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l. Proposition on the irrelevenoe of tax schefules.

Write G ("grogs") = mticipsted profit before taxes; ¥ = T(G) = profit tex.
1f G « G(x} depende on the gquantity x of a certein production feotor, and 3
iz the quentity of x that mexirizes the net profit 8-T(G) then,

G (R (1-T¢(6)) = 0; € (V(-7°(3)) - G;‘(.QJT"(G))40-

This condition is eatisfied if G'@&®) = 0, 6%(%) <0, 0< T (@) <1; twt is, if

x mximizes G(x) end if the merginel tex rate T'(6) is emsller tisn 1. Thus

the firm's declsion to employ more or lsss of & fectar does not depend on the
tex schedule provided T'EEL’\T. ‘he latter provieion is usually setlafied,
with a progressive e well as & linear (or, more particularly, proportional)

tax scheduls: the profit increment is not fully teken away., L. R, Klein

[ E.} save and proved this proposition us dutlined. (Arrow suspests that alr sady

Smith seid sol ) This propesidtion seems to contradiet the often made statement
that stiff progressive taxes af'fset bueiness activities.

2. Two complications. However, the preposition does not dake account of two
complications (Lerner, [ & Jegems Lo have in mind thess compliestions o gome
combinetion of them): a) by cssuming the tax schedule P(U) a:fferentiable,
it does aot take into eccount lecsses %emcapt whan they ere credited aguinst
mother year's profite), or the existence of the exemptiom limit, or the
diseontinuous neture of "incoms brackets' in certailn types of schedules;

b) it neglects uncertainty. We shzil show (in Sec. 4) thal% ccipliocation (a) .
is not essentiaml, but (in Sec. 5 end following) complicetion (b} is sssential. i

3. The set of mutuslly exclusive declisions.

Instead of considering single production factors it is convenient to
defline, more generslly, the set Z of &1l mtually exclusive decisions open
to the firm and affecting its gross profit @, The set Z oan be mpproximately
regerded as the set of ell belance sheets that the firm may have, sccount being
teken of physiocsl end market conditions, the firm's capacity to borrow, oto.
Mere generally, some of the elements &', 2% of 2 msy be distinet with respect
to quulitative properties only {e.g., 2 different production methods mey in=-
volve identical balsnce-sheets.) In seo. 5 snd followlngz, hawevsr, Z will be
& sat of balence sheets. If the balsncs shset consiets of two items whose
retio, or whose corbined money velue, ic fixed, the set Z becomes a single,
possibly continuous, verisble z, vis. the money value of ongof the assets;
end the single elements of Z bocome single values of z=wsuy, z' » T ste,
If there are m assets subject 4o n restrictions, the firm has n-n degreea
of freedom end % becomes a veolor, say gz, with m-n components, viz. the
decisionveriables z.,eeest which may be asset-values, ratios ste.
(Hurwioz: 37 has a somowhBE di fferent terminology).
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4, XNop-differentiable tax schedules in absence of uncerteinty. Write
He'met" profit = O-T(G) = N(G). IT the profit increment is never
fully texed away,

(4.1) H(GIJ > H(Gz) if and | beceuse T(G) is ainglo-valuadj only if

Y P : :
That ie, H?E):_%notomically inoreasing; it need not be differentiable. The
case of lossos end of tax-exempt profits is shown on the diagream. Now let
2 in Z be the best, i.e. Nemeximizing decision when the net profit schedule
is N#{G); and let Z' in Z bo some other decision, 2' ¥ 2. Then

E+(G{2)) > Ne(G(2" ' b o1
G(h) gy ) ma by (D)

H2(G(2)) > Wex(6(z')),

whore N3 15 some net profit sohsdule other than N¢(G). Thus, in spite of
the chenge in the tax-schedule, 2 will remsin the firm's best decision.

5. Introduoin Uncertainty,
Gonmider the gross pro%t G a5 2 random varieble with distribution density
(5.1) ? (6; 9(2))

where each element of the paremeter vector g = 01...,9 is & function of the
set of firm's decisions Z. In studying the sffect of tax-schodile upon
the choios of decision, we shall assume thet the firm maximizes the mean
anticipated net profit

vy
{6.2) M= EH(G) = /H(G) 7& (6; o) a6;
Wo acsumas that the firm is not concerned with any othor distribution parameters
of the net profit (e random varieble), e.g. with its varimnce. Thus, urilike
- Domar end Musgrave [4] , we do not introduce "prigk" as argument of the
utility function. If Mis et its maximum, utility is at its meximum, too?)
The implications of sssuming that the firm maximizes some function U(M,E(M-§)Z)

may be studied later. N
*} 1t i® Interesting %o note that the resulis That Tollow sl formally of

en albernative economic interpretetion. In (5.1) we may reneme some of the

aymbols as follows: G = net income of an individual, N(G) = (mearurable)utility;
end the tax schedule determines parzmeters of the function 8(Z). Then M = mem
velue of utility. If the derivatives of the utility functions are (as they are
usually supposed to be) N'(G) > 0, H"(8)< 0, the propertiss of the net-profit
acheduls based on progressive tax schedule, will e ply to the utilit:,x functi oh.
Thus “risk eversion” is derived: Comp. Marshall ZEJ » To derive "love of

long odds” (i.e, of skewness), rties of N'''(%) must be introduced.

5e).

Dencte by a = (& ,e.,85) the paramctors of net-pro achedule: Ne
Then M-in (5.2) aopmda onZeand a

(6.3) M= (a, o (2);

launoo the element £ in Z which meximizes M is a function of &; and the persmeters
ssee,89; corresponding to the optimum decision are also functions of &s» If the

firm has H degrees of freedom, go that Z = z,,.. stys We may derive the properties
of the derivatives 9%),/Qu, (h = 1,..., i =155 by writing the conditions
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for maximum M with respect to Z, and differentiating the resulting equations
with respeot to s

6. Unoortainty but no losses; one decision variaeble.

Assume that, for en interval 6" > G> G* (G'> 0), the cubic snd higher
terms of the Tayler expansion for W(%) ere negligible and that, approximately

(6.1) ‘*74; (6)ad = 1, Write

G'.
(6.2) HNwa+bG-1/2 uGz, 3">G > 6,

~ If the tax 1s progressive, 8" (6) ®-o < 03 Af the tax is linesr, ¢ = O.
The case H" (G) < O (regressive tax) will not be considered. Purther since no
profit increment is fully taxed sway

(6:8) QK H (%) ~b - o,
henos b > 0"/, '

#*) In fact, O<b < 1 (a8 is also soen from the giegrem). Let G,(058,< 6*)
l(:m t‘x)ze exemption limits then G, = & + bG, - 1/2 @ ; eubtracting from

8.2),

¥ =bd - (1-b) @ - 1/2 o(é® - . 2) < @,
belf2o (8463 <1, b<1°

Writs B(H) = H-(average net profit); B(G) = m \average gross profit);
E.(e-.l/u )£ - Gg, Then by (6.1),(6.2}, ” _ '

(6.4) M= a+b}4_-1/2e (j«zi-G'z), ‘
end by (6.3) b =-opm > 0 ; We shall define a new tax parameter
(6.8) r = c/b; we may call it progrsssiveness.

Denoto by z & (single) decision varietle end write M = M(z) end also
S = (8) , € =8 (z), corresponding to @ (2) in (5.1).

We shall study the effect of tex-parametere a, b, ¢, upon the choice of z,
the best (i.e. M-maximizing) value of 2, end upon the oorresponding valyes 2
of m., 5 , We shall write s My pyysiys O for aM/drx, am fag, a“m {&g oto;
when g = £ we shell sometimes (but not elwiys) ¥dite M, , g ‘ete for H(E),
MRy m () 4 ,,G, Day be called, respectively, the “marzinel comtribution

of = t¢ the gross h'o t" and "to the riskiness", at the point of equilibrium,

Under a linesr 'tax}e_- O ,H=a+bpm, and the firm will choose the
docision which meximizes the average grosa profit regardless of the
dsolsion’s offect upon the stendard devistion ¢ (“risk") of the gross profit:

(671 ¢ =0, A = Naxgp Py =05 /:‘11 < O.
For ¢ > 0, maximize (6.5) with respect %o z.
(6.8) My(3) = & =0 -'bfql - (66, + } R )s
(6.8) o --ﬁ 1=r (é"'}l +/\$ﬁk 1) where
rm-= O/b b4 Q.
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Thua decision 2z depends only on the ratio of two of the three tax-parameters
ﬂgb,ﬂo Furthar.

A a'A - z - " z
2 - s 6 v s

{6.10) 0> llnﬂa * Mg =T (66, + Lt MMt M ) L9 (say).
Differantiate (6.9) with respect tor

(6.108) 0 =K, *atfar - (56 + ) = Kyp-dafir - pofr

A y . . ,.. A A A
(6.11) di/ar = i /rK s wnd 47 far =py * dsfer .‘")*17 rK, 3 46 far a6 lﬁﬁ
Bors A .

Apart from the oase of linear tex (r = O,m) = 0), dpu/dr < 0 since E <O,

i.e., the increase in r leades to & feoll in the everage gross profit. To see
whether the riskiness & is also decremsed solve (6.9] for /.: 7 °

(6.12);11 = r-é‘&"l /(l-rﬁ ); hence
(6.13) a6 /ar --65'13/ E(l-rpa )

And sinee K., < O and lrp > 0 (by (6.10), (6.6)),
(6.14) 25 /2r < O.

To stucy the influsnce of tax on the amunt of the decision verisble used, let
us oall g deoision verisble risky (et the equilibrium point z = 2) if € > 0.
Since 45/ dr = 1.‘-'1 * dz/dr, we hava, for & risky decision, ‘

-
cga dsg/dr = sgn 46 /dr.
” '@esC'
Using (6.14) we comclude that the risk € , of the entrepeneur's plan; and

the/quentity % of & "risky” decision variable, fells with increasing r.
{41

If tho tax is linear we have (6.7); and by (6.12), (6.10)
Fy » - 2
- 6G
as /dr G 1//n11 < 03

go that 1f §, > 0, dafdr « €6/ m 1, < 03 1.e., the introduction of

a (slipghtly) progressive tax instead o} & linear one, decresses the risk and
the use of risky decisions. -Aa to the effect of such action on the average

profit, we have d;a/dr = dsfar g = ‘3(31/_}3\ 1 1 = 0. The second

derivative ls

dﬁ& [&rz = dzs/drz '/:\1 + (chz/t'h')2 '/: 1 =0+ (331)20;114 0.

Thet is, A a
(}ﬂ )r-O -mr /.\ * dows
1.0. linesr tax entails higher, everage.gross profit than progressive tax.

7/ A simple case.

On the diagram the line ZEFEP represents & net profit scheduls N(%),
based on progressive income tax with exemption limit G,. Let (G) be es



follows: j“ is constent, and

(7.1) Prob(G =me k) = 1/2 = Prob (& -)n-k);jq-‘ﬂ}% 3
we have s~ =k = € (g). LetS be the lowest possible value of C , end
G gome other vslue. Then the ordinate M = 1/2 H(m +7 ) +
1/2 8(w - ° ) represents the maximm average net profit; it is higher than, e.g.,
M = 1/2H(m+ S %) +1/28(»~C'), *he firm will therefore choses a value of
g that would yield the lowest risk, viz. & . Tyise best value of 2 will
remsin the same under any progressive income tex since $ does not depend on
tho taxwschedule, If however, tis tex schedule is linear--e.g. XEFL, the
meximsm average net prafit becomes indepeondent of <7 » hance T becomes
indeterminate. The replacing of linear by any progressive lacome tax leads
to choadifthe legst risky arrengement. This is in line with the equations of
gec. 6, axtended to the cess of eny conceve N{G) and immediately applicable
tc the oase of several Adecision veriebles. To study in the next secfion, the cess
of saveral variables under e genaral distribution f’{‘-“') instead of (7.1), we heve
to introduce again the Taylor epproximation {(6-2).

8. Soveral decigion wariebles.
Lot & = 2ys0008130 A =AMz} , o =d(z)s Approximate H(G) by

(6.2) B-a-o-b@-lﬁa@z,heme
(604) Means+d -o(j»aq-ffa)

Using notations similer to those of Sec. 6,

(7.) Bbmom fyer( BT 0 B, he 1
(1.2) i /(bny) = ¥ W AT VT A
Mifferentiate {7.1) with respeoct to r, denoting
dey/ér by I3 we get
(7.3) © =} Kyiy=- (65 +ppy); md by (7.1)

(7.4) 3K, ii - :;E/r; solving,
(7.5) ih' - f/":l /r, where i KM'" ~ "Khi” are both negative

definit e because fi 12 & maxioum. Therefore
. . = % ¥ = I ’ xhi ¥ 0 .
(7.6) d)./dr _%zh}“ly h,i}‘h M 1(;
(7.7) 4G far= g3 €, = 6 Khlfair.

The quadratio form in (7.6) is negative definite; to determine the sign of the
bilineer form in (7.7) we notice that by (7.1)

i

G-h .j:\h(],-rf; )/r':) » hm 1,-0950
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- Q-J)/,zé s  Jfars nenoe aHfar <. 0, by (6.8),(7.8).

A
Thus, an increase in r decreazes the optimal aversge gross profit_# as well as
the optimal average gross riekiness <. :

B Introdnci_ns losses.

Drop the sssumption @> G,> 0. Also, for simpliecity, put @, = O
(e triviel detsil) so thet & = O, '

(s.1) W =boefi/20 6%, ¢ > 0
NG @< 0
Introdu)ec new distribu’ti:n peremeters
Y = !G-}Ddﬂ i P n-’/Gf’dG: the negoative and positive "paﬁ;—means": and
T = ] j m{s-f)z.fa dé(ntmdard deviation of positive profits). Then

(e.z)on ~E#) » Vs bp - 1/2<=(::z +Pz/p). |

where p = j tudﬂ S probability of positive profits. We ghall not pursue
thiz further but assume & linear tex (following Arrow's suggeﬁ‘bion). %e have

(8.,.2) M= Y+bp

(8.3) © = (WWas), 4 = Vy+DP ), where D = ar/(3)/az eto.

~ ~
Differmtiante (8.3) with respect to b end solve:

FiY

a3/ab = = ,131 /( ;)11 +b f1))
(8.5) 4 P /db = (dz/ab): f’l = ~1/( 2, +0 Fn) >0 , by (8.4),
(8.6) 4 ;/db ‘= (a2/dav): ¥ 3 sen a%//ab = sga(;’; ).

Thus, if losses are not impos:sible, & decrease in b -- ie., &n increase

in the marginal tax rete (l-b) --drives the firm to & decision involving

e fall in the average of (positive) gross profits. 4And if ventures promise
ing large average profits lmply as 2 rule large losses, the inorease in the
marginal tax rate leads "to outting dom on such ventures. This is true
even without the tax schedule being progressive. In the csse of mogressive
tax end possible losses, the efleot of the tax-parameters b, ¢ cen be seen
on the simple exsmple of Sec. 7 (but with both /end § variablef) , with
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(8.7) Gy =+ 0 >0, 8 =A- (g (0;
2M = H(Gy) + ¥(q,); substitute into (8.1)
(8.8) 2M=b(A+6) - Folfes) 4 (f= 1) .
(8.9) o =2k, -by"; + 51) - cg/uﬂ;;?l + 3‘1) + (- ?1)3
(8.10) zﬁn< 0; differentiate (8.8) with respect to b, o:
0 = 2ity,e a¥/ab +/:1 +2§ - %1 aifac - (A+d) (/f+??) 3 hence
a%/av -(;;1 + ?1)/ '211 * d3/ac = - G, , di/ab
Wi/ = L s A =1+ BL o 5 afte - oy 4R/

df'/db = a/db : '81 mdf%' ﬁ/—i\n 3 df/de = -Gy af /av 3 ¢11< 0 |

Thus if 2 is,a deoision oausing a rise in both A and ¢, the raise in b
increases A4 and T » ¥hile the raise in o (und thus also in r = ¢/b) hes
the opposite effect.

10. Moximizing median net profit, If the firm mazimizes median net profit
{or any porcﬁ!ﬁ) , DO change in & monotorniocally increesing net profit
schedule osn heve sny effect on the fimm's decisions. (T.W.Anderson).
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