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Second note on the rssponsa of entroproneurs to taxes,
by J. Marachalk, Sapbtembsr 1, 1947

The problem: Is it possible far the goromment to manipulate the mrofit-tax

schedule (in order to increase the raovenus, or to echieve gréater equality,
or greater demand for consumption goods, or for other purposes) in sudh a way
as to maintain entreprencurial decisions unaffected?
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Assumption It each entreprencur maximizes what he considers the mathe-

matical expsotation of his net profiv;

Assumptionlls tho povermment controls only one parameter of the tax

sehedulas we shall denote this paramoter by a and write
N=N(G,2),

where G is the pross profit and N the net profit, i.e., the profit after
taxoes.

Assunption I1I:t the entreprencur has only one degree of freedom. We
shall denote his unique dscision variable by z. The distribution density
of gross profit (as imagined by the sntroprensur) will be denoted by

£(G,2),
since z can be reogarded as a perameter of the distribution function.

Remark. Assumptions II and III ers introduced for simpliecity aend are

probably unimportant for the gist of the argument. Assumption I is

probaebly esgential.

Stotement of the problem. ¥rite for the expeoted value of net profit

()N s “j; ¥(G,a) £{G,2)aG & M{a,z),

where the integral P is taken ovar the range of all poasible gross
profits, l.0., : ‘

(2) I £{G,5)dG = 1.

Write Nax, UgM(a,z'), so that z' denotes the optimal deeision. We have
$o find the restrictions wpon the form of the function N(G,a), nocessary
and sufficliont to mako z' independent of as -

(3)%;.'.=-6-



.
6. Solution.
@) o J_._r'i-‘“" = { Ke,a) £.(G,2)dc
".: /3‘!,!8' ;.‘ 2 g ] 4]
Differentiate with respect to as
:.2 M f dz?! [ '
(5) o -'Ln T gyt .p“a(G.a)fz(G.z')dGh‘g-] B(G,a)f, (G,2')dc;
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where N, =~£(?-‘-L°')—., We now introduce the plausible E‘h view of ( »nl

7o. Assunption IVs +the second integral in (8) has finite value. We shall
now prove the following

Proposition: If Assumption IV is fulfilled, then a sufficlent end necessary
condition for dz'/da to wanish, is

(8) N(G,a) = A{a) + B(e) ° c{C)
whore each of the fimetions A, B, C is e ﬁmcbion of one variable,
To prove this proposition we shall write

£, (6.a ) = g(@) , so that, by (2)

(7) / e(G)ag = 0; and by (4)
P

(8) /- Ng(G)6G = 03 finally (3) jointly with (5) and with Assumptiom IV
P
1s ogquivalent to

(Q)J; N,2(6ae = o,

We have thus to show that (6) is a suffioclent end necossary conditiem
for (9) whenever (7) and (8) are satisfied.

The gufficiency is seen immodiately by substituting from (6) into (8) emnd
{9) and rem%'ing (7). .

To prove the necessity of (9), express tho integrals in (7), (8), (9) as
limits of the fo g sumst ‘
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whore (1) = 5(ag) ~ gy 5 5(8) 2 n(ey,0) 004 4

Néi) . _}N(ii; a) otGy 4 =1,... Tt follows from (10) that the

determinant
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Passing now to the limit we conclude that there exist two quantities
P and Q, both independent of G (but possibly dependent o a) end such that



ﬂsé@

Hai- Qe ;3 or in more detail,
(12) 2LC8) 4 p(e) N(e,a) = afa)e

To solve this differential equation, with W as the dependent and a as the
independent variable (Piaggio, p.17), multiply it by

R = oxp Pda 2 R{a).
f denoting an indefinite integral: we obtain
35— (WB) = R

(13) BR = C + 10Rdaz
in general, tI:e integration conctant ¢ depends on G, so that (13) results in
(6) N(&,a) = A(a) + c(a) B(a),
whero A(a) = ( f a(a) Rla)da)/R(a)
B(a)= 1/R(a)
This completes the proof.

8, Special cages. The linsar tax schedule, with losses refunded by the
governmant ,

AN /
Ne {1+ 2G

is a speciml case of (6) with either 41 or -4’3 playing the role of the
controlled persmeter a. A curvilinear sched:ile may also satisfy (6), for
example the schedule

NHaG‘%.

8, Aotual tax schednles. Cases lilm those just montioned do not have the
usuel properties of progressive taxos. These properties em be stabed
e Mllows:
=@ ¢ o
4 \ 3 .
(14) 0~ NG, 0<aN16<.1, a%N/a6%< 0 3 G»0 .

In the Inequalities on tle extrems right of each of the two lines above, szero
is somotimes replaced by a positive "exvmption limit", Modifications

also required to represent the progressive schedule as ecomsisting not/ewo
smooth sections (as in (14)) but of three or mare smooth ssctions. These
modifications of the conditions (14) add, however, little thet is mot trivial.
It can be shown that (1¢) end (3) are inconsistent {(on the lines of the First
Fote on this subject, July 24),

However, 1t should be possible to construet functions N(G,a) which would
satisfy (6) end at the same time approximate the conditions (14). One could
then dovise familles of progressive tax sechedules which would permit, say, to
Inerease or decrease the public revenue, the income squality ete., without
affectiny the decisions of entrepreneurs by mors than a preassipgned small
extent . :



