp shippirng merket hes been competitive —— and that is
Yo a very large extent through a2 long period in its histary =- the individual
canparisons of elternstive voyeges msde by meny ship-owners seting independent-
1y have given effect to the process of minimisi:ng the smount of shipping in-
volved in empty movementa; or rether maximizing the amount of tranasportation
thet is performed by & given amount of shipping, which is an equivalent formu-
lation. The totality of these individusl decisions has furthermore preduced

a8 set of intercomected freight rates on various routes, reflscting marginsl

sost.
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There is a definite need for an explicit snmlysie of marginal cost
in reil trensportation, where there is nothing like & competitive com=
perison of alternstive courses of asotion by individual train owmers.
In the United States, movements of truains are laid out and rstes are set
by & number of nilrcad mane gements aoting under the supervision of a rog-
ulatory agency of the government. /s & result, I would surmise, the raile
road rates have no oconnection whatover to marginal costs. The ceses are
rare in which rates in d¢ifferent directions are different, and I do not
know of cases where & railroed's rate system has been mmds dependent on
the composition of traffic, Ve rust realize the social ecost involved in
this dlesregard of marginal principles == cost in terms of the decresse of
scclial benefit that we derive from our tranaportatibn system. If rates do
not reflect marginal cost, they provide no inducement or guidence toward
privete or publicr deciglons regarding industﬂél location that will improve
the btelance in the use of the transportation system, For instance, in the
United States, processing industries are more concentrated in the North~East
quarter of its area. Thérefora, there is & net ﬂﬁ of raw materinls from
South snd West to East, wﬁich is o larger movement In terms of weight or
bulk then the reverse net movement of manufactured goods from the North-East
to the South end West., We are, of courss, all mede to pay for the extensive
movemant of empty cars thus necessitated, but we are not made to pay in such
8 way &8 to set up an incentive Yo chenge the situation. 4 system of rail-
road rates carresponding to marginal costs would quote higher rates per car-
loed of goods ocurrled toward the Nerth-Fast, where the predominent movement
goes, than it would gquote for the reverse difeotiom Such retes would contain
Just the optimsl inducement to move processing sctivities eway from the

North=Eest,



I muet meke one other qualificetion here. For a rate system soccord-
ing to merginal cost as rég&rds different routes to b; benefioial, it would
likewise heve to be in ascordance with marginal cost as between different
commoditiss. The present rete system also does not satisfy this criterion,
Cormodities for the tremeportation of which the demsnd is inaelastic ars
charrzed higzher. 1t 1s uncertain whether the introduc_tion of direetional
rates of the type that I have discussed, without at the same time abandoning
diserimination between commoditlies, would lead to a better allocation of re-
sources then the presont rate system. 1% would oertalnly not lead to the
optimum allocetion.

It is, of course, well known thet a system of pricing at marginal cost
will imply operation at a.daﬁeit whenever de wherever the donsity of traffle
is distinotly less thm _the capacity of the road. Other provocative features
of mrginal cost priclng are rates depending on the composition of demend by
routes, possi‘bly seasonal reates, poselbly also ocontrects based on future rates,
announced by the direotion of the rallroad system and at any time subject to
revision for contracts #till to be conoluded. It will be necessary to strike
& balance betweon the cost to enterprise of uncerteinty regarding fukure rete
levels, the cost to railroads of mnnouncing and epplying changes in the rste
structure, and the desirabllity of closely reflecting in rates the sverpresent
fluctuations in the canposition of demand. Further development of the fore-
going analysis in & dynemlic direction as well as factual study of fluctuations
in demand ere requir ¢ d before an approximately optimml rallroed rate system
osn be formulated.

In conclusion, I wish to emphasize thuat & thaory_ of optimal trensporta-
tion rates, of which the present analysis is s smell begimming, would pro-
vide sn indispensable groundwork for sny theary of the optimum geogreaphical
distribution of industry.



